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NOTICE. 


The following is an extract from a Report issued by 
the Special Board for Mathematics on May 10, lSfe7. 
(See Cambridge University Reporter of May 31, 1887.]r 

*‘Tho majority of the Board arc of opinion that the rigid 
adherence to Euclid’s text is prejudicial to the interests 
of education, and that greater freedom in the method of 
teaching Geometry is desirable. As it appears that this 
greater freedom cannot be attained while a knowledge 
of Euclid’s text is insisted upon in the Examinations 
of the University, they consider that such alterations 
should be made in the regulations of the JCxaminations 
as to admit other proofs besides those of Euclid, whilo 
following his general sequence of propositions, so that 
no proof of any proposition occurring in Euclid should 
be accepted in which a subsequent proposition in Euclid’s 
order is assumed.” 

The Board gives clfect to this view by proposing a cliange in 
the regulations for the Trevious Examination which will, if it 
be approved by the Senate, enact that ‘Hhe actual proofs of 
propositions as given in Euclid will not be required, but no 
proof of any proposition occurring in Euclid will be admitted 
in which use is made of any proposition which in Euclid’s order 
occurs subsequently.” 

This determination to maintain Euclid’s order, and to allow 
any methods of proof consistent with that order, is in exact 
accordance with the plan and execution of my Edition of 
Euclid’s Elements. 

Hamllin Smith. 


July 1887. 
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PREFACE. 


To preserve Euclid’s order, to supply omissions, 
to remove defects, to give short notes of explanation 
and simpler methods of proof in cases of acknow- 
ledged difficulty — such are the main objects of this 
Edition of the Elements. 

Tlie work is based on the Greek text, as it is 
given in the Editions of August and Peyrard. To 
the suggestions of the late Professor De Morgan, 
published in the Companion to the British Almaimck 
for 1849, I have paid constant deference. 

A limited use of symbolic representation, wherein 
the symbols stand for words and not for operations, 
is generally r(^arded as desirable, and it is certain 
that the symbo’^i employed in this book are admis- 
sible in the Exaniinations at Oxford and Cambridge. 

I have generally followed Euclid’s method of 
proof, but not to the exclusion of other methods 
recommended by their simplicity, such as the de- 
monstrations by which I ’propose to replace the 
difficult Theorems 6 and 7 in* the First Book. I 
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have also attempted to render many of the proofs, 
as, for instance, those of Propositions 2, 13, and 36 
in Book I., and those of 7, 8, and 13 in Book II., 
less confusing to the learner. 

In Propositions 4, 6, 6, 7, and 8 of the Second 
Book I have ventured to make an important change 
in Euclid’s mode of exposition, by omitting the 
diagonals from the diagrams and the gnomons from 
the text. 

In the Third Book I have deviated with even 
greater boldness from the precise line of Euclid’s 
method. Thus I have given new proofs of the Pro- 
positions relating to the Contact of Circles : I have 
used Superposition to prove Propositions 26 to 29, 
so as to make each of those theorems independent 
of the others ; and I have directed the attention of 
the learner to the Intersection of Loci, and to the 
conception of an Angle as a magnitude capable of 
unlimited incniase. 

In the Fourth Book I have ma^e no change of 
importance. 

My treatment of the Fifth Book was suggested 
by the method first proposed, explained, and de- 
fended by Professor De Morgan in his Treutise 
on the Connexion of Number and Magnitude. The 
method is simple and rigorous, presenting Euclid’s 
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reasoning in a clear and concise form, by means of 
a system of notation, to which, I think, no valid 
objection can be taken, I have altered the order of 
the Propositions in this Book, so as to give promi- 
nence to those which are of chief importance. 

The only changes in the Sixth Book to which I 
desire to call the reader’s special attention, are the 
applications of Superposition in the proofs of Pro- 
positions 4 and 19. 

The diagrams in Book XI. form an important 
feature of this Edition. For them I am indebted 
to the kindness of Mr. Hugh Godfray, of St. John’s 
College, Cambridge. 

The Exercises have been selected with consider- 
able care, chiefly from the University and College 
Examination Papers. They are intended to be pro- 
gressive and easy, so that a learner may be induced 
from the first to work out something for himself. 

A complete series of the Euclid Papers set in the 
Cambridge Mathematical Tripos from 1848 to 1872 
will be found on pp. 198-210 and 342-349. 

I have made but little allusion to Projections, 
because that part of the subject is fully explained 
by Mr. Kichardson in his worlj on Gonio Sections 
treated Oeometrically, forming a part of Eivington’s 
Mathematical Series. 
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During the two years in which I have been en- 
gaged on this work, I have received from Teachers 
of Geometry in all parts of the country so much 
encouragement to proceed, and so much assistance 
at each step of my progress, that I feel justifiecf in 
asserting that no text-book on Elementary Geometry 
is likely to meet with general support in England, 
if it involve any wide departure from the Euclidean 
model 

It only remains for me to offer my thanks to 
the friends who have improved this work by their 
advice, and to assure each reader of the book that 
any suggestion for its further improvement will be 
thankfully received by me. 

J. HAMJJLIN SMITH. 


42 Tecmpington Street, 
Cambridge, 
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ELEMENTS OF GEOMETRY. 


INTRODUCTORY REMARKS. 

WiiKN a block of stone is hewn from the rock, we call it a 
Solid Dodji. The stone-cutter shapes it, and brings it into 
that wliich we call rcfjularitij of fonn ; and then it becomes 
a Solid Fiyure. 

Now suppose the figure to be such that the 
block has six flat sides, each the exact counter- 
part of the others ; so that, to one who stands 
lacing a corner of the block, the three sides 
which are visible present the appearance re- 
presented in this diagram. 

Each side of the figure is called a Hioface ; and when 
smoothed and polished, it is called a nane Surface. 

The sharp and well-defined edges, in w'hich each pair of 
sides meets, are called Liifea. 

The place, at which any three of the edges meet, is called 
a 

A is anything which is made up of parts in any 

way like itself. Thus, a line is a magnitude ; because we may 
regard it as made up of parts w'hi(!h are themselves lines. 

The properties LSngth, Breadth (or Width), and Thickness 
(or Depth or Height) of a body are called its Duiniisions, 

We make the following distinction between Rolids, Surfcices, 
Lines, and Points : 

A Solid has three dimensions. Length, Breadth, Thickness. 

A Surface has two dimensions, Length, Breadth. 

A Line has one dimension, Length. 

A point has no dimensions. 
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DEFINITIONS. 

I. A Point is that which has no parts. 

This is equivalent to saying that a Point has no magnitude, 
since we define it as that which cannot be divided into smaller 
parts. 

IL A Line is length without breadth. 

We cannot conceive a visible line without breadth ; but 
we can reason about lines as if they had no breadth, and this 
la what Euclid requires us to do, 

III. The Extremities of finite Lines are j)oints. 

A point marks yo&itioUj as for instance, the place whore a 
line begins or ends, or meets or crosses another line. 

IV. A Straight Line is one which lies in the same direction 
from point to point throughout its length. 

V. A Surface is that which has length and breadth only, 

VI. The Extremities of a Surface are lines. 

VII. A Plane Surface is one in which, if any two points 
be taken, the straight line between them lies wholly in that 
surface. 

Thus the ends of an uncut cedar-pencil are plane surfaces ; 
but the rest of the surface of the pencil is not a plane surface, 
since two points may be taken in it such that the straight line 
joining them will n<^ lie on the surface of the pencil. 

lii our introductory remarks we gave examples of a Surface, 
a Line, and a Point, as we know them through the evidence 
of the senseK. 

s 
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The Surfaces, Lines, and Points of Geometry may be legarded 
as nu'ntal pictures of the surfaces, lines, and points which we 
know from experience. 

It is, however, to be observed tliat Geometry recpiires us to 
conceive the j^ossibility of the (‘xistence 

of a Surfa(;e apart from a Solid body, 
of a Line apart from a Surfaca* 
of a J*oint a])art from a Line. 

\'^1] I. When two straight lines meet one another, the inclina- 
tion of th(‘ lines to one another is callejl an Angle. 

When tiro straij^ht lines have one ])oiiit common to both, 
they are said to forni an an<*le (or angles) at that point. The 
point is called the (‘( rfex of the aiioie (or anoles), and the lines 
are called tlu' nnn,'< of the aiii^h* (or angles). 
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Tims, if the lines G/L Op, are terminated at the same 
point G, thi'Y iorm an angle, wliicli is called the mujk at G, or 
the atnjh' JG/>, oi Jtc (hh/Ic //G^L -the letter which marks 
the vertt‘\ being ])ut between those that mark the arms. 

Again, if the line GG meets the line I>K at a point in the 
line />A’, so tliat G is a point common to both line.s, is said 
to make with DP tlu* angles (U>P ; and these (as having 

one arm, (U)^ common to both) are called adjaemt angles. 

Lastlj, if the lines IIK cut each other in the point G, 
the lines make with each otlu*r four^angles GG7/, //GG, (fOK^ 
KOP; and of these OOil, FOK iirv called rcG/m/L/ opposite 
angles, as also are FUJI and GUK, 
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When three or more straight lines as OA, OB, 00, 01) have 
a point 0 common to all, the angle formed by one of them, Oi>, 



with OA may be regarded as being nuide up of the angles AOB, 
BOO, COD; that is, we may speak of the angle AOD as a 
whole, of which the parts are the angles AOB, BOO, and COD- 

Hence we may regard an angle as a Magnitude, inasmuch 
as any angle may be regarded as being made up of parts which 
are themselves angles. 

The size of an angle depends in no way on the length of 
the arms by which it is bounded. 

We shall explain hereafter the restriction on the magnitude 
of angles enforced by Euclid’s definition, and the important 
results that follow an extension of the definition. 

IX. When a straight line (as AB) meeting another straight 
line (as CD) makes the adjacent 
angles {ABC and ABD) equal 
to one another, each of the angles 
is called a Right Angle ; and 
each line is said to be a Per- 
pendicular to the other. 

X. An Obtuse Angle is one 
which is greater than a right 
angle. 

XI. An Acute Aitgle is one 
whicli is less than a right lyigle. 

XIL A Figure is that which is enclosed by one or more 
boundaries. 


A 


C -li D 




Book t] 


DEFINITIONS. 


5 


. XIIL A Circle is a plane figure contained by one line, 
which is called the Circumference, and is such, that all 
straight lines drawn to the circumference from a certain point 
(called the Centre) within the figure are equal to one 
another. 

XIV. Any straight line drawn from the centre of a circle to 
the circumference is called a Radius. 

XV. A Diameter of a circle is a straight line drawn through 
the centre and terminated both ways by the circumference. 



Thus, in the diagram, 0 is the centre of the circle ABCD, 
OA, OB, OC, OD are Radii of the circle, and the straight line 
A 01) is a Diameter. Hence the radius of a circle is half the 
diameter. 

XVI. A Semicircle is the figure contained by a diameter 
and the part of the circumference cut olf by the diameter. 

XVII. Rectilinear figures are those which are contained 
by straight lines. 

The pKRJMKTERg(or Periphery) of a rectilinear figure is the 
sum of its sides. 

XVIII. A Triangle is a plane figure contiiincd by three 
straight lines. 

XIX, A Quadrilateral is a plane figure contained by 
four straight lines. 

XXk a Polygon is a plane figure contained by more than 
four straight lines. 

When a polygon has all its sides equal and all its angles 
equal it is called a regular polygon. 
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XXL An Equii.atp:ral Triangle is one which 
has all its sides equal. 



XXII. An Isosceles Triangle is one which 
has two sides equal. 

The third side is often called the hast of the 
triangle. 

The term hast is applied to any one of the sides of a 
triangle to distinguish it from the other two, espcciallj’^ when 
th^y have been previously mentioned. 

XXIII. A Eight-anuled Triangle is 
one in which one of the angles is a right 
angle. 

The side sahtending, that is, ivliich is the right angle, 

is called the Hypotenvse. 

XXIV. An Obtuse-angled Triangle is 
one in which one of the angles is obtuse. 

It will be shewn hereafter that a triangle can have only 
one of its angles cither equal to, or greater than, a right angle. 

XXV. An Acute-angled Triangle is out in 
which ALL the angles are acute. 

XXVI. Parallel Straight Lines are such 
as, being in the same plane, never meet when TTr ~ 
continually produced in both directions. 

Euclid proceeds to put forward Six Postulates, or Requests, 
that he may be allowed to* make certain assumptions on the 
construction of figures and the properties of geometrical mag- 
nitudes. 
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PoSTaLATBS 

Let it be granted — 

I. That a straight line may be drawn from any one point to 
any other point. 

II. That a terminated straight line may be produced to any 
lengtl^in a straight line. 

III. That a circle may be described from any centre at any 
distance from that centre. 

lY, That all right angles are equal to one another. 

y. That two straight lines cannot enclose a space. 

VI. That if a straight line meet two other straight lines, 
BO as to make the two interior angles on the same side of it, 
taken together, less than two right angles, these straigh/ 
lines being continually produced shall at length meet upon 
that side, on which are the angles, which are together less 
than two right angles. 

The word rendered “Postulates” is in the original 
airfifjMTa, “requests.” 

In the first three Postulates Euclid states the use, under 
certain restrictions, which he desires to make of certain in- 
struments for the construction of lines and circles. 

In Post. I. and ii. he asks for the use of the straight ruler, 
wherewith to draw straight lines. The restriction is, that the 
ruler is not supposed to be marked with divisions so as to 
measure lines. 

In Post. III. he asks for the use of a pair of compasses, 
wherewith to describe a circle, whose centre is at one extremity 
of a given line, 8^d whose circumference passes through the 
other extremity of that line. The restriction is, that 
the compasses are not supposed to be capable of conveying 
distances. 

Post. IV. and v. refer to simple geometrical facts, which 
Euclid desires to take for granted. 

Post. VI. may, as we shall shew hereafter, be deduced 
from, a more simple Postulate. The student must defer 
the consideration of this Postul^ste, till he has reaclfed the 
I7th Proposition of Book I. 

Euclid next enumerates, as statements of fact, nine Axioms 
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OFi M he calls thenii Common Notions, applicable (with the 
exception of the eighth) to all kinds of magnitudes, and not 
neceesarily restricted, as are the Postulates, to geometrical 
magnitudes. 

Axioms. 

I. Things which are equal to the same thing are e^ual to 
one another. 

II. If equals be added to equals, the wholes are equal. 

III. If equals be taken from equals, the remainders are 
equal. 

lY. If equals and unequals be added together, the wholes 
are unequal 

Y. If equals be taken from unequals, or unequals from 
equals, the remainders are unequal 

YI. Things which are double of the same thing, or of equal 
things, are equal to one another. 

YII. Things which are halres of the same thing, or of equal 
things, are equal to one another. 

YIII. Magnitudes which coincide with one another are 
equal to one another. 

IX. The whole is greater than its part. 

With his Common Notions Euclid takes the ground of 
authority, saying in effect, To my Postulates I request, to 
my Common Notions I claim, your assent.” 

Euclid develops the science of Geometry in a series of 
Propositions, some of which are called Theorems and the rest 
Problems, though Euclid himself makes no such distinction. 

By the name Theorem we understand actruth, capable of 
demonstration or proof by deduction from truths previously 
admitted or proved. 

By the name Problem we understand a construction, capable 
of being effected by the employment of principles of construc- 
tion previously admitted or proved. 

A Corollofry is a Theorem or Problem easily deduced from, 
or effected by means of, a Proposition to which it is attac|ied. 

We shall divide the First ^ook of the Elements into three 
sections. The reason for this division will appear in the course 
of the work. 
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SYMBOLS AND ABBREVIATIONS USED IN BOOK L 


for 

because 


for 

circle 

.* 

....therefore ^ 

Oce.. 


. .circumference 

- 

is (or are) equal to 

« 


. .parallel 

i 

.....angle i 

U .. 


..parallelogram 

A 

....triangle 

X .. 


..perpendicular 

equilat. 

equilateral 

1 reqd. 


.required 

extr. 

....exterior 

rt 


.right 

intr 

....interior 

»q. .. 


.square 

pt 

point 

sqq... 


.squares 

rectil. .. 

— rectilinear 

rt 


.straight 

It is 

well known that one 

of the 

chief 

difficulties xrith 


learners of Euclid is to distinguish between what is assumed, 
or given, and what has to be proved in some of the Fro- 
positions. To make the distinction clearer we shall put in 
italics the statements of what has to be done in a Problem, 
and what has to be proved in a Theorem. The last line in the 
proof of every Proposition states, that what had to be done 
or proved has been done or proved. 

The letters q. e. f. at the end of a Problem stand for Quod 
erat faciendum. 

The letters q. e. d. at the end of a Theorem stand for Quod 
erat demonstrandum. 

In the marginal references : 

Post, stands for Postulate. 


Def. Definition. 

Ax Axiom. 


I. 1 Boek I. Proposition 1. 

Hyp, stands for Hypothesis, supposition^ and refers to 
something granted, or assumed to be true. 
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SECTION I. 


On the Properties of Triangles. 


Proposition I. Problem. 



Let A B be the given st. line. 

It is required to describe att eqiiilat. A oo AB. 

With centre A and distance ^iB describe BCD. Post. 3. 
With centre B and distance JLi describe 0 ACE. Post. 3. 
From the pt. C-, in which the s cut one another, 

draw the st. lines CAy CB, Post. 1. 

Then will ABC be an cquilat. A . 


For 

*.* A is the centre of BCD, 



.*. AC=AB. 

Def. 13. 

And 

*.• B is the centre of 0 ACE, 



BC^AB. 

Dcf. 13. 

Now 

\* AC, BC are each=u4Z), 



AC=^BC. Ax. 1. 

Thus AC, AB, BC are* all equal, and an cquilat. a ABC 
has been described on A B. 


Q. E. F. 
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PROPOSmON IL 


II 


Proposttion II. Problem. 

From a {/ireii point to draw a straight lino equal to a 
given straight line. 



Let A he the jjjlvcu pt,, and BC the given st. line. 

It is required to draw from A a, st, line equal to BC. 

From A to B draw the st. line A B, Post. 1. 

On A B describe the cquilat. A ABI). L 1 . 

With centre B and distance B(/ describe fXrll. Post, 3. 

Produce J)B to meet the Qcc CGIL in G, 

With centre ]> and distance .T>G describe GKL. Post. 3. 


Produce DA to meet the qgo GKL in L. 

Then will A l.^BC, 

For B is the centre of ? fYr//, 

.'. BV^BG. Def. 13. 

And *.* J) is the centre of (•'< GKL, 

DL^-DG, Def. 13. 

And parts of these, DA and DB, are equal. Def. 21. 

remainder /I7v= remainder Ax. 3. 

But BC^BG ; 

,\ AL^BC. Ax. 1. 


Thus from pt. A a st. line AL has been drawn =50. 

Q. E , F. 
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PnoposiTioN TIL Problem. 

From the greater of two given straight lines to cut off 
a part equal to the less. 



,Let AJj he the greater of tlie two given st. lines AB, CD. 

It is required to cut off from AB a 2 >(irt= CD. 

From A draw the st. line AE=^CD. I. 2. 

With centre A and distance A B describe 0 EFlf, 
cutting AB ill F. 

Then will AF==^CD. 


For 

A is the centre of ® EFIJ, 



AF=AE. 


But 

AE=^On-, 



AF=CD. 

Ax. 1. 


Thus from AB a part AF has been cut off=C7), 
Exkucisp:.s. 


Q. E. E. 


1. Shew that if straight lines be drawn from A and Bin 
the diagram of Prop. i. to the other point in which the circles 
intersect, another ecpulateral triangle will be described on 
AB. 

2. a construction similar to that in Prop. iii. produce 
the less of two given straight Hues that it may be equal to the 
greater. 

3. Draw a figure^ for the case in Prop, ir., in which the 
given point coincides with B. 

4. By a similar construction to that in Prop. i. describe 
on a given straight line an isosceles triangle, whose equal sides 
shall be each equal to another given straight line. 
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pRorosTTioN IV. Theorem. 

If tivo triangles have hvo sid-es of the one equ(d to two sides 
of the other ^ each to each, and have likenme the angles contained 
by those^sides equal to one another, they nmst have their third 
sides eipial ; and the two triangles must he equal, and the other 
angles must be equal, each to each, vi::. those to which the equal 
sides are opposite. 



In the AS ABC, DBF, 

letAB^DE, and Aa==lJF, and z BAC-= l EDF, 

Then must BC^EF a)nl A — a T>EF, and the other 

IS, totvhich the eqmd sides are opposite., niust he equal, that 
is, L ABC== L DEF and i ACB^ i VFE. 

For, if A applied to A DEF, 

so that A coincides with D, and AB falls on DE, 
then *.* AB^DE, B will coincide with E, 

And AB coincides with DE, and l BAC= l EOF, Hyp. 
AO will fall on DF, 

Then •.* AC'»=DF, C will coincide with F, 

And B will coincide with E, and O with F, 

BO will coincide with ?JF ; 

for if not, let it fall otherwise jis EOF : then the two st. 
lines BC, EF will enclose a space, wliich is impossible. Post. 5. 
BC will coincide with and is equal to EF, Ax. 8. 

and A ABC A DEF, 

and z ABC z DEF, 

and z AGB z DFE. 

Q. E. D- 
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Note 1. On the Method of Su2)erposition, 

Two geometrical magnitudes are said, in accordance with 
Ax. viii. to be equal, when they can be so placed that the 
boundaries of the one coincide with the boundaries of the 
other. 

Thus, two straight lines are eqiml, if they can be so placed 
that the points at their extremities coincide : and two angles 
are equal, if they can be so placed that their vertices coincide 
in position and their arms in direction : and two triangles are 
e(puil, if they can be so placed that their sides coincide in 
direction and magnitude. 

In the application of the test (d equality by this Method of 
Suijerjyositiou, wo assume that an angle or a triangle may be 
moved from one place, turned over, and put down in another 
place, without altering the relative positions of its boundaries. 

We also assume that if one part of a straight line coincide 
with one part of another straight line, the otlier parts of the 
lines also coincide in direction ; or, that straight lines, which 
coincide in two points, coincide when j)roduced. 

The method of Superposition enables us also to compare 
magnitudes of the same kind that are unecpial. For example, 
suppose ABC and DEF to be tAvo given angles. 



Suppose the arm BO to bo placed on the arm EF, and the 
vertex B on the vertex E. 

Then, if the arm BA coincide in direction with the arm ED, 
the angle ABC is equal to DEF, 

If BA fall between El) ami EF in the direction EJF, 
ABC is less than J)EF. 

If BA fall in the direction EQ so that ED is between 
EQ and EF, ABC is .greater than DEF, 
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NOTE II. 


IS 


Note % On the Conditions of Equality of two Triangles. 

A Triangle is composed of six parts, three sides and three 
angles. 

When the six parts of one triangle are equal to the six 
parts of another triangle, each to each, the Triangles are said 
to be equal in all respects. 

There are four cases in which Euclid proves that two tri- 
angles are equal in all respects ; viz., when the following parts 
are equal in the two triangles. 

1. Two sides and the angle between them. I, 4. 

2. Two angles and the side between them. I. 26. 

3. The three sides of each. I. 8. 

4. Two angles and the side opposite one of them. I. 26. 

The Propositions, in which these cases are proved, are the 

most important in our First Section. 

The first case we have proved in Prop. iv. 

Availing ourselves of the method of superposition, we can 
prove Gases 2 and 3 by a process more simple than that em- 
ployed by Euclid, and with the further advantage of bringing 
them into closer connexion with Case 1. We shall therefore 
give three Propositions, which we designate A, B, and 0, m 
the Place of Euclid's Props, v. vi. vii. viii. 

The displaced Pr^ositions will be found on pp. 106-112, 

Proposition A corresponds with Euclid I. 5. 


B 1. 26, first part. 

0 La 
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Proposition A. Theorem. 

If tivo side>i of a triangle be equal, the angles op 2 )osite those 


sides must also he equal 
Fig. 1. Fig. 2. 



In the isosceles triangle ABC, let ACI=^AB. (Fig. 1.) 

Then must z A BC^ i ACB. 

Imagine the A ABO to be taken up, turned round, and set 
down again in a reversed position as in Fig. 2, and designate 
the angular points A', B\ O'. 


Then in as ABO^ A'C'B', 

V AB^A'C, and AO=A'B', and z BAO=^ z C'A'B', 


•. 1 AliC^ 1 A'CI!’. 

I. 4. 

i A'crji'= c AC£ i 


i ABC= L ACB. 

Ax. 1. 


Q.E.D. 


Cor. Hence every equilateral triangle is also equiangular, 

Nt)TE. When one side of a triangle is distinguished from 
the other sides by being called the Base, the angular point op- 
posite to that side is called the Vertex of the triangle. 
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PllOPOSlTiON B. Tiikoukm. 

If tiro triangles have two angles of the one equal to two 
angles of the other, each to each, and the sides adjacent to 
the equal angles in each also equal ; then must the triangles 
he equal in all respects. 

D 


In AS AJJO, nPJF, 

let / ABC^ 1 Di:b\ and z AtB^ l DFIJ, uiul BC=^EF. 
Then must and Aiy—DF, and z BAi.^— z FDF. 

For it’ :\I)FF he applied to i\AB(f so tluit H coincides 
with B, and PJF falls on JJ(t ; 

then BF-= BC, F will coincide with C ; 

and *.* z DEF=^ z A r><\ /. FD will fall on DA ; 

IJ will fall on BA or BA produced. 

A«;ain, *.• z I)FE== z ACB, PV) will hdl on <JA ; 

IJ Avill fall on PA or (LL produced. 

J) must coincide with .1, the only pt. common to BA 
and PA. 

JJE will coincuk with and is equal to AB, 

and OF AP, 

and z EOF z BAP, 

and aDEF .\ABP ; 

and the triangles are ecjual in all respects. 

Q. E. D. 

Oon. tlence, hy a process like that in Prop. A, wo might 
prove EucluPs thooreiii (1. 6) : If tw9 angles of a triangle be 
equal, the sides opposite those angles must also be equal. But 
this method would assume End. I. 26, and to keep Euclid’s 
order wo must take the proof given on p. 110. 

S.K. 2 
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Proposition C. Theorem. 

If Hoo triangles have the three sides of the one equal to the 
three sides of the othei', each to each, the triangles must be equal 
in all resjjccts. 





Let the three sides of the as ABC, DBF he equal, each 
to each, that is, AB^DE, AC^^^DF, and BC^BF. 

Then must the triangles be equal in all resjferfs. 

Iina^ne the hiJEF to be turned over and applied to the 
liABC, in such a way that EF coincides with B(', and the 
vertex D falls on the side of BC opposite to the side on which 
A falls ; and join AD. 

Case I. When AD passes through BC. 


rL 



Then in t:^ABD, *.• BD^BA, i BAD^ l BDA, 1. A. 

And in hACD, v CD^CA, z CAD=: i CDA, 1. A. 

sum of z s BAD, CAD^^mm of z s BDA, CDA, Ax. % 
thtftis, ^BAC=-iBDa 

[ence we see, referring to the original triangles, that 
i B AO = i EDF. 

, by Prop, 4, the triangles are equal in all respects. 
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Case IL When the line joining the vertices does not 
through BC, 



Then in aABD, v BD=-IL4, /. z BAD= l BDA, L A. 
And in j\ACJ), *.* (JJ)==^CA, z CAI)~^ z CDA, I. A. 
Hence since the whole angles BAJJ, BJJA are equal, 
and parts of these CAD, CD A arc equal. 

the remainders BAC, BDC are equal. Ax. 3. 
Then, as in C^ase I, the equality of the original tiiangles 
may bo proved. 

Cask HI. When ^IC and CD are in the same straight 
line. 



Then in a ABD, v BD-=BA, l BAL=- l BDA, I. A. 
that is, L BAV= l BBC 

Then, as in Case 1., tte equality of the original triangles 
may be proved. 


Q. E. D. 
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Proposition IX. Prorlkm. 


To a given angle. 



Let BAChe the jijiven ani^le. 

Tt fs required to hiseet L BAG, 

In A B take any pt. A 

In AG make AE=A1), unci join DE, 

On 1)E, on the side remote from A, describe an 
equilat. A DFE, 1. 1. 

Join AF. Then will bisect l BAG, 

For in A s A FD, AFEy 

•.* AD==AEy and AF is common, and FI)==FEy 

iDAF= i EAF, T. 0. 

that is, z BAG is bisected by 

Q. K. r. 

Ex. 1. Shew that v/e can prove this Proposition by means 
of Prop. IV. and Prop. A., without applying; Prop. 0. 

Ex. 2. If the equilateral trianrrlo, employed in the construc- 
tion, be described yyith its vertex towards the given angle ; 
shew that there is one ca.se in which the construction will fail, 
and two in which it will hold good. 

Note.-** The line dividing an angle into two equal parts is 
called the Bisector of the angle. 
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Proposition X. Problem. 

To bisect a given, finite straight line. 



Let AB be the given st. line. 

It is required to bisect AB, 

On AB describe aii eciuilut A I. 1. 

bisect L A(JB by tlie st. line CJ> meeting AH in D ; I. 9. 
tlien A H shall be bisected in 1), 


For ill AS A(I>, B(^D, 

*.* AC^Bi\ and CD is common, and t Ad)~ L BCD, 

AD^BD ; I. 4. 

AB is bisected in 1). 

Q. E. F. 

Ex. 1. The .straight line, drawn to bi.sect the vertical angle 
of an isosceles triangle, also bisects the base. 

Ex. 2. The straight line, drawn from the vertex of an 
isosceles triangle to bisect the base, also bisects the vertical 
angle. 

Ex. 3. Produce a given finite sti?iight line to a point, such 
that the part produced may be one-third of the line, which is 
made up of the whole and the part produced. 
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Proposition XI. Problem. 

To draw a straight line, at right angles to a given straight 
line from a given point in the same. 


F 



Let be the given st. line, and 0 a given pt. in it. 

It is required to draw from (1 a st, line ± to AB, 

Take any pt. 1> in ACy and in CB make CE—(UJ, 

On DE describe an equilat. a I>FE. I. 1 . 

Join Fa, Fa shall be ± to AB. 

For in As/W, EFF, 

*.• DC—CE, and BFis common, and FD^FE, 

iI)aF=iEaF; Ic. 

and .*. T'V- is i. to AB. Def. J). 

Q. K. F. 

Cor. To draw a straight line at right angles to a given 
straight line ^Cfrom one extremity, <ake any point D in 
AC, produce AC to E^ making (E^CDy and proceed as in 
the proposition. 

Ex. 1. Shew that in the diagram of Prop. ix. ^4Fand ED 
intersect each other at right angles, and tliat ED is bisected 
hy^i^. 

Ex. 2. If 0 be the point in which two lines, bisecting AB 
md*AC, two sides of an«equilateral triangle, at right angles, 
meet ; shew that OA^ OB, DC are all equal. 

Ex, 3. Shew that Prop. xt. is a particular case of Prop. ix. 
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Proposition XII. Problem. 

To draw a ntraight line iw'^endicnlar fo a given straight 
line of an unlimited length from a given point without it 


O 



Let AB be the given st. line of unlimited length ; C the 
given pt. without it. 

It is required to draw from 0 a st line ± to AB. 

Take any pt. U on the other side of AB, 

With centre V and distiuice ('D describe a 0 cutting AB 
ill E and F, 

Bisect EF in 0, and join CE, COy OF, L 10. 

Then 00 shall be x to AB, 

For in as OOE, OOF, 

*.* EO=FO, and 00 is common, and OE=OF, 

L OOK^^ L OOF ; I. c. 

00 is X to AB, Def. 9. 

Q. E. F. 

Ex. 1. If the straight line were not of unlimited length, 
how might the construction fixil ? 

Ex. 2. If in a triangle the perpendicular from the vertex 
on the base bisect the base, the triangle is isosceles. 

Ex. 3. The lines drayn from 4ho angular points of an 
equilateral triangle to the middle points of the opposite sides 
are equal. 
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Miscellaneous Exercises on Tro'ps. 1. to NIL 

1. Draw a figure for Prop. ii. for the case when the given 
point A is 

(a) below the line EC and t© the right of it. 

(jJi) below the line JW and to the left of it. 

2. Divide a given angle into four o(pial parts. 

3. The angles i>, C, at the base of an isosceles triangle, are 
bisected by the straight lines 7*/>, (11)^ meeting in J) ; shew 
that BBC is an isosceles triangle. 

4. D, E, F are points taken in the sides Jf(\ CA, A By of 
an equilateral triangle, so that B1)^(>E=^ AF. Shew that 
the triangle DEF is equilateral. 

5. Ill a given straight line find a point eiinidistant from 
two given points ; 1st, on the same side of it ; 2dy on opposite 
sides of it. 

6. ABG is a triangle having the angle ABC aentp. In BAy 
or BA produced, find a point D such that Bl) == CD. 

7. The equal sides AB, AC, of an isosceles triangle ABi^ 
are produced to points 7^^ and 6r, so that AE^^AtL BC and 
CF are joined, and 7/ is the point of their intersection. Prove 
that BH^CIf^ and also that the angle at A is bisected 
by A //. 

8. BACy BDC are isosceles triangles, standing on oppo- 
site sides of the same base BC. Prove that the straight line 
from A to 7) bisects B( 1 at right angles. 

9. In how^ many directions may the line A K be drawn in 
Prop. III. ? 

10. The two sides of a triangle being produced, if the 
angles on the other side of the base be equal, shew that the 
triangle is isosceles. 

11. ABCy ABD are two triangles on the same base AB 

and on the same side of it, the vertex of each triangle being 

outside the other. If AC=AD. shew that B(^ cannot -^^BJJ. 

( 

12. From 0 any point in a straight line J 77, (77 is drawn 
at right angles to ^177, meeting a circle described wdth centre 
A and distance .^77 in D ; and from ADy AE is cut oH' —AC: 
shew that A EB is a right angle. 
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Proposition XTIL Tiikorem. 

T\iQ angles which one straight line wakes mth another upon 
one side of it are either two right angles, or together equal to two 
right angles. 

Fi^ 1. Fig. 2 

\A 271 



C li 1} O BJ) 

Let AB make with Cl) upon one side of it the z s ABC, 
AliJ). 

Then must these he either two rt. l s, 
or together equal to two rt. l s. 

First, if L AB(J= l ABL) as in Fig. i, 

each of them is a it. z . Def. 9. 

Secondly, if z ABC be not= z ABU, as in Fig. 2, 

from B draw BB ± to (IJ. I. 11. 

Then sum of z s J Bi\ A 7>y>=sum of z s BBC, BBA, ABD, 
and sum of z s BB(\ BBI)=^mm of z s BBC, BBA, ABD ; 
.*. sum of z s AB<\ ABD— mm of z s BBC, BBD ; 

Ax. 1. 

sum of z s ABC, ABD— mm of a rt. z and a rt. z ; 
z s A B(\ ABD arc together=two rt. z s. 

q. E. o. 

Ex. Straight lines drawn connecting the opposite angular 
points of a quadrilateral figure intersect each other in <). 
Shew that the angles at U are together ecpial to four right 
angles. 

Notr(1.) If two angles together make up a right angle, 
each is called the Complement of the oth^r. Thus, in fig. 2, 
L ABD is the complement of z AB7J. 

(2.) If t\vo angles together make up two right angles, each 
is called the Supplement of the other. Thus, in both figures, 
z ABD is the supplement of z ABC, 
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Proposition XIV. Theorem. 

//, at a point in a dndfjht line, two other straifjht Ivim, tipon 
the opposite sides of it, make the adjacent angles together equal 
to two right angles, these two straight lines must he in one and 
the same straight line. 


c 

At the pt. B in the st. line AB let the st, lines BO, BD, 
on opposite sides of AB, make l s ABO, ABD together = two 
rt. angles. 

Then Bl> must he in the sarnie st, line with BO, 

For if not, let BhJ be in the same st. line with HO. 

Then i s ABl^, ABB together =tv\^o rt. z s. I. 13. 

And z s AB(\ ABD together = two it. z s. Hyp. 
sum of z s ABO, ABE=^^\\m of z s A BO, ABD. 

Take away from each of these equals the z A BO ; 

then z ABE— z ABD, Ax. 3. 

that is, the less = the greater ; which is impossible, 

. ’. BE is not in the .same st. line with BO. 

Similarly it may be shewn that no other line but BD is in 
the same st. line with BO, 

BD w in the same st. line with BO, 

Q. E. D. 

Ex. Shew the necessity of the words the opposite sides in 
the enunciation. 
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Proposition XV. Thkorem. 

If two straiijht lines cut one another^ the verticalUj opposite 
angles must he etji'ual. 



Let the st. lines AB, CT) cut one another in the pt. E. 

Then must l AEV— l BED and l AED= l BEC. 

For AE meets (U), 

sum of L s xiE(.\ AED=^ two rt. i s. I. 13. 

And UE meets AB, 

sum of z s BED, AED— two rt. z s ; 1. 13, 

sum of z s AE(', A ED— mm of z s BED, A ED ; 

z AEV— z BED. Ax. 3. 

Similarly it may he shewn that z A ED— z BE(\ 

q. E. u. 

Coroli.arv I. From this it is manifest, that if two straight 
lines cut one another, the four angles, which they make at the 
point of intersection, are together equal to four right angles. 

COROLT.ARY TI. All the angles, made by any number of 
straight lines meeting in one point, are together equal to four 
right angles. 

Ex. 1. Shew that the bi.sectors of A ED and BEC are in 
the same straight lino. 

Ex. 2. Prove that z AED is equal >0 the angle between 
two straight lines drawn at right angles from E to A E and 
EC, if both lie above f 

Ex. 3. If AB, CD bisect each other in E; shew that the 
triangles AED, BEC are equal in all respects. 
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Note 3. On EucluTs definition of an Angle. 

Euclid directs us to regard an angle as the inclination of 
two straight lines to each other, which meet, hut are oiot in 
the same straight line. 

Thus he does not recognise the existence of a single angle 
equal in magnitude to two right angles. 

The words printed in italics are omitted as needless, in 
Def. viiT., p. 3, and that definition may be extended with 
advantage in the following terms : - 

I)ef. Let WQE be a fixed straight lino, and QP a line 
which revolves about the fixed point Q, and which at first 
coincides with QE. 



Then, when QP has reached the position represented in 
the diagram, we say that it has described the angle EQP. 

When QP has revolved so far as to ioincide with QIV, 
we say that it has described an angle equal to ticu right 
angles. 

Hence we may obtain an easy proof of Prop. xiu. ; for w'hat- 
ever the position of PQ may be, the angles which it makes 
with WE are together equal to two right angles. 

Again, in Prop. -^v. it is evident that i AK1>- i BE(.\ 
since each lias the same sujiplementary z A EC. 

We shall shew hereafter, p. 149, how this definition may be 
extended, so as to embrace angles greater than tico right 
angles. 
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Proposition XVI. Theorem. 

If ove side of a trianf/h he produced^ the exterior angle is 
greater than either of the interior opiwsite angles. 



Let the side BC of A ABO he produced to D. 

Then ninst l A(1J he greater than either l CAB or L ABC. 

Bisect A(t in and join BhJ. T. 10. 

Produce BB lo h\ making EF=BE^ and join FC. 

Then in as BE A, FE(\ 

BE--=^FE, and EA==EC, and z z FEO, I. 

z ECF^ z EA H. I. 4. 

Now z A(F) is greater than z EOF ; Ax. 9. 

.*. z AC I) is greater than z EAB, 
that is, z ACL) is greater than z CAB. 

Similarly, if AO he produced to G it may be shewn that 
z BC(r is greater than z ABC. 

and lBCG^iACD; 1.15. 

z A(T) is greater than z ABC. 

Q. E. D. 

Ex. 1. From the same point there cannot he drawn more 
than two equal straight lines to meet a given straight line. 

Ex. 2. If, from any point, a straight Jine be drawn to a 
given straight line making with it an acute and an obtuse 
angle, and if, from the sanie point, a^erpcndicular be drawn to 
the given line ; tlm perpendicular will fall on the side of the 
Acute ai.gle. 



30 


EUCLID'S ELEMENTS, 


[Book 1. 


Proposition XVII. Theorem. 

Any hvo angles of a triangle are together less than two right 
angles. 


A 



Then must any two of its L s he together less than two 
rt. L s. 

Produce to J), 

Then i ACJ> is greater than z AJi(l 1. Hi. 

z s ACD, J CB arc together greater than z s ACB. 

But z s ACD, A CB togcther=two rt. z s. I. Hi. 
/. z ABC, ACB are together less than two rt. z s. 

Similarly it may be shewn that zs ABC, J>AC and also 
that z ^BAC, A CB are together loss than two rt. z s. 

Q. K. l). 

Note 4. On the Sixth Fostnlate, 

We learn from Prop. xvii. that if two straight lines BM 
and CN, which meet in -^4, are met by another straight line 
I)E in the points 0, 


A 


tlie angles MOP and NPO are together less than two right 
angles. 

The Sixth Postulate asserts that if a line DE meeting two 
other lines BM makes MOP, NPO, the two interior 
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angles on the same side of it, together less than two right 
angles, BM and GN slmll meet if produced on tlie same side 
of DE on which are the angles MOP and NPO. 


PiiorosiTioN XVIII. Theouem. 

If 0)1 e side of a triaiujlc he greater than a secondy the 
angle oi^'posite the Jirst must he greater than that ojiposite the 
second. 


a 

111 lAP}(\ lei side .10 he greater than AB. 

Then must l ABC he greater than L ACB. 

From AC cut off A 1)=^ A B, and join BJJ, I. 3. 

Then AB~A]), 

lADB^iABUy La. 

And *.* Gl)y a side of ^BDC, is produced to A. 

z ApB is greater than z A(B ; L HI 

/.also z ABl) is greater than z ACB. 

Much more is z zlBC greater than z ACB. 

Q. E. D. 

Ex. Shew that if two angles of a triangle he equal, the 
sides which subtend them are equal also (Eucl. I. 6). 
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PllOrOSITK^N XIX. Thkorkm. 

J/ om awjU of a triaiujle hd greater than a the 

side opposite the first mast be greater than that opposite the 
second. 



In A A B(\ let z A BC be greater than z ACB. 

Then most A(^ be greater than AB. 

For if AO bo not greater than AB, 

AO must either =^IZ/, or be less than AB. 

Now AO cannot B, for then 1. a. 

L ABO would — i A (JB, which Is not the case. 

And AO cannot be le.ss than AB, for then I. 18. 

l ABO would be less than z A OB, which is not the case; 

AiJ is greater than zli>. 

Q. w. D. 

Ex. 1. In an obtuse-angled triangle, the greatest side is 
opposite the obtuse angle. 

Ex. 2. BO, the base of an isosceles triangle BAGf is pro- 
duced to any point T) ; shew that A D is greater than AB. 

Ex. 3. The perpendicular is the shortest straight line, which 
can be drawn from a given point to a given straight line ; and 
of others, that which is nearer to the perpendicular is less than 
one more remote. 
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Proposition XX. Theorem. 

Any tico sides of a triangle are together greater than the 
third side. 


.D 



Let ABC he a a. 

Then any two of its sides must he together greater than 
the third side. 

Produce BA to D, making AD=ACy and join DC. 

Then AI)=^ACy 

.-. L ACD= L ADCy that is, z BDC. 1. a. 

Now z BCD is greater than z ACD ; 

z BCD is also greater than z BDC ; 

/. BD is greater than BC. I. 19. 

But BD=BA and AD together ; 

that is, B1) = BA and AC together ; 

.*. BA and AC together are greater than BC. 

Similarly it may be sh^nvii that 

AB and BC together are greater than AC, 
and BC and CA AB. 

Q. E. D. 

Ex. 1. Provo that ^iny three sides of a quadrilateral figure 
are together greater than the fourth side. 

Ex. 2. Shew that any side of a triangle is greater than 
the difference between the other two sides. 

Ex. 3. Prove that the sum of the distances of any point 
from the angular points of a quadrilateral is greater than 
half the perimeter of the quadrilateral. 

Ex. 4. If one side of a triangle be bisected, the sum of the 
two other sides shall be more than cfouble of the line joining 
the vertex and the point of bisection, 
s. K. 
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Proposition XXI. Theorem. 

Z/, from the ends of the side of a triangle, there he 
drawn two straight lines to a point within the triangle; 
the.^e ^nll he together less than the other sides of the triangle, 
hut will contain a greater angle. 



![iet ABC be a A, and from D, a pt. in the A, draw st. 
lines to B and 0. 

Then mil BD, DO together he less than BA, AC, 
hut L BBC loill he greater than l BAC. 

Produce BD to meet AC in E. 

Then BA, AE are together greater than BE. 1. 20. 

Add to each EC. 

Then BA, AC are together greater than BE, EC, 

Again, BE, EC arc together greater than DC, T. 20. 

Add to each BB. 

Then BE, EC are together greater than BB, DC. 

And it has been shewn that BA, AC are together greater 
thmBE,EC; 

.\ BA, AC are together greater than BD, DC. 

Next, *.* L BBC is greater than z DEC, T. 10. 

and z DEC is greater than z BAC, I. lo. 

z BBC is greater than z BAC 

Q. E. I). 

Ex. 1. Upon the ^ base AB of a triangle ABC h described 
a quadrilateral figure ABEB, which is entirely within the 
triangle. Shew that theT sides AC, CB of the triangle are 
together greater than the sides AB, DE, EB of the quadri- 
lateral. 
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Ex. 2 . Shew that the sum of the straight lines, joining 
the angles of a triangle with a point wnthin the triangle, is 
less than the perimeter of the triangle, and greater than half 
the perimeter. 

Puoi'<JSlTl()N XXIT. PllOliLKM. 

To ih,ake a triangle, oj which the sides shall be equal to 
three given straight lines, any two of which are together greater 
tha/n the third. 



Let A, B, G he the three given lines, any two of which 
are together grenter than the third. 

It is required to make a A having its sides = A, B, 0 
respectively. 

Take a st. line I)E of unlimited leiigtli. 

In DE make FG^B, and Gl£==a. 1. 3. 

With centre F and distance FD, describe © DKL. 

With centre G and distance GH, describe C^IIKL. 

Join FK and GK. 

Then aKFG has its sides =A, B, C respectively. 

For FK^Fl) ; Def. 13 

FK^A ; 

and GK^GJT', Def. 13. 

GK=C] 
and FG=B ; 

. a A KFG has been described as reqd. q. e. f. 
Ex. Draw an isosceles triangle having each of the equal 
sides double of the base 
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Proposition XXIIL Problem. 

At a (jiveM i^oint in a given straight line, to mahe an 
angle equal to a given avgle. 



Let A be the given pt., EG the given line, DEF the 
given z . 

It is reqd, to make at i>t A an angle = z DEF. 

In ED, EF take any pts. D. F ; and join DF. 

In AB, produced if necessary, make AG=zDE, 

In AC, produced if necessaiy, make A 1I~EF, 

In HC, produced if necessary, make HK^FD. 

With centre A, and distance AG, describe ® GLM. 
With centre If, and distance II K, describe c^LKM. 
Join AL and Ifh 

Then •.* LA==AG, LA ==DE ; Ax, 1. 

and / HL^IIK, 1[L--^FD. Ax, 1. 

Then in LAII, DEF, 

V LA^DE, and AU^EF, and BL^FD ; 

iLAH^iDEF, La 

/, an angle LAB has been made at pt. A as was reqd. 

Q. E. F. 
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Notk. — Wo here ^nve the proof of a theorem, necessary to 
the proof of Pro]). XXIV. and applicable to several proposi- 
tions ill Book in. 


PnpposiTioN 1). Tiieoukm. 

Every straiyht drawn from the vertex of a triangle to 
the hasCy is less than the greater of the two sides, or than either, 
if they be equal 


A 



Til the A ABC, let the side AC be not less than AB, 

Take any pt. J) in BG, and join AIK 

The%must AD be less than AC. 

For •.* AC is not less than AB ; 

z ABD is not less than z ACD. I. a. and 18. 
But z ADC is greater than z ABD ; I. 1(3. 

.*. z ADC is greater tlnyi z ACD ; 

/, AC is greater than AD. I. 19. 

Q. E. p. 
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Proposition XXIV. Theorem. 

If two triangles Imre tivo sides of the one equal to two 
sides of the other, each to each, hut the angle contained by 
the two sides of one of them greater than the angle contained by 
the two sides equal to them of the other ; the base of that which 
has the greater angle must he greater than the base of the other. 



p 


In the Af^ABO, DEF, 
let AB:=^I)E and AC==DF, 
and let z BAC bo greater thcan z EJ)F. 

Then wAist BC be greater than EF. 

Of the two sides BE, BF let BE he not greater than BF.* 

At pt. D in st. line ED make z EBG^ z BAC, I. 23. 
and make BG=AG or BF, and join EG, GF. 

Then *.* AB=^BE, and A(^==BG, and z BAC= z EBG, 

.-. BG^^EG, 1. 4. 

Again, *. * BG — BF, 

lBFG^ iBGF ; I. a. 

z EFG is greater than z BGF ; 
much more then z EFG is greater than z EGF j 

.’. EG is greater than EF. I. 19. 

^MtEG==BG; 

BG is greater than EF. 

q. E. D. 

*This line was addwl by Simson to obviate a defect in Euclid’s 
proof. Without this condition, three distinct cases inTist be discussed. 
With the condition, we can prove that F must lie below JW. 

For since J)F is not less than T)E, and BG is drawn equal to BF, 
BG is not less than J)E. 

Hence by Prop, n, an)> line drawn from B to mee^. EG is 
less than BG, and therefore DF, being ecpial to BG, must extend 
beyond EG. 

For another method of proving the Proposition, see p. 113. 
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Proposition XXV. Thkorkm. 

If two triangles have two sides of the one equal to two sides 
of the other, emh to eivch, hut the base of the one greater than 
the base of (he other] the angle also, contained hg the sides of 
that wlMi has the greater base, must he greater than the angle 
contained by the sides equal to them of the other. 



Ill the A8ABC,DPF, 
let A and AO^DF, 

and let BC be greater tliau F F. 

The)b nvmt l BACbe greater than l EDF. 

For L BA C is greater than, eciual to, or less than l EDF. 
Now z BA(J cannot— l EDF, 

for then, by i. 4, BO \voii\d= EF ; which is not the case. 
And L BAO cannot be less than l EDF, 
for then, by i. 24, BO would be less than EF ; which is 
not the case ; 

L BAO must be greater than l EDE. 

Q. E. D. 

Note. — In Prop, xxvi, Euclid includes two cases, in which 
two triangles are equal in all respects ; viz., when the following 
parts are equal in tlie two triangles : 

1. Two angles and the side between them. 

2. Two angles and the side opposite one of them. 

Of these wo have already proved the firJt case, in Prop, n, 
so that wo have only the second case left, to form the subject 
of Prop. XXVI., which we shall prove by the method of 
superposition. 

For Euclid’s proof of Prop, xxvi., see pp. 114-115. 
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Proposition XXVI Theorem. 

If two triangles have two angles of the one equal to two angles 
of the other, each to each, and one side equal to one side, those 
sides being opposite to equal angles in each ; then must the 
triangles he equal in all respects. 




In AS DEF, 

lot z ABC-= L DEF, and z ACB= z DFE, and DE. 
Then must BC=EF, and AC=DF, and z BA 0= z EDF. 
Suppose A DEF to be applied to A ^ BC, 
so that D coincides with A, and DFJ hdls on AB. 

Then *.• DE^AB, ii^will coincide with B ; 

and z DE:F=^ l ABC, /. EF will fall on BG. 

Then must F coincide with G : for, if not, 
let F fall between B and G, at the pt, H, Join AIL 
Then •/ z A11B== z DFE, I, 4. 

/. iAHB= lAGB, 

the extr. z = the intr. and opposite z , which is impossible. 

F does not fall between B and G. 

Similarly, it may be shewn that F does not fall on BG 
produced. 

F coincides with G, and BG=EF ; 
AG^DFf^r\d z BAG^ z EDF, I. 4. 

and the triangles are equal in all respects. 


Q. E. D. 
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Miseellaneom Exercises on Props, I, to XX VI. 

1. M is the middle point of the base BG of an isosceles 
triangle ABG^ and iV’ is a point in AG. Shew that the 
difference between MB and MN is less than that between 
AB and AN. 

2. A BC is a triangle, and the angle at A is bisected by a 
straight line which meets BG at D ; shew that BA is greater 
than BI), and CA greater than CD. 

3. ABf AG are straight lines meeting in A^ and D is 
a given point. Draw through D a straight line cutting olT 
equal parts from ABy AC. 

4. Draw a straight line through a given point, to make 
equal angles with two given straight lines which meet. 

5. A given angle BA G is bisected ; if GA be produced to 
G and the angle BAG bisected, the two bisecting lines are at 
right angles. 

6. Two straight lines are drawn to the base of a triangle 
from the vertex, one bisecting the vertical angle, and the other 
bisecting the base. Prove that the latter is the greater of the 
two lines. 

7. Shew that Prop. xvii. may be proved without pro* 
ducing a side of the triangle. 

8. Shew that Prop, xviii. may be proved by means of the 
following construction : cut off AD=ABy draw AEy bisecting 
i BAG and meeting BG in E, and join DE. 

9 Shew that Prop. xx. can be proved, without producing 
one of the sides of the triangle, by bisecting one of the angles. 

10. Given two angles of a triangle and the side adjacent 
to them, construct the triangle. 

11. Shew that the perpendiculars', let fall on two sides 
of a triangle from any point in the straight line bisecting the 
angle contained by the two sides, are equal. 
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We conclude Section I. with the proof (omitted by Euclid) 
of another case in which two triangles are equal in all 
respects. 


PiiorosTTioN E. Theorem. 

If tv'o tTian(jle& have one angle of the one equal to one 
angle of the other ^ and the sides about a second angle in 
each equal : tlieuy if the third angles in each he both acute, 
both obtuse, or if one of them be a right angle, the triangles 
are equal in all respects. 



In the AS ABC, DEF, hi i BAC^r ^ EDF, AB^DE, 
BC=EF, and let i s ACB, DFE be both acute, both obtuse, 
or let one of them be a right angle. 

Then must A a- ABC, DEF be equrd in all respects. 

For if -40 be not =1)F, make AG=DF ; and join BG. 
Then in as BAG, EOF, 

•.* BA=ED, and AG^DF, and z BAG= z EDF, 

.*. BG=EF and z AGB== z DFE. T. 4. 

But BC=-EF, and BG^BC ; 

z BCG= L BGC. I. a. 

First, let z ACB and z DFE be both acute, 

then z -dOZ» js acute, and z BGC is obtuse ; I. 13. 
z BCG is obtuse, which is contrary to the hypothesis. 
Next, let z ACB and z DFE be both obtuse, 

then z AGB is obtuse, and .*. z BGC Is acute ; I. 13. 
z BOG is acute, which is contrary to the hypothesis. 
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Listly, let one of the third angles AGBy DFE be a right 
angle. 

If z ACB be a rt. z , 

then L BOG is also a rt. z ; 1. a. 

Z8 BGO, BOG together « two rt. zs, which is im- 
possible. • 1. 17. 

Again, if z DFE be a rt. z , 

then z AOB is a rt. z , and z BOG is a rt. z . L 13. 

Hence z BGO is also a rt. z . 

z B BGOf BOG together «=■ two rt. z s, which is impossible. 

1. 17. 

Hence AO is equal to DJ, 
and the A s AjBO, DEF are equal in all respects. 

Q. a. n. 

Cor, From the first case of this proposition we deduce 
the following important theorem : 

If two rightrangUd triangles have the hypotenuse and 
me side of the one equal respectively to the hypotenuse and 
one side of the other , the triangles are equal in all respects. 

Note. In the enunciation of Prop, e, if, instead of the 
words if one of them bt a right angle^ we put the words both 
right angles^ this case of the proposition would be identical 
with 1. 2d 
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SECTION II. 

The Theory of Parallel Lines, 
INTEODUCTION. 

We have detached the Propositions, in which Euclid treats 
of Parallel Lines, from those which precede and follow tliem in 
the First Hook, in order that the student may have a clearer 
notion of the difficulties attending this division of the subject, 
and of the way in which Euclid proposes to meet them. 

Wo must first explain some technical terms used in this 
Section. 

If a straight line EF cut two other straight lines AB, Oi>, 
it makes with those lines eight angles, to which particular 
names are given. 



The angles numbered 1, 4, 6, 7 are called Interior angles 

2, 3, 5, 8 Exterior 

The angles marked 1 and 7 are called alternate angles. 

The angles marked 4 and 6 are also called alternate angles. 
The pairs of angles 1 and 5, 2 and 6, 4 and 8, 3 and 7 are 
called corresponding angles. 

Note. From I. 13 it is clear that the angles 1, 4, (>, 7 are 
together equal to four tight angles. 
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Proposition XXVII. Theorem. 

If a straight line, falling ujmn two other straight lines, mahr 
the alternate angles equal to one another; these two straight 
lines must he parallel 


/i? 

/ 





Let tlio st. line EF, falling on the st. lines AB, CD, 
make the alternate l s AGU, Gill) equal. 

Theji must AB he 11 to CD, 

Por if not, AB and OI> will meet, if prodncetl, either towards 
B, D, or towards li, C. 

Let them he produced and meet towards B, 1) in K. 

Then GTTK is a a ; 

and *. z JCIIU greater than z GITD. I. IG. 
But lAGIl^iGHTl Hyp. 

which is impossible. 

AB, Cl) do not meet when produced towards B, D, 

In like manner it may be shewn thal^they do not meet 
when produced towards A, C, 

AB and CD are parallel. Def. 26. 


Q. E. D. 
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Proposition XXVIIL Theorp:m. 

If a straight line^ falling upon two other straight lines, vialce 
the exterior ainjh equal to the interior and opposite upon the 
same side of the line, or make the interior angles upon* the same 
side together equal to two right angles ; the two straight lines 
are parallel to one another. 



Let. the st. line EF, falling on st. lines AJ>, CD, make 


I. z corresponding z GHD, or 

II. z s BGH, GHD together— two rt. z s. 

Then, in cither ease, AB must he || to CD. 

I’ z EGB is given = z GHD, Hyp. 

and z EGB is known to be== z AGH, I. 15. 

z AGH^ z GHD ; 
and these are alternate ^z s ; 

AB is II to CD. I. 27. 

*•’ ^ s BGJI, GlID together=two rt. z s, ITyp. 

and z s BGH, AGH together = two rt. z s, I. 13. 

z s BGIT, AGH togother= z s BGH, GHD together ; 
lAGH^iGHD) 

AB is II to CD. I. 27. 


Q. E. I). 
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Note 5. On the Sixth Postulate. 

In the place of Euclid's Sixth Postulate many modern 
writers on Geometry propose, as more evident to the senses, 
the following Postulate : — 

Twa straight lines which cut one another cannot both he 
2 )araUel to the same straight line.'' 

If this be assumed, we can prove Post. 6, as a Theorem, 
thus : 

Let the line EF falling on the lines AB^ CD make the z s 
BGHy GHl) together less than two rt. z s. Then must AB, 
CD meet when produced towards By D. 



For if not, suppose AB and CD to be parallel. 

Then z s AGII, BGll together==two rt. z s, L 13. 

and z s GILD^ BGII arc together less than two rt. z s, 
z AG II is greater than z GIID. 

Make z MGH= z GHD, and produce MG to N. 

Then *.* the alternate z s MGH, GHD are equal, 

MN is II to CD. 1. 27. 

Thus two lines MN, AB which cut one another are both 
parallel to CD, which is impossible. 

AB and CD are not parallel. 

It is also clear that they meet towards B, 7), because GB 
lies between GN and IIL. 

q. E. D. 
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Proposition XXIX. Thkorp:m. 

If a straight line fall Uj.on two parallel straight lines, it 
makes the two interior angles upon the sums side together equal 
to two right angles, and also the alternate angles equal to one 
another, and aho the exterior angle equal to the interior and 
op 2 )osite upon the same side. 



Then must 

I. z s BGII, Gif I) together = two rt. i s. 

IL i yl67/=alteriuite z GHI), 

III. z corresponding z Gfll). 

L z s BGII, GIIJJ cannot be together less than two rt. z s, 
for then AB and CV would meet if produced towards 
B and IJ, Post. 0. 

which cannot be, for they are parallel. 

Nor can z s BGII, GHD be together greater than two 
rt. z s, 

for then AG ff, GIIG would be together less than 

two rt. z s, I. 13. 

and A B, CD would meet if produced towards A and C 

, Post. () 

which cannot be, for they are paralk‘l, 
z s BGII, GUI) together = two rt. z s. 

II. z s BGII, GUI) together = two rt. z s, 

and z s BGII, A Gif together = two rt. z s, 1. 13. 
.*. z s BGII, AGH together^ z s BGII, GHD together, 
and z JGH^ z GHD. Ax. 3. 

Ill, V iAGH^lGHT), 

and z AGB^'lEGB, 

L EGB^ z GHD, 


I. 15. 
Ax. 1. 
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ExSRC 18 £ 8 . 

1. If through a point, equidistant from two parallel 
straight lines, two straight lines be drawn cutting the parallel 
straight lines ; they will intercept equal portions of the 
parallel lines. 

2. If a straight line be drawn, bisecting one of the angles 
of a triangle, to meet the opposite side ; the straight lines 
drawn from the point of section, paraUel to the other sides 
and terminated by those sides, will be equal. 

3. If any straight line joining two parallel straight lines 
be bisected, any other straight line, drawn through the point of 
bisection to meet the two lines, will be bisected in that point. 

Note. One Theorem (A) is said to be the converse of another 
Theorem (B), when the hypothesis in 6^) is the conclusion in 
(B), and the conclusion in (A) is the hypothesis in (B). 

For example, the Theorem I. a. may be stated thus : 
Hypothesis, If two sides of a triangle be equal. 

Conclusion, The angles opposite those sides must also be 
equal 

The converse of this is the Theorem 1. b. Cor. : 

Hypothesis, If two angles of a triangle be equal 
Conclusion, The sides opposite those angles must also be 
equal. 

The following are other instances : 

Postulate VI. is the converse of I. 17, 

I. 29 is the converse of L 27 and 28. 


a au 
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pRorosiTioN XXX. Theorem. 

Strahjlit lines which are parallel to the same straight 
line are parallel to one another. 



Let the St. lines Alh OB be each 1| to EF. 

Then must AB be || to CD. 

Dnuv the st. line GH, cutting AB, CD, EF in tiio pts. 
0, P, Q. 

Then *.* GIT cuts the I1 lines AB, EF, 

z ^ OP = alternate i FQF. 1,20. 

And •.* GH cuts the || lines CD, EF, 

extr. z OPD~\ntT. z FQF ^ I. 29. 

z ylOP= z OPD ; 

and these are alternate angles ; 

AB is II to CD I. 27. 

Q. E. D. 

The following Theorems are important. They admit of 
easy proof, and are therefore left as Exercises for the 
student. 

1. If two straight lines be parallel to two other straight 
lines, each to eacl\, the first pair make the same angles with 
one another as the second. 

2. If two straight lines be perpendicular to two other 
straight lines, each to each, the first pair make the same angles 
with one another as the second. 
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Proposition XXXI. Problem. 

To draw a straight line through a given 'point parallel 
to a given straight line. 



B c 


Lot A be the given pt. and BQ the given st. line. 

It is required to draw through A a st. line |1 to B(1 

In BC take any pt. 7), and join 

Make z J)AE= z ADC. L 23. 

Produce BJ to F. Then BF shall be || to BC. 

For *.• ^li>, meeting BF and BC, makes the alternate 
angles equal, that is, z BAD= z ADC, 

.-. BF h\\ to BC. I. 27. 

*. a st. line has been drawn through J || to BC. 

Q. E. ¥. 

Ex. 1. From a given point draw a straight line, to make 
an angle with a given straight line that shall bo equal to 
a given angle. 

Ex. 2. Through a given point A draw a straight line 
ABC, meeting two parallel straight lines in B and C, so that 
BC may be equal to a given straight line. 
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Proposition XXXII. Theorem. 

Ij a side of any triangle he produced, the exterior angle 
is equal to the two interior and o^ymite angles, and the 
three interior angles of every triangle are together'* equal to 
two right angles. 





Let AB(^ be a A, and let one of its sidcs^ BO, ho pro- 
duced to J). 

Then will 

L i A (JI)= L s ABC, BA 0 together. 

II. L s ABC, liAC, A(B together — two rt. l s. 

From 0 draw CE I1 to AB. I. 31. 

Then I. BD meets the |ls E(\ A B, 

.*. extr. z 7i:Ci>=intr. z A BO. X. 29. 

And AC meets the Hs EC, AB, 

.'. L ACE==:a\ienmto z BAC. T. 29. 

. . z. s ECl), A CE togethcr= z s ABC, BA C together ; 

z A07)== z s ABC, BAC together. 

And II. '.* z s ABC, BAC together = z A CD, 
to each of these equals add z A ( B ; 
then z s ABC, BAC, ACB together = z s A CD, ACB together, 
z s ABC, BAC, ACB together— two rt. z s. I. 13. 

Q. R. I). 

Ex. 1. In an acute-angled triangle, any two angles are 
greater than the third. 

Ex. 2. The straight line, which bisects the external vertical 
angle of an isosceles triangle is parallel to the base. 
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Ex. 3. If the side BG of the triangle ABC be produced to 
D, and AE be drawn bisecting the angle BAG and meeting 
BG in E ; shew that the angles ABD, AGD are together 
double of the angle A RD. 

Ex. 4. If the straight lines bisecting the angles at the base 
of an isosceles triangle be produced to meet ; shew that they 
will contam an angle equal to an exterior angle at the base of 
the triangle. 

Ex. 5. If the straight line bisecting the external angle of a 
triangle be parallel to the base ; prove that the triangle is 
isosceles. 

The following Corollaries to Prop. 32 were first given in 
Simson’s Edition of Euclid. 

Cor. 1. The sum of the interior angles of any rectilinear 
figure together with four right angles is equal to twice as many 
right angles as* the Jigare has sides. 


n 



Let ABODE be any rectilinear figure. 

Take any pt. F within the figure, and from F draw the 
st lines FA, FB, FC, FD, FE to the angular pts. of the figure 

Then there are formed as many A s as the figure has 
sides. • 

The three z s in each of these as together = two rt. z s. 

.'.all the z s in these As together = twice as many right 
z s as there are a s, tliat is, twice as many right z s as tlie 
figure has sides. 

Now angles of all the As= z s at A, B, G, D, E and l s 
at F, • 

that is, = z s of the figure and z s at F, 
and .*. = z s of the figure and font rt. z s. I. 15 . Cor 2. 

z s of the figure and four rt. z 8= twice as many rt z s 
as the figure has sides. 
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Cor. 2. The exterior angles of any convex rectilinear figure, 
made by producing each of its sides in succession, are together 
egual to four Hght angles. 

Every interior anj^le, as ABO, and its adjacent exterior 
angle, as ABB, together are = two i t. l s. 



/.all the intr. zs together with all the oxtr. zs 
= twice as many rt. z s as the figure has sides. 

But all the intr. z s together with four rt. l s 
= twice as many rt. z s jis the figure has sides, 
all the intr. zs together with all the extr. s 
=all the intr. z s together with four rt. z s. 

all the extr. z s=four rt. z s. 

Note: TJie latter of these corollaries refers only to convex 
figures, that is, figures in which every interior angle is less 
than two right angles. When a figure contains an angle greater 



than two right angles, as the angle marked by the dotted line 
in the diagram, this is called a reflex angle. See p. 149. 

Ex. 1. The exterior angles of a quadrilateral made by pro- 
ducing the sides successively are together equal to the interior 
angles. 
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Ex. 2. Prove thafe the interior angles of a hexagon are equal 
to eight right angles. 

Ex. 3. Shew that the angle of an equiangular pentagon is g 
of a right angle. 

Ex. 4. How many sides has the rectilinear figure, the sum 
of whose interior angles is double that of its exterior angles ? 

Ex. 5. How many sides has an equiangular polygon, four 
of whose angles arc together equal to seven right angles \ 


Proposition XXXTII. Tiiisorkm. 

The straight lines v'hichjoin the eartremities of two equal and 
parallel straight line,% towards the same are also them- 

selves equal and paralleL 



Let the equal and |1 st. lines AB, CD be joined towards the 
same pajts by the st. lines ACj BIK 

Then must AC and BD he equal and 11. 

Join B(y, 

Then .• AB is 11 to CD, 

L alternate lDCB, I. 29. 

Then in As ABC, BCD, 

AB=^CD, and BC is common, and l l DCB, 

/. AC=BD, and z ACB^ l DBC. L 4. 
Tiien *.* BC, meeting A(^ and BD, 

makes the alternate z s ACB, DBC equal, 

/. A G is II to BD. 


B. D. 
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Miscdlan^ous ExerciiM on Sketioiu L and XL 

1. If two exterior angles of a triangle be bisected by 
straight lines which meet in 0 ; prove that the perpendiculars 
from 0 on the sides, or the sides produced, of the triangle are 
equal. 

2. Trisect a right angle. 

3. The bisectors of the three angles of a triangle meet in 
one point. 

4. The perpendiculars to the three sides of a triangle drawn 
from the middle points of the sides meet in one point. 

6. The angle between the bisector of the angle BAC of the 
triangle ABO ikx\d the perpendicular from A on BO, is equal 
to half the difference between the angles at B and C. 

6. If the stniight line AD bisect the angle at A of the 
triangle ABOy and BDE be drawn perpendicular to ADy and 
meeting ACyOr AG produced, in B\ shew that Bh is equal 
to DE. 

7. Divide a right-angled triangle into two isosceles tri- 
angles. 

8. ABy CD are two given straight lines. Through a point 
E between them draw a straight line QEJJy such that the in- 
tercepted portion GH shall be bisected in E, 

9. The vertical angle 0 of a triangle OPQ is a right, acute, 
or obtuse angle, according as OR, the line bisecting PQ, is 
equal to, greater or less than the half of PQ, 

10. Shew by means of Ex. 9 how to draw a perpen- 
dicular to a given straight line from its extrenuty wiihout pro- 
ducing it. 
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SECTION HI. 


On the Equality of Rectilinear Fissures in respect of Area, 


Th£ amount of space enclosed b;^ a Pif^re is called the 
Area of that figure. 

Euclid calls two fifs^es tqaol when they enclose the same 
amount of space. They may be dissimilar in shape, but if the 
areas contained within the boundaries of the figures be the 
same, then he calls the figures tqml. He regards a triangle, 
for example, as a figure having sides and angles and area, and 
he proves in this section that two triangles may have equality 
of area, though the sides and angles of each may be unequal. 

Coincidence of their boundaries is a test of the equality of 
all geometrical magnitudes, as we explained in Note 1, 
page 14. 

In the case of lines and angles it b the only test : in the 
case of figures it is a test, but not the only test ; as we shall 
shew in this Section. * 

The sign standing between the symbob denoting two 
figures^ must be read egual in area to. 

Before we proceed to prove the Propositions included in 
thb Section, we must complete the list of Definitions required 
in Book I., continuing the numbers prefixed to the definitions 
in piige G 
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Pepihitions. 

XXVII. A Parallelogram is a 
four-sided figure whose opposite 
sides are parallel. 


lor brevity we often designate a parallelogram by two 
letters only, which mark opposite angles. Thus we call the 
figure in the margin the parallelogram AO. 

XXVIII. A Rectangle is a par- 
allelogram, having one of its angles 
a right angle. 

Hence by I. 20, all the angles of a rectangle arc right 
angles. 


XXIX. A Rhombus is a par- 
allelogram, having its sides ccpial. 


XXX, A S<2UARE is a paral- 

lelogram, having its sides erpial 
and one of its angles a right 
angle. 

Hence, by I. 20, aXl the angles of a square are right 
angles. 

XXXT. A Trapezium is a « 1 

four-sided figure of which two, \ / 

sides only are parallel. ^ , / 

XXXII. A Diagonal of a four-sided figure is the straight 
line joining two of the opposite angular points. 
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XXXIIL The Altitude of a l^iirallelogmin is the perpen- 
: dicular distance of one of its sides from the side opposite, 
regarded as the Base. 

The altitude of a triangle is the perpendicular distance of 
one of its angular points from the side opposite, regarded as 
the basQ, 

Thus if A BCD bo a parallelogram, and A E a perpendicular 
let fall from A to CD^ AE is the altitude of the parallelogram, 
and also of the triangle ACD, 



If a' perpendicular be let fall from Jt to DC produced, niet't- 
ing DC in E, BE is the altitude of the parallelogram. 

Exercises. 

Prove the following theorems : 

1. The diagonals of a square make with each of the sides 
an angle equal to half a right angle. 

2. If two straight lines bisect each other, the lines joining 
their extremities will form a parallelogram. 

3. Straight lines bisecting two adjacent angles of a paral- 
lelogram intersect at right angles. 

4. If the straight lines joining two opposite angular points 
of a parallelogram bisect the angles, the parallelogram lias all 
its sid("^ e<|!uii. 

5. If the oppuaitc angles of a quadrilateral be equal, the 
quadrilateral is a parallelogi’am. 

6. If two opposite sides of a quadrilateral figure be equal to 
one another, and the two reinaimng sides Jdc also equal to one 
another, the tigure is a parallelogram. 

7. If one angle of a rhombus be equal to two-thirds of two 
right angles, the diagonal drawn from that angular point 
divides the rhombus into two equilateral triangles. 
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Proposition XXXIV. Theorem. 

TUt opposite s{(hs and angles of a parallelogram are equal to 
one another, and the diagonal bisects it. 



Let A EDO be a O, and BC a diagonal ui the O. 

Then must AB=DC and A0= DB, 
and L BAG= i CDB, and z ABD=^ z ACD 
and aABC^^aDCB. 

For V AB is li to CJ), and BG meets them, 

z alternate z DGB , I. 29. 

and is 11 to BD, and BG meets them, 

/. z alternate z DBG. I. 29. 

Then in as ^1/iO', I)(B, 

•.* z ABG^ L DGB, and z yl(^Z;= z DBG, 
and BG is common, a side adjacent to the equal z .s in ear'h ; 
AB=^DG, and AG^DB, and z BAG^ z GDB, 

and aABG=^ A DGB. 1. n. 

Also •.* z ABG^ z DGB, and z DBG= z AGB, 

.\ L s ABG, DBG together = z s DGB, AGB together, 
that is, z ABD— z AGD. 

Q. E. D. 

Ex. 1. Shew that the diagonals of a parallelogram bisect 
each other. 

Ex. 2, Shew that the diagonals of a rectangle are equal. 
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PuoposiTioN XXXV. Theorem. 

Parallelograms on the same hem and between the same 
parallels are equal. 



Let the Os ABCI), EBCF be on the same base B(1 
and between the same ||s AF, BC, 

Then must O ABCD^EJ EBCF. 

Case I. If AJ>, EF have no point common to both, 


Then in the as FLK\ EAB, 

*,• extr. z FJ)C =intv. l EAB, I. 21>. 

and intr. z I>PC=extr. z AEB, I. 2D. 

iiml. 1)0= AB, I. 34. 

e.FI)C= ^ EAB. 1. 20. 


Now O ABCl) with A FDO= figure ABCF ; 
and O EBCF with a EAB=^ig\\YQ ABCF; 

O ABCD with a FJ)C=CJ EBCF with a EAB ; 
.'. O ABC1)=CJ EBCF. 


Case 11. If the sides AD, EF overlap one another, 



the same method (jf proof applies. 
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Case III. If the sides opposite to BC be terminated in 
the same point D, 



the same method of proof is applicable, 
but it is easier to reason thus : 

Kai'h of the Os is double of A BDC ; J. ;34. 

r. LJ ABCI)=nJ DBCF. 

K 1) 

Proposition XXXVI. Thkorkm 
Pfirallclograms on equal ha.'ic.'y, and hdicten the smne 
parallels, are equal to one another. 

A Jj K JC 



Let the ZI7.s A BCD, EFCrll be on equal bases F(r, 
and between the same lls AH, BG. 

Then must OJ ABGD^EJ EFGIL 


Join BE, OH, 

Then B(J==FG, Hyp. 

and ETT^FG ; 1 . ;U. 

.\B(1=^EJI; 

and BG is || to EIL Hyp. 

/. EB is 11 to 67/ ; 1. *33. 

EBGIf is a parallelogram. 

Now O EBGH = CJABCD, 1. 35. 

*.• they are on thedsame base BG and between the same Us ; 

and O EBCE^UEFGII, I, 35. 

•.* they are on the same base EH and between the same |[s ; 
CJ ABCD^a EFGH. 

Q. E. I). 
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Proposition XXXVII. Tiieorkm. 

Triangles upon the same base, cund behceen the same 
parallels j are equal to one another. 



Lot u. s ABC, DBC he on tho saiiio base BC and between 
the same l|s Al), BC. 

Then must a ABC= 

From B draw BE |1 to CA to meet DA produced in E. 
From C draw OE |1 to BD to meet AD produced in E. 


Then EBCA and P'( ^BD are parallelograms, 

and O EBCA = O ECBD, I. 35. 

*.• they are on the same base and between the same ||s. 

Now A ABC is lialf of O E:BCA, I. 34. 

and A DBC is half of EJ ECBD ; I, 34. 

^ABC^^DBC. Ax. 7. 

Q. K. D. 

Ex. 1. If P be a point in a side AB of a ])arallelograin 


ABCD, and PC, PD be joined, the triangles PAD, J^BC arc 
together erpial to the triangle P]X\ 

Ex. 2. If A, B be points in one, and C, D points in 
another of two parallel straight lines, and^thc lines AD, BC 
intersect in E, then the triangles AEC, BED are equal. 
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Proposition XXXVIII. Thborrm 

Triangles upon equal hases^ and between the same parallels^ 
are equal to one another 



Let AS ABCy DEF be on equal bases, BCy EF^ and 
betv/oen the same || s BF^ AD 

Then must a ABG^ a DEF. 

Prom B draw BO II to GA to meet DA produced in 0. 

Prom F draw FR |] to ED to meet AD produced in II. 

Then GO and EH are parallelograms, and they are equal, 

*.• they are on equal bases BGy EFy and between the same 
Is BFy OH. I. 36 

Now A ABG is half of iC7 CO, 
and A DEF is half of U EH ; 

uABG^ t.DEF. Ax. 7. 

Q. £. D. 

Ex. 1. Shew that a straight line, drawn from the vertex 
of a triangle to bisect the base, divides the triangle into two 
equal parts. 

Ex. 2. In the equal sides AB, AG of '»n isosceles triangle 
ABC points D, E are taken such that BD^ AE Shew that 
the triangles OBD.^ABE are equal 
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Proposition XXXIX. Theorem. 

Equal triangles upon the same base^ and upon the same Me 
of it, are between the same parallels. 



Let the equal A s ABG, DBG be on the same base BG, and 
on the same aide of it. 

Join AD. 

Then must AD be \\ to BC. 

For if not, throuf/h A draw ^0 I1 to BC, so as to meet BD, 
or BD produced, in 0, and join OG. 

Then A s J BC, OBC are on the same base and between 
the same ||8, 

.\ £,ABG-=£^0BC. 1.37 

But £,ABC--lDBG; Hyp. 

.\ lOBG^ DBG, 

the less* the greater, which is impossible ; 

. ^ 0 is not 11 to BG. 

In the same way it may be shewn that no other line passing 
through A but AD is || to BG; 

.% D is II to BC. 


Q. E. D. 

Ex. 1. AD is parallel to BG ; AG, BD meet in E ; BC is 
produced to P so that the triangle PEB is equal to the 
triangle ABC : shew that PD is parallel t<^ AG, 

Ex. 2. If of the four triangles into which the diagonals 
divide a quadrilateral, two opposite ones are equal, the quad- 
rilateral has two opposite sides paralleL 

6 


8. X. 
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Pboposition XL. Thborkm, 

triangles upon equal basesy in ihe same straight liniy 
and towards the same parts, are between the same parallels. 



Let the equal a s ABC, DBF be on equal bases BC, EF 
in the same at. hue BF and towards the same parts. 

Join AD, 

Then mtut AD he\ito BF, 


For if not, through A draw JIO || to BF, so as to meet ED, 
or ED produced, in 0, and join OF, 

Then a ABG=a A OEF, v they are on equal bases and 
between the same l|s. I. 38. 

But A ABC^ A DEF ; Hyp. 

lOEF^ lDEF, 

the less the greater, which is impossible. 

/. .40 is not R to BF, 

In the same way it may be shewn that no other line passing 
through A but AD is li to BF, 

,\ AD is II to BF, 


Q. B. D. 

Kx. 1. The straight line, joining the points of bisection of 
two sides of a triangle, is parallel to the base, and is equal to 
half the base. 

Ex. 2. The strsflght lines, joining the middle points of the 
•ides of a triangle, divide it into four equal triangles. 
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Proposition XLL Theoreim. 

If a parallelogram and a triayigle be upon the same base, and 
between the same parallels, the parallelogram is double of the 
triangle. * 



Let the £7 ABCD and the A fJBO be on the same base BC 
and between the same l|s AJi, Bil 

Then must CJ ABCJJ be double of A EBC, 


Join A a 

Then aABC= lEBC, *.* they are on the same base and 
between the same II s ; L 37. 

and O ABCD is double of J\ABC, •.* AC is a diagonal of 
ABCD ; ^ I. 34. 

CJ A BCD is double of A EBC. 


q. E, D. 

Ex. 1. If from a point, without a parallelogram, there be 
dra;wn straight lines to the ends of each of the two opposite 
sides, between which, when produced, the point does not lie, 
the difterence of the triangles thus formed is etpial to half the 
parallelogram . 

Ex. 2. The two triangles, formed by drawing straight lines 
from any point within a parallelogram to the extremities of 
its opposite sides, are together half of the parallelogram. 
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Proposition XLII. Problem. 

To describe a paralhlograhi that shall he equal to a given 
triangle, and have one of its angles equal to a given angle. 



Let ABC be the ^,dven A, and /) the given l . 

It is required to describe a LJ equal to a ABC, haring one 
of its z s= z J). 

Bisect BC in B and join A E, T. 10. 

At E make / CEEr:^. i IK 1. 23 

Draw A FC |1 to B(\ and from C draw CO i| to EF, 

Then FE(Xr is a parallelogram. 

Now ^AEB^lAEC, 

• they are on equal bases and between the same ||s. T. 38. 

A ABC is double of A AEC. 

But O FECO is double of a AEC, 

they are on same base and between same |(s. I. 41. 

. EJ FECO^ A A BC , Ax. b*. 

and EJ FE(V has one of its / s, CEF^ l II 
.’. EJ FECO has been described as was reqd. 

Q. E. F. 

Ex. 1. Describe a triangle, wliich shall be equal to a given 
parallelogram, and have one of its angles espial to a given 
rectilineal angle. 

Ex. 2. Construct a parallelogram, equal to a given triangle, 
and such that the^suni of its sides shall be equal to the sum 
of the sides of the triangle. 

Ex. 3. The perimeter of an isosceles triangle is greater than 
the perimeter of a rectangle, which is of the same altitude 
with, and equal to, the given triangle. 
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Proposition XLIIL Tiieorkm. 

Tiu) comphmcvts of the parallelograms^ which are about 
the diameter of any paixtllelograin, arc equal to one another. 



Lot A BCD he a O, of wliich BD is a diagonal, and 
EO, UK the Os about BI)y that is, through which BI) 
passes, 

and AF^ FC the other Os, which make up the whole 
figure ABCDy 

and which are called the ( Wplcnients. 

Then must complement AF== complement FC, 


For 

BJ) is ii diiiffonal of O J (', 


.* 

A ABJ>= A CDB ; 

I. 34, 

and •. 

Bh' is a diagonal of CJ If K, 



. A Jrr,F== A KFB ; 

I. 34. 

and 

■ FD is a diagonal of CJ EG, 



. aEED= aGDF 

I. .34. 


Hence sum of as HBF, EFJ >^ hun] of as KFB, GDF. 

Take those equals from as ABD, CDB respectively, 

then remaining CJ A remaining O FC, Ax. 3. 

Q. E. D. 

Ex. 1. If through a point 0, within a parallelogram 
ABCDj two straight lines are drawn parallel to the sides, 
and the parallelograms OZ>, Of) are equal ; the point 0 is 
in the diagonal A(\ 

Ex. 2 ABCD is a parallelograyi, AMN a straigl^t line 
meeting the aides BC\ CD (one of them being produced) in 
AZ, N, Shew that the triangle MBN is equal to the triangle 
MDC, 
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PiiorosiTiON XLIV. Problem. 


To a given straight line to a^)hj a parallelogram^ which 
shall be equal to a given triangle^ and have one of its angles 
equal to a given angle. 



Let AB bo the st. line, 0 the given a, D the 

given i . 

It is required to apply to AB a O = A (7 and having one 
of its L . 5 = 1 1), 

Make a 0= A (7, and having one of its angles = / 1), I. 42. 

and suppose it to be removed to such a position that one of 
the sides containing this angle is in the same st. line with AB^ 
and let the CJ be denoted by BEFfr. 

Produce FG to H, draw AH ii to BG or EF, and join BIT. 
Then •.* FH meets the ||s All, EF, 

sum of ^ s AHF, ITFE^^two rt. z s ; I. 29. 

sum of z s BUG, IIFE is less than two rt. z s •, 

/. HB, FE will meet if produced towards B, E. Post. 6. 
Let them meet in K 
Through K draw KL H to EA or FH, 
and produce HA, GB to meet KL in the pts. L, M. 

Then HFKL is a O, and JIK is its diagonal ; 
and AG, ME are Os about HK, 

.\ complement J5X~ complement BF, I. 43. 

Also the O BL has one of its z s, ABM^ z EBG^ and 
*. equal to z I)!* 


g. E. F. 
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Proposition XLV. Problem. 

To discrilfc a parallelograniy lohich shall he equal to a 
given rectilinear figure, and have one of its angles equal to a 
given angle. 



Let A BCD be the (riven rectil. figure, and E the given l . 

It is required to describe a O = to A BCD, having one 
of its Ls^ i E. 

Join AC, 

Describe a O Fai[K== a ABC, having i FKH^ l E. 

T. 42. 

To GH apply a O GIIML=:^ a CJJA, having z GHM^ l E. 

I. 44. 

Then FKML is the CJ reqd. 

For z GHM and z FKfT arc each- z E ; 

iGHM^ iFKII, 

sum of z s GHM, GHK-^^wm of z s FKH, GHK 


= two rt. z s ; I. 29. 

KHM is a st. line. I. 14. 

Again, •.* IIG meets the |ls FG, KM, 

L FGII^ L GHM, 

sum of z s FGH, LGlJ==^mm of z s GUM, LGH 
—two rt. z s ; I. 29. 

FGL is a st. line. I. 14. 

Then KF is || to UG, and IIG is || to LM 

KF is II to LM ; I. SO. 


and KM has been shewn to be ii to FL, 

FKML i.s a parallelogram, 
and FU^ A A B(^, and GM^ A CD A, 

.*. [D Avhole rectil. fig.* A BCD, 
and C7 FM has one of its >s, FKM^ z E, 

In the same way a /Z7 may be constructed equal to a given 
rectil. fig. of any number of sides, and having one of its angles 
equal to a given angle. Q. E. F. 
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Miscellaneom Exircises. 

1. If one diagonal of a quadrilateral bisect the other, it 
divides the quadrilateral into two equal triangles. 

2. If from any point in the diagonal, or the diagonal pro- 
duced, of a parallelogram, straight lines be drawn to the 
opposite angles, they will cut off equal triangles. 

3. In a trapezium the straight line, joining the middle 
points of the parallel sides, bisects the trapezium* 

4. The diagonals AG^ BD of a parallelogram intersect in 
0, and P is a point within the triangle AOB ; prove that the 
difference of the triangles GPD, A PB is equal to the sum of 
the triangles A PC, BPD. 

6, If either diagonal of a parallelogram be equal to a 
side of the figure, the other diagonal shall be greater than 
any side of the figure. 

6. If through the angles of a parallelogram four straight 
lines be drawn parallel to its diagonals, another parallelogram 
will be formed, the area of which will be double that of the 
original parallelogram. 

7. If two triangles have two sides respectively equal and 
the included angles supplemental, the triangles are equal. 

8. Bisect a given triangle by a straight line drawn from 
a given point in one of the sides. 

9. The base AB of a triangle ABC is produced to a point 
D such that BD is equal to AB, and straight lines are drawn 
from A and D to E, the middle point of BG ; prove that the 
triangle ADE Ls eqifal to the triangle ABC. 

10. i^ove that a pair df the diagonab« of the parallelograias, 
which are about the diameter of any parallelogram, are parallel 
to each other. 
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PjlOPOSlTION XLVI. Proulkm. 

To describe a square njHm a fjivoi straifjht line. 


C 

I) 


A 


IS 




J /> he the oivcii st. line'/ 

H is required to deserihe a square on A 7 >, 


From A draw A(^ J to A B 1,11. Cor. 

In A<t make A l) = AB, 

Tliroiieih /> draw I>E j| to A B, 1. 31. 

Through B draw BE |) to A D, L 31 

Then A E is a. parallelogram, 
and .Ifl- El), and AL)=-BE, L*34. 


But jy;- J/>; 

AB, BE, El), DA are all erpial r 
/. AE is ccpiilatcral 
And z BAD is a right angle 

/. AE is a s(|uare, Def. xxx. 

and it i^ described on J />. 

Q. E. P. 


Ex. 1. Shew how to construct a rectangle whose sides are 
equal to two given straight linCvS. 

Ex. 2. Shew that the squares on equal straight lines are 
e(pial. 

Ex. 3. Shew that C(pial squares must be on equal straight 
lines. 

Note. The theorems in Ex. 2 and 3 are assumed by Euclid 
in the proof of Prop, xr.viii. 
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Proposition XLVII. Theorem, 

[n any right-angled triangle the square which is described on 
the side subtending the right angle is equal to the squares 
described on the sides which contain the right angle. 


a IT. 



Let ABC be a ri^^lit-anglcd A , having the rt. l BAC. 

Then must sq. on />Yy= sum of sqq. on BA, AO. 

On BO, OA, AB descr, the setq. BDEO, OKHA, AGFB 
Through A djraw AL |1 to BD or OE, and join AD, FO, 


Then z BAO and z BAG arc both rt. z s, 

(JAG is a st. line ; I. 14. 

and •/ z BxW and z <\ill arc both rt. z s ; 

BA 11 is a st. line. I. 14. 

Now •,* z DB(J= L FBA, each being a rt. z , 
adding to each z ABO, we have 

z ABD=^ L FBO. Ax. 2. 

Then in As ABJ), FBO, 

V AB^FB, and BD^BO, and z ABI)^ z FB(f 
aABD= £^FB0. 1.4. 

Now O BL fs double of ^ABD, on same base BD and 
between same || s A L^BD, I. 41 . 

and sq. BG is double of A FBO, on same base FB and be- 
tween same ||s FB, GO ; I. 41. 

.-. O i^i«sq. BO. 
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Similarly, by joining BK it may be shewn that 
O CL=8q. AK. 

Now sq. on jB(7««8um of O BL and O CL, 

*a8uni of aq. BG and sq. AK, 

K^Bum of sqq. on BA and AC. 


Q. B. D. 

£x. 1. Prove that the square, described upon the diagonal 
of any given square, is equal to twice the given square. 

Ex. 2. Find a line, the square on which shall be equal to 
the sum of the squares on three given straight lines. 

Ex. 3. If one angle of a triangle be equal to the sum of 
the other two, and one of the sides containing this angle being 
divided into four equal parts, the other contains three of those 
parts ; the remaining side of the triangle contains five such 
parts. 

Ex. 4. The triangles ABC, DEF^ having the angles A GB, 
DFE right angles, have also the sides AB, AO equal to DE, 
DF, each to each ; shew that the triangles are equal in every 
respect. 

Note. This Theorem has been already deduced as a Co- 
rollary from Prop E, page 43. 

Ex. 5. Divide a given straight line into two parts, so that 
the square on one part shall be double of the square on the 
other. 

Ex. 6. If from one of the acute angles of a right-angled 
triangle a line be drawn to the opposite side, the squares on 
that side and on the line so drawn are together equal to the 
sum of the squares on the segment adjacent to the right angle 
and on the hypotenuse. 

Ex. 7. In any triangle, if a line be drawn from the vertex at 
light angles to the base, the difference b'^tween the squares on 
the sides is equal to the difference between the squares on the 
segments of the base. 



76 


nUCLIiys ELEMENTS, 


[Book I. 


PiiorosiTTON XI.VIIT. Theorem. 

If the, Sfinare (hacrihid upon one of the sideii of a triangle be 
eqnal to the squares (Jescribed upon the other tico sidi^s of it, the 
angle contained hg those sides is a right angle. 


D 



Let the &q. on B(\ a side of a ABC, be equal to the sum of , . 
the sqq. on A B, A ( \ 

Then must L JLi(- be a rt. angle. 

From pt. A draw A(\ I. 11. 

Make AD— A B, and join DC. 

Then AD— A B, 

sq. on sq. on J />’ ; I. 46, Ex. 2. 
add to each sq. on AC . 

then sum of sqq. on AD, Jt-— sum of sqip on AB, AC. 

But DA C is a rt. angle, 

sq. on DC—m\\\ of sqq. on A D, A C \ I. 47. 
and, by hypothesis, 

sq. on BC—mm of sqq. on .4/i, AC ; 

*. sq. on 7)C=sq. on ; 

, .DO==B(\ T. 46, Ex. 3. 

Therin As AJJC ADC, 

•: A B=^AD, and A(^ is common, and B(^=^D(\ 

i BAC=^ ^ DAC ; I. c. 

and i DAC is a rt. angle, by construction ; 
z BAC is a rt. angle. 


Q. E. D. 
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INTRODUCTORY REMARKS. 

Thk geoinetriciil figure with which we are cliiefly concerned 
in this book is the Rkctangle. A rectangle is said to be con- 
tained hy any two of its adjacent sides. 

Thus \i A BCD be a rectangle, it is said to be contained by 
AJ5, /lit er by any other pair of adjacent sides. 

A 


We shall use the abbreviation red, ATI, A D to express the 
words ^‘the rectangle contained by AH, Al). ' 

We shall make frequent use of a Theorem (employed, but not 
demonstrated, by Euclid) which may be thus stated and proved . 

PRorosiTiON A. Tiirorkm. 

[f the (idjaernt .^ides of one nxtatifjle he eqiud to the adjacent 
ndea of another rectangle, each to each, the rectangles are equal 
in area. 

Lot AH(d), EF(l If be two rectangles : 

and let A B-=^EF and BC^ FG. 

4 J) A. n 


}i r F ^ o 

Then nniA reef, AHCH—rect. EFGH. 

For if the red. EFGlf be applied to the rect. ABCD, so 
that EF coincides with AB, 
then FG will fall on B(\ v l EFG== l 4B(\ 

and G will coincide with C, *.* Bi'^FG. 

Similarly it may be shewn that II \v*ill coincide with iJ; 

.’. rect. FFGII coincides with and is therefore equal to rect 

ABCE. q. E. l). 

7T 
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Proposition I. Theorem. 

If there he two straight Hues, one of which is divided into 
any number of parts, the rectangle contained by the two straight 
lines is equal to the rectangles contained Iry the undivided hue 
and the seceral parts of the divided line. 



Let AB and CD be two given st. lines, 
and let CD be divided into any parts in E, F. 

Thetimmt rtci, AB, CD=^sum of net, AB, GE and rc(t, 
AB,EFand red. AB, FD, 

From 0 draw ( ± to (I), and in (Xr naike (^H—A B. 

Through H draw JIM |1 to CD, I. .*51. 

Through E, F, and J) diaw EK, FL, J)M 11 to, (7/. 

Then EK and FI, being each =67/, are each=^F. 

Now rdr=sum of (K and EL and FM. 

4nd CM=Yoct, AD, i 1), *, • rf/ = A B, 

CK^rect. AB, (% v Cll^AB, 

FL=rect. AB, EF, EK=:AB. 

FJf =rect. A B, FD, v FL-= A B ; 
rect. AB, CD = sum of rect. AB, CE and rect. AB, EF 
and rect. AB, FD. 

K. r>, 

c 

Ex. If two straight lines be each divided into any number 
of parts, the rectangle contained by the two lines is equal to 
Ihe rectangles contained by all the parts of the one taken 
separately with all the parts of the other. 
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PBO?osmoN 11. Theorem. 

If a straight line he divided into any two parts, the rectangles 
contained by the "whole and each of the parts are together equal 
to die square on the whole line. 

A. o B 


j> F ^ 

Let the st. line AB he divided into any two parts in C 
Then must 

sq. on AB=sum of red. AB, AG and red. AB, CR 

On AB dc.scribe the sq. AJ)EB 1. 46. 

Through G draw CF Ii to AD. I. 31. 

Then yl£=snm of AF and GE. 

Now ..4 J? is the sq. on AB, 

XP=rect. AB, AO, V .‘ID=-AB. 

OP=rect AB, CB, V BE^AB, 

.'. s(p on AB=mm of rect. AB, /I (7 and rect. AB, CB. 


Q. E. D. 

Ex. The square on a straight line is equal Jto four times the 
square on half th« iine^ 
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Proposition TIL Theorem. 

If a straight line be divided into any tiro parts, the rectangle 
contained by the whole and one of the parts is equal to the reel- 
angle contained by the two quirts together with the square on the 
ajoresaid part. 


A <1 £ 


J) K 

Let the st. line A B he divided into any two parts in 0. 

Then nmst 

rect. AB, CB=suni of rect. A(\ (B and sq. on CB, 

On describe the s([. (WEB. I. 46. 

From A draw AF 11 to (W, iiieeting ED produced in F. 

Then ^47iJ-'==suni of A D and (EJ. 

Now ^E=rect. AB, CB, \ BE^iW, 

A D-rect. A C, CB, v (W^CB, 
rL’=s(i. on CB. 

rect. AB, CB—swm of rect. Ai\ VB and sq. on CB. 

0. E. 1). 

Note. When a straiijht line is cut in a point, the distances 
of the point of .section from the ends of the line are called the 
segments of the line. 

If a line ABVj^ divided in 0^ 

AC and CB are called the internal segments of AB. 

If a line AC be produced to i>, 

AB and CB are called the external segments of AC. 
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PROPosiTroN IV. Theorem. 

If a straight line he divided into any two parts j the square 
on the whole line is equal to the squares on the two parts together 
with twice the rectangle contained by the parts. 


A a B 


y 

- 


1 

, 1 

1 


D O E 


Let the st. line AB be divided into any two parts in C, 

Then must 

sq. on AB=smn of sqq, on A(\ OB and twice rcct, AC^ CB, 

On describe the sq. AT)EB, 1. 46. 

From AJ) cut off yl /i = OB, Then KD^^AC, 

Draw OCr || to AD, and UK || to AB, meeting CG in F, 

Then BK^AH, BK^CB, Ax. i. 

.*. BK, KF, FC, CB are all equal ; and KBC is a rt. l; 

CK is the sq. on CB, Def. xxx. 

Also /i(r = sq. on AC, UF and IlD each = AO. 

Now AJ^=sum of IlG, CK, AF, FE, 
and A/?=sq, on Al>*, 
ii(r=sq. on AC, 

Cif-sq. on CB, 

AF=vect. AC, CB, v CF=CB, 

FE^xect, AC, CB, - FG=^AC and jFAT- CB, 

.*. sq. on AJ5=ssum of sqq. on AC, CB and twice rect. AC, CB, 

Q. E. D. 

Ex. In a triangle, whose vertical angle is a right angle, a 
straight line is drawn from the vertex perpendicular to the 
base. Shew that the rectangle, contained by the segments of 
the base, is equal to the square on the nerpendicular. 
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Proposition V. Theorem. 

If a straight line be divided into two equal parts and also 
into two unequal parts^ the rectangle contained hg the unequal 
partSy together with the square on, the line between the points of 
section, is equal to the square on half the line. 



Let the st. line AB be divided equally in C and unequally, 
in D, 

Then must 

red, AD, DB together with sq, on CD=sq, on VB. 

On tJB de.scribe the sq. CEFB. I. 46. 

Draw DG || to (Ltl, and from it cut olf DII=^1)B. 1. 31. 

Draw ELK |1 to AI), and AK || to DJI L 31. 

Then rect. DF^yqoL AL, v BF^A(\ and BD-^CL. 
Also L(?-sq. on CJ), v TAI^VlK and EG^ClK 

Then rect. AD, DB toj^ether with sq. on GD 
= A 11 to^^ether with LG 
=sum of A L and CH and LG 
= sum of DF a,nd CH and LG 
:^GF 

&=sq. CB, 


Q. E. D. 
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Proposition VI. Theorem. 

If a straight line he bisected and produced to any point, the 
rectangle contained by the lohole line thus prod need and the part 
of it prodneed, together with the square on half the line bisected, 
is equal ti) the square on the straight line which is incule up of 
the half and the part produced. 


A fJ 

5 JJ> 


JL 


M 

K T 

\ 

1 


\ 


R ~ q F 


Let the st. line A li be bisected in C and produced to D. 
Then nivsf 

reel, A !), J)ll together with sq. on (^B=^sq. on CD. 


On <D describe the S(p t^EFJK 

I. 46. 

Draw BC || to (^F, and cut otf Hll^-BD. 

1. 31 

Through Jl draw KLM || to AJ) 

1.31. 

Through A draw AT || to i^E. 


Now *.* BC -^<d> and Bll -Bl)\ 


/. Iia^CB i 

Ax. 3. 

.*. rect. J/^r==rect. A L. 

II. A. 


Then rect. A]>^ DB to<^etlier with sq. on (JB 
= sum of . I M ami LC 
— sum of A L and (■iVI and fJr 
=sum of MCr and CM and*Z>(r 
=^CF 

=sq. on CD. 


Q. E. D. 
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Notk. We here give the proof of an important theorem, 
which is usually placed as a corollary to Proposition V, 

Proposition B. Theorem. 

The difference between the s(jitarcs on any two straight lints 
IS eqiictJ to the rectangle contained by the bUin and difference of 
those lines. 


A 


it 



7 j 

D ; 


R 


L 





Let A (\ CJ) he two st. lines, of vhich AC is the greater 
and let them he placed so as to form one st. line AlK 

Produce Al) to i?, making CB^AC. 

Then ^li>=the sum of the lines A(\ ('!/>, 
and DB= the difference of the lines u{(\ (1>. 

Thn mud dijjiience hetwem sqg. on AC\ (^D=^reei. AT), JJB. 

On ( 7J describe the sq. ( ^EFB. I. 4(5. 

Draw I)Q II to CE, and from it cut off J)[I= 1)B. 1. 31. 

Draw II LK h to AD, and AK || to J)ll 1. 31. 

Then rect. DF=rcct AL, BF==^A(\ and BJ)=(Tj. 

Also L(;^-sq. on (D, * * LJf=:^rj>, and //r/-(7>. 

Then difference between sqq. on AC^ CD 

—difference betw^een sqq. on (B, CD 
=sum of L7/ and DF 
s=&um of CM and AL 


==AH 

c =rect. AD, Dli 
=»rect. AD, DB. 

Q. E. D. 


Ex. Shew that Propositions V. and VI. might be deduced 
from this Proposition. 
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Proposition VII. Theorem, 

If a straight Hne he divided iato any two parts, the 
squares on the whole line and on one of the 2 )arts are equal 
to twice the rectangle contained by the whole and that part 
together u^h the square on the other part 

4 C B 


D F JS 

Let AB be divided into any two parts in (7. 

Then must 

sqq, on ABy BG^twice rect. AB, BG together with $q, on AG. 

On JB describe the sq. ADEB, 1. 46. 

From A 1) cut off AH=(B. 

Draw (*F || to AD and IlGK 11 to AB. I. 31. 

Then i/F=sq. on AC, and (7iC=S(i. on GB. 

Then sqq. on AB, B(^—snm of A E and CK 

=sum of AK, HF, GE and GK 
=sum orAKyJIFimdCE. 

Now A K^roct A B, BG, BK=:=BC ; 

(^E=r.iect. AB, BG v BE^AB ; 

HF=%c[. on AG. 

sqq. on AB, twice rect. AB, together with sq. on AG 

Q. E. D. 

Ex. If straight lines be drawn from 6r to ^ and from G 
to D, shew that BGD is a straight line. 
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Proposition VIII. Theorem. 

If a straight line he divided into any two 2 )arUj four 
times the rectangle contained hy the whole line and one of the 
partSy together with the square on the other party is equal to 
the square on the straight line which is made of the echoic 
and the first part. 



Let the st. Hue AB be divided into any two parts in 0. 

Produce AB to D, so that BD— BV. 

Then must four times rect, AB, BV together with sq. on 


AC^sq. on AD. 

On AD de.scribe the sq. ABFl>. I. 4b. 

From A E cut off A M and MA eacli=* t B. 

Through V, B draw CH, BL |1 to AE. T. 31. 

Through My X draw MVKXy XPHO || to AIX I. 31. 
Now XE=r.AVy and XV^AV, V/I-sq. on AV 

Also AG=^MP==rL=^liEy II. a. 

and VK=(Ul^BN^-K () ; II. a. 


sum of these eight rectangles 

=four times the sum of AG, CK 
= four times A K 
= four times rect. AB, B(l 
Then four times rect. AB, BV and sq. on A V 
=sum of the 'eight rectangles and XH 
==AEFD 
=csq. on AD. 


q. E, D. 
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Proposition IX. Theorem. 

If a stmiyht line be divided into two equal, and also into 
two unequal parts, the squares on the two unequal parts are 
together double of the square on half the line and of the 
square on llie line between the points of section. 


E 



Let AB he divided equally in 6^ and unequally in D. 

Then m ust 

sum of sqq. on A D, l)B=^ twice sum of sqq, on AV, CD. 

Draw (^E— A(' at rt. z s to AB, and join EA, EB. 

JJraw DF at rt. z s to AB, meeting EB in h\ 

Draw FU at rt. z s to EC, and join AF 

Then •.* z ACE is a rt. z , 
sum of z s AE(\ EAC=ii rt. z ; I. 32. 

and z AEC=^ z EAC, I. a. 

.*. z A E(^—\\iiU a rt. z . 

So also z BEC and ^ EBC are each =* half a rt, z • 

Hence z A EF is a rt. z . 

Also, z GEF is half a rt. z , and z EOF is a rt. z ; 

.*. z RFC is half a rt. z ; 

z EFC= z GEF, and .*. EG^GF. I. b. Cor 

So also z BED is half a rt. z , and BD — DF. 

Now sum of sqq. on Al), DB 

— sq. on AI) together with sq. on DF 

— sq. on AF 1. 47. 

=sq. on AE together with sq. on EF I. 47. 

— sqq. on A(\ EC together witlj sqq. on EG, GF I. 47. 
= twice sq. on AC together with twice sq. on GF 

— twice sq. on AC together with twice sq. on CD. 

q. E. D. 
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Proposition X. Theorem. 

If a straight line he bisected and jjroduced to any •point, 
the square on the whole line thus produced and the square on 
the part of it produced are together double of the square on 
half the line bisected and of the square on the line made up 
of the half and the part inod need. 



Let the st. line ABhe bisected in C and produced to J>. 
Then must 

sumof sqq, on AD, BD^twice sum of sqq, on AC, CD. 

Draw CEi. to AB, and make GE^AC. 

Join EA, EB and draw EF || to and DF || to CE. 

Then •,* l s FEB, EFD are together less than two rt. z s, 
EB and FD will meet if produced towards B, D 
in some pt. G. 

Join AG. 

Then z ACE is a rt. z , 

/. z s EAC, AEG together = a rt, z , 

and *.• z EAC= z A EC, I. a. 

z AEC—haU a rt. z . 

So also z s BEG, EBC each = half a rt. z . 
z A EB is a rt. z . 

Also z DBG, which = z EBC, is half a rt. z , 
and z BGD is half a rt. z ; 

BD^DG. I. B. Cor, 

Again, •.* z FGE==^\\d\i a rt. z , and z EFG is art. z , I. .34. 

z FEG^haU art z , and EF=:=FG. I. b. Cor. 
Then sum of sqq. on AD, DB 
s=ssum of sq(> on AD, DG 

=sq. on AG 1. 47. 

=sq. on A E together with sq. on EG I. 47. 

=sqq. on AG, EC together with sqq. on EF, FG I. 47. 
= twice sq. on AC together with twice sq. on EF 
«*= twice sq. on AG together with twice sq. on CD. Q. e. d. 
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Proposition XT. Problem. 

To divide a given straight line into two 2>(irts, so that the rect- 
angle contained by the whole and one of the ijarts shall be equal 
to the square on the other part. 


^ (1 



H 




I L___ I 

7 ) ^ 


Let ABha the given st. line. 

On AB (lescr. the sq. AlH^B. 1 . 46. 

Bisect AI) in B and join BB, 1. 10, 

Produce DA to F, making EF—BB, 

On AF descr. the sq. AFfrlf. I. 46. 

Then AB is divided in IT so that rect, A H, BH-sq, on AH, 
Produce GJL to K, 

Then *.* DA is bisected in E and produced to F, 
rect. DF, FA together with sq. on AE 

™sq. on EF II. 6. 

=sq. onEB, v EB=^BF, 

=suin of sqq. on AB, AE, 1. 47. 

Take from each the square on AE, 

Then rect. DF, AVl=sq. on AB. Ax. 3. 

Now PA^=rect. DF, FA, v FG^-FA, 

FK==AC, 

Take from each the common part AK, 

Then FK=^nC ; 

that is, sq. on AH^Teci, AB, BH, * BC—AB, 

Thus AB is divided in If jys was reqd. 

Q. E, F. 

Ex. Shew that the squares on the whole line and one of the 
parts are equal to three times the square on the other part. 
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Proposition XIL Theorem. 

In obtuse-angled triangles, if a perpendicular he drawn from 
either of the acute angles to the opposite side produced, the square 
on the side subtending the obtuse angle is greater than the squares 
on the sides containing the obtuse angle, by twice the rectangle 
contained by the side, upon which, when produced, the perpendi- 
cular falls, and the straight line interdepted without the triangle 
between the perpendicular and the obtuse angle. 



Let ABO be an obtuse-angled A, having i ACB obtuse. 

From A draw AD jl to BC produced. 

Then must sq. on AB be greater than sum of sqq. on BO, 
CA by twice rect. BC, CD. 

For since BD is divided into two parts in 0, 
sq. on J?D=sum of sqq. on BC, CD, and twice rect. BC, CD. 

II. 4. 

Add to each sq. on DA : then 

sum of sqq. on BD, DA = sum of sqq. on BC, CD, DA and 
twice rect. BC, CD. 

Now sqq. on BD, DA=sq. on AB, 1. 47. 

and sqq. on CD, DA=ssq. on CA ; I. 47. 

sq. on A B=sum of sqq. on BC, CA and twice rect. BO, CD. 
sq, on AB is greater than sum of sqq. on BC, CA by 
twice rect. BC, CD, 

Q. £. D. 

Ex. The squares on the diagonals of a trapezium are 
together equal to the squares on its two sides, which are not 
parallel, and twice the rectangle contained by the sides, which 
are parallel. 



Book IL] 


rROPOSITION XIIL 


91 


Proposition XIIL Theorem, 

hi every triangle^ the square on the side subtending any of 
the acute angles is less than the squares on the sides containing 
that angle, by twice the rectangle contuined by either of these sides 
and the straight line intercepted between the perpendicular, let 
fall upon* it from the opposite angle, and the acute angle. 


Fiu. 1 . . Fig. 2. 



Let ABC he niiy a , linvin^ the / ABC acute. 

From A draw A I) j. to BC or B(- produced. 

Then must sq. on A(^ be less than the sum of sqq. on AH, 
BC, by twice reet. IU\ BJJ, 

For in Fig. 1 B(> is divided into two parts in J), 
and in Fig. 2 Bl) is divided into two parts in C \ 
in both case.s 

sum of s(iq. on B(\ i>7>=suni of twice rect. B(\ Bl) and 
sq. on Cl), 11. 7. 

Add to each the sq. on DA, then 
sum of sqi^. on B(\ BD, i)A=mni of twice rect. BC, BD 
and .sq(|. on DA ; 

sum of sqq. on BC, AB—mni of twice rect. BC, BD and 
sq. on A C ; I. 47. 

.•. sq, on AC is less than sum of sqq. on AB, BC by twice 
rect. B(\ BD. 

The case, in which the perpendicular AD coincides with 
needs no proof. 

Q. K. n. 

Ex. Prove that the sum of the squares on any two sides of 
a triangle is e(pial to twice the sum of the .squares on half the 
base and on the line joining the vertical angle with the middle 
point of the base. 
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Proposition XI V. Problem. 

To describe a square that aliall he equal to a (jlven rectiliuear 
figure. 



Let A be the given rectil. figure. 

If is reqd. to describe a square that shall==^A. 

Describe the rectangular O BCW.E=A. I. 45. 
Then if BE^ED the U BCDE is a square, 
and what was reqd. is done. 

But if BE be not ^EJ), produce BE to F, so that EF=EJ). 
Bisect BF in (I ; and witli centre G and distance (VB, 
describe the semicircie BIIF. 

Produce JjE to If and join GH. 

Then, *.* BF is divided equally in G and unequally in E, 
rect. BEy EF together with sq, on GE 

=sq. on GF II. 5. 

=sq. on GJT 

=suni of S(iq. on Ell, GE, 1. 47. 
Take from each the square on GE, 

Then rect. BE, 7^i’==sq. on Elf. 

But rect, BE, EF^BD, v EF^ El ) ; 

.•. sq. on EH = BD ; 
sq. 01 ^ /iV/= rectil. figure A. 


Q. K. F. 
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Miscellaneoris Exercises on Book 11, 

L In a triangle, whose vertical angle is a right angle, a 
straight line is drawn from the vertex perpendicular to the 
base ; shew that the square on either of the sides adjacent to 
the right angle is equal to the rectangle contained by the 
base and the segment of it adjacent to that side. 

2. The squares on the diagonals of a parallelogram are to- 
gether equal to the squares on the four sides. 

3. If ABGD be any rectangle, and 0 any point either 
within or without the rectangle, shew that the sum of the 
squares on OA, OG is equal to the sum of the squares on OB, 
OD, 

4. If either diagonal of a parallelogram be equal to one of 
the sides about the opposite angle of the figure, the square on 
it shall be less than the square on the other diameter, by twice 
the square on the other side about that opposite angle. 

6. Produce a given straight line AB toG, so that the rect- 
angle, contained by the sum and difference of AB and AG, may 
oe equal to a given square. 

6. Shew that the sum of the squares on the diagonals of any 
quadrilateral is less than the sum of the squares on the four 
sides, by four times the square on the line joining the middle 
points of the diagonals. 

7. If the square on the perpendicular from the vertex of a 
triangle is equal to the rectangle, contained by the segments 
of* the base, the vertical angle is a right angle. 

8. If two straight lines be given, shew how to produce one 
of them so that the rectangle contained by it and the produced 
part may be equal to the sqiuire on the other. 

9. If a straight line be divided into three parts, the square 
on the whole line is equal to the sum of the squares on the parts 
together with twice the rectangle contained by each two of the 
parts. 
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10. In any quadrilateral the squares on the diagonals are 
together equal to twice the mm of the squares on the straight 
lines joining the middle points of opposite sides. 

11. If straight lines be drawn from each angle of a triangle 
to bisect the opposite sides, four times the sum of the squares 
on these lines is equal to three times the sum of the squares on 
ihe sides of the triangle. 

12. CD is drawn perpendicular to AB^ a side of the triangle 
ABCy in which AC^AB. Shew that the square on CD is 
equal to the square on BD together with twice the rectangle 
ADy DB. 

13. The hypotenuse AB of a right-angled triangle ABC is 
trisected in the points />, E ; prove that if (7i>, CE be joined, 
the sum of the squares on the sides of the triangle CDE is 
equal to two-thirds of the square on AB, 

14. The square on the hypotenuse of an isosceles right-angled 
triangle is equal to four times the square on the perpendicular 
from the right angle on the hypotenuse. 

16. Divide a given straight line into two parts, so that 
the rectangle contained by them shall be equal to the sejuare 
described upon a straight line, which is less than half the line 
divided. 
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Note 6. — On the Measurement of Areas. 

To measure a Magnitude, we fix upon some magnitude of the 
same kind to serve as a standard or unit ; and then any 
magnitude of that kind is measured by the number of times it 
contains this unit, and this number is called the Measure of 
the quantity. 

Suppose, for instance, we wish to measure a straight line 
AB. We take another straight lino EF for our standard, 


A B C DBF 

and then we say 

if AB contain EF three times, the measure of ^ B is 3, 

if four 4, 

if X X. 

Next suppose we wish to measure two straight lines AB 
GD by the same standard EF. 

If AB contain EF m times 

and CD n times, 

where m and n stand for numbers, whole or fractional, we say 
that and GD are commensurable. 

But it may happen that we may be able to find a standard 
line EFy such that it is contained an exact number of times in 
AB ; and yet there is no number, whole or fractional, which 
will express the number of times EF is contained in GD. 

In such a case, where no unit-line can be found, such that it 
is contained an exact number of times in each of two lines 
AB, GD, these two lines are called incommensurable. 

In the processes of Geometry we constantly meet with 
incommensurable magnitudes, Thus^the side and diagonal of 
a square are incommensurables ; and so are the diameter and 
circumference of a circle. 
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Next, suppose two lines AB^ AC to be at right angles to 
each other and to be commensurable, so that AB contains four 
times a certain unit of linear measurement, which is contained 
by AG three times. 



Divide A By AC into four and three equal parts respectively, 
and draw lines through the points of division parallel to ACy 
AB respectively ; then the rectangle ACDB is divided into a 
number of equal squares, each constructed on a line equal to 
the unit of linear measurement. 

If one of these squares be taken as the unit of area, the 
measure of the area of the rectangle A CDB will be the number 
of these squares. 

Now this number will evidently be the same as that obtained 
by multiplying the measure of AB by the measure oi AC \ 
that is, the measure of AB being 4 and the measure of AC 3, 
the measure of ACDB is 4 X 3 or 12. (Algebra, Art. 38.) 

And generallyy if the measures of two adjacent sides of a 
rectangle, supposed to be commensurable, be a and 6, then the 
measure of the rectangle will be cd). (Algebra, Art. 39.) 

If all lines were commensurable, then, whatever might bo the 
length of two adjacent sides of a rectangle, we might select the 
unit of length, so that the measures of the two sides should be 
whole numbers ; and then we might apply the processes of 
Algebra to establish many Propositions in Geometry by simpler 
methods than those adopted by Euclid. 

Take, for example, the theorem in Book ii. Prop. iv. 

If all lines were commensurable we might proceed thus : — 
Lett the measure of AC be Xy 

ofOB... y, 

Then the measure of A B is x+y. 

Now {x + h 2jry, 

which proves the theorem. 
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But, inasmuch as all lines are not commensurable, we have 
in Geometry to treat of magnitudes and not of imcbsutes: 
that is, when we use the symbol A to represent a line (as 
in I. 22), A stands for the line itself and not, as in Algebra, 
for the number of units of length contained by the line. 

The method, adopted by Euclid in Book II. to explain the 
relations between the rectangles contained by certain lines, is 
more exact than any method founded upon Algebraical prin- 
ciples can be ; because his method applies not merely to the 
case in which the sides of a rectangle are commensurable, but 
also to the case in which they are incommensurable. 

The student is now in a position to understand the practical 
application of the theory of Equivalence of Areas, of which 
the foundation is the 35th Proposition of Book I. We shall 
give a few examples of the use made of this theory in Men- 
suration. 


Area of a Parallelogram. 

The area of a parallelogram ABGD is equal to the area 
of the rectangle ABEF on the same base AB and between 
the same parallels ABj FG. 





Now BE \a the altitude of the parallelogram ABGD if 
be taken as the biise. 

Hence area of O = rect. A By BE. 

If then the measure of the kise be denote^ by 5, 

and altitude hy 

the measure of the area of the O will be denoted by hh 
That is, when the base and altitude are commensurable, 
measure of area » measure of base into measure of altitude. 


8. B. 


f 
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Area of a Triangle, 

If from one of the angular points A of a triangle ABC, a 
perpendicular AD be drawn to BC, Fig. 1, or to BC produccclj 

Fig 1. Fig. 2. 



and if, in both cases, a parallelogram AB(>E bo completed 
of which AB, BC are adjacent sides, 

area of A ^i>^(7=half of area of O ABCE. 

Now if the measure of BC be h, 
and AD.,, h, 


measure of area of CJ ABCE is hh ; 
measure of area of A ABC is 


Area, of a Bhomhus. 

Let A BCD be the given rhombus. 

Draw the diagonals ^Oand BD, cutting one another in 0. 



It is ea.sy to prove that A C and BD bisect eacli otlicr at 
right angles. 

Then if the measure of be x, 

and BD ... y, 

measure of area of rhombus— twice measure of A ADD. 

=8 twice ^ 

4 

2 ’ 
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Area of a Trapeziim. 

Let A BCD be the given trapezium, having the sides AB, 
CD parallel. 

Draw AE at right angles to CD. 



Produce DC to F, making CF—AJl 

Join AF, cutting BC in (). 

Then in as ^07?, COF, 

V L BAO= L CFO, and z AOB== l FOC, and AB=CF ; 

aCOF==aAOB. L26. 

Hence trapezium ABGD= aADF. 

Now suppose the measures of AB, CD, AE to he m, n, 'p 
respectively ; 

measure of DF=^m^n, CF=AB. 

Then measure of area of trapezium 

= J (measure of DF X measure of AE) 

{m + n) X p. 

That is, the measure of the area of a -trapezium is found by 
multiplying half the measure of the sum of the parallel sides 
by the measure of the perpendicular distance between the 
parallel sides. 
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Area of an Irregular Folggon. 

There are three methods of finding the area of an irregular 
polygon, which we shall here briefly notice. 

I. The polygon may he (Uritkd iuio triangles^ and the 
area of each of these triangles be found separately. . 


li 



Thus the area, of the irregular polygon ABCDE is equal 
to the sum of the areas of the triangles AJ>E, EJJJf l)BC, 

II. The polygon may be converted info a dngle trianglf 
oj equal area. 

Jf ABODE be a pentagon, we can convert it into an 
equivalent quadrilateral by the following process : 


j? 



Join IW and draw fE piirallel to />Z>, meeting El) pro- 
duced in F, and join OF, 

Then will (juadrilatcral — pentagon ABO])E, 

For A BDF— kB<D, on same base BJ) and between 
same parallels. 

If, then, from the pentagon we remove aBiD^ and add 
aBDF to the remainder, we obtain a quadrilateral ABFE 
equivalent to the pentagon A BODE 
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The quadrilateral may then, by a similar process, be con- 
verted into an equivalent triangle, and thus a polygon of any 
number of sides may be gradually converted into an equiva- 
lent triangle. 

The area of tliis triangle may then be found. 

IIL The third method is chiefly employed in practice by 
Surveyoi's. 



Let ALK^DRFfr be an irregular polygon. 

Draw A K, the longest diagonal, and drop perpendiculars 
on AE from the other angular points of tlje polygon. 

The polygon is thus divided into figures which arc either 
right-angled triangles, rectangles, or trapeziums ; and the areas 
of each of these figures may bo readily calculated. 
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Note 7. On FTojections, 


The projection of a point B, on a straight line of unlimited 
length AE) is the point M at the foot of the perpendicular 
dropped from B on AE. 

The projection of a draujht line B(\ on a straight lino of 
unlinuted length AE, is MN ^ — the part of AE intercepted 
between perpendiculars drawn from B and (I 

When two lines, as A B and A E, form an angle, the pro- 
jection of AB on AE is AM. 



We might employ the term projection with advantage to 
shorten and make dealer the enunciations of Props, xtt. and 
XIII. of Book II. 

Thus the enunciation of lV)p. xii. might be : — 

“ In oblique-angled triangles, the square on the side sub- 
tending the obtuse angle is greater than the squares on the 
sides containing that angle, by twice the rectangle contained 
by one of these sides and the projection of the other on it.*' 

The enunciation of Prop. xiii. might be altered in a similai 
manner. 
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Note 8 . On Loci, 

Suppose we have to determine the position of a point, 
which is e’quidistant from the extremities of a given straight 
line Ba 

There is an inlinitc number of points satisfying this con- 
dition, for the vertex of any isosceles triangle, described on 
BC as its base, is equidistant from B and U* 



Let ABC be one of the isosceles triangles described on 
BC, 

If BC be b^'sected in .0, MN, a perpendicular to BC 
drawn through D, will pass through A, 

It is easy to shew that any point in MN, or MN produced 
in either direction, is equidistant from B and C, 

It may also be proved that no point out of MN is equi- 
distant from B and C. 

The line MN is called the Locus of all the points, infinite 

in number, which are equidistant from B and G, 

• 

Def. In plane Geometry Locus is the name given to a 
line, straight or curved, all of whose \)oints satisfy a certain 
geometrical condition (or have a common property), to the 
exclusion of all other points, 
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Next, suppose we have to determine the position of a. point, 
which is equidistant from three given points yl, i>, 0, not in 
the same straight line. 



If we join A and B, we know that all points equidistant 
from A and B lie in the lino P7>, wliich bisects A B at right 
angles. 

If we join B and T, wo know that all points ociuidistant 
from B and 0 lie in the line QE, which bisects BC at right 
angles. 

Hence 0, the point of intersection of FD and QFj^ is the 
only point equidistant from A, B and (\ 

FD is the Locus of points equidistant from A and 7>, 

QE B and 

and the Intersection of these Loci determines the point, 
which is equidistant from B and (I 


Exam pie. < of Lori. 

Find the loci of 

(1) Points at a given distance from a given point. 

(2) Points at a given distance from a given straight line. 

(3) The middle points of straight lines drawn from a 
given point to a given straight line. 

(4) Points equidistant from the arms of an angle. 

(f)) Points equidistant from a given circle. 

(6) Points equally distant from two strai^dit lines wliicli 
intersect. 
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Note On the Methods employed in the solution of 
Problems. 

In the solution of Geometrical Exercises, certain methods 
may be applied with success to particular classes of questions. 

We propose to make a few remarks on these methods, so far 
as they are applicable to the first two books of Euclid’s 
Elements. 

The Method of Synthesis. 

In the Exercises, attached to the Propositions in the pre- 
ceding pages, the construction of the diagram, necessary for the 
solution of each question, has usually been fully described, or 
sufficiently suggested. 

The student has in most cases been required simply to 
apply the geometrical fact, proved in the Proposition preceding 
the exercise, in order to arrive at the conclusion demanded in 
the question. 

This way of proceeding is called Synthesis com- 

position), because in it we proceed by a regular chain of reason- 
ing from what is given to what is sought. This being the 
method employed by Euclid throughout the Elements, we have 
no need to exemplify it here. 

The Method of Analysis. 

The solution of many Problems is rendered more easy by 
supposing the problem solved and the diagram constructed. 
It is then often possible to observe relations between lines, 
angles and figures in the diagram, which are suggestive of the 
steps by which the necessary construction might have been 
effected. 

This is called the Method of Analysis (d*/dXv(ri 5 = resolution). 
It is a method of discovering truth by reasoning concerning 
things unknown or propositions merely supposed, as if the one 
were given or the other were really true. The process can 
best be explained by the following examples. 

Our first example of the Analytical process shall be the 31s1 
Proposition of Euclid’s First Book. 
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Ex. 1, To draw a niraight line through a given point parallel 
to a ghm straight Hue, 

Let A be the given point, and BG be the given straight line. 

Suppose the problem to bo effected, and EF to be the 
straight line required. 


B A H! 

/ 

Ji -/> U 

Now wo know that any straight line AD drawn from A to 
meet BC makes equal angles with KF and BG. {t. 20.) 

This is a fact from which we can Avork backward, and arrivi' 
at the stops necessary for the solution of the problem ; thus : 

Tcake any point I) in B(>^ join AD, make i EAlJ— l AD(\ 
and produce EA to F‘ then /"7Fmust be parallel to B(l 

Ex. 2, To inscribe in a triangle a rhombus, havuig one of ih 
angles coincident 'with an angle of the triangle. 

Let AB(' bo the given triangle. 

Suppose the problem to be ejected, and DBFE to be the 
rhombus. 



Then if EB be joined, z DBE=: l FBE, 

This is a fact frqm which we can work backward, and deduce 
the necessary construction ; thus : 

Bisect L ABC by tlu? straight line BE, meeting A G in E. 
Draw ED and EF parallel to BG and AB respectively. 
Then DBFE is tlie rhombus required. (Sec Ex. 4, p. 59.) 
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Ex. 3. To determine the ijoint in a given straight Urn, at 
which straight lines^ drawn from two given point's^ on th^ 'same 
side of the given line, make equal angles with it. 

Let CD be the ^,dven line, and A and B the given points. 

Suppose the problem to be effected, and P to be the point 
required. • 



We then reason thus : 

If BP were produced to some point A\ 

L CPA', being= z BPD, will be- z APC, 

Again, if PA' be made equal to PA, 

AA' will be bisected by CP at right angles. 

This is a fact from wliicli we can work backward, and find 
the steps necessary for the solution of tlio problem ; thus : 

From A draw AO 1 to CD. 

Produce AO to A', making OA'=OA. 

Join BA', cutting CD in P. 

Then P is the point required. 


Notk 10. On Symmetry, 

The problem, which we have just been considering, suggests 
the following remarks : 

If two points, A and A', be so situated with respect to a 
straight line CD, that CD bisects at right angles the straight 
line joining A and A', then A and A' are said to be symmetrical 
with regard to CD. 

The importance of symmetrical relations, as suggestive of 
methods for the solution of problems, cannot be fully shewn 
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to a learner, who is unacquainted with the properties of the 
circle. The following example, however, will illustrate this 
part of the subject sufficiently for our purpose at present 

VinA a point in a given straight line, such (hat the sum of its 
distances from two fixed points on the same side of the line is a 
minimum, that is, less than the sum of the distances of any other 
point in the line from the fixed points. 

Taking the diagram of the last example, suppose CD to be 
the given line, and A, B the given points. 

Now if A and A' be symmetrical with respect to CD, we 
know that every point in CD is equally distant from A and A\ 
(See Note 8, p. 103.) 

Hence the sum of the distances of any point in CD from A 
and B is equal to the sum of the distances of that point from 

and B, 

But the sum of the distances of a point in CD from A' and 
B is the least possible when it lies in the straight line joining 
A^ and B, 

Hence the point P, determined as in the last example, is the 
point required. 

Note. Propositions ix., x., xi., xii. of Book L give good 
examples of symmetrical constructions. 


Note 11, Euclid!s Proof of 1. 6. 

The angles at the base of an isosceles triangle are equal to one 
another ; and if the equal sides be produced, the angles upon the 
other side of the base shall be equal. 

Let ABO be an isosceles A , having A B— A C, 

Produce AB, AG to D and E. 

Then must L ABG^^^ l ACB, 

a/nd / DBC^ l EGB. 
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In BD take any pt. F, 

From AF cut off AG^AF. 
Join FC and GB. 


A 



Then in as AFC, AGB, 

•/ FA-^GA, and A<^=^AB, and z FAC=^ z GAB, 

•p FCzz=GB, and z AFC~ z AGB, and z ^\(F=^ z AJIG. 

1. 4. 

Again, AF—AG, 

of which the i)arts AB, yU^are equal, 

remainder remainder CG. Ax. 3. 

Then ill AiiBFC, (VB, 

.* BF-^CG, and FC^GB, and z BFC^ z CGB. 

z FBC=:= z r/(7;, and z z CBG, I. 4. 

Now it has been proved that z A(^F~ z ABG, 
of nhicli the parts z BCF and z CB(f are e<iual ; 

/. remaining z J (*'/> = remaining z zVx. 3. 

Also it has been proved that z FBC=^ z 
that is, z IJBC== z /iTB. 


0. E. D. 
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Note 12. Euclid & Proof of L 6. 

If two angles of a tricrngle be equal to one another^ the 
iidee aUOf which subtend the equal angles^ shall be equal to 
one another, 


A 



In A ABC let z AGB^ i ABa 
Then must AB=^AG. 

For if not, AB is either greater or less than AO 
Suppose -4^ to be greater than AG* 

From AB cut off BD==^AC, and join DC* 

Then in as BBC, A OB, 

•/ DB—AGy and BG is common, and z DBC^ z ACB^ 

aD^(7= A4LCT; L*4. 

that is, the less = the greater ; which is absurd. 

AB is not greater than AG, 

Similarly it may be shewn that AB is not less than J C ; 

AB^AC, 

Q. B. D. 

Note 13. Euclids Proof of I, 7, 

Upon the same base and on the some side of it, there 
cannot be two triangles that have their sides which are ter- 
minated in one extremity of the base equal to one another, 
a/nd their sides which are terminated in the other extremity 
of the base equal a^o. 

If it be possible, on the same base AB^ and on the some 
side of it, let there be two a s 41 CB, ADB, such that AO^^AD, 
and also BC^BD, 

Join OD, 
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Firsts wheii the vertex of each of the as is outside the 
other A (Fig. 1.) ; 

Fiu 1. Pig. 2. 



/. l-ACD^ z ado. I. 6. 

But z ACD is greater than z 1>(^D ; 

. . L A DC is greater than z BCD ; 
much more is z JUJC greater than z BCD. 

Again, *.• BC^BD, 

lBDC^lBCD, 

tl^at is, i BDC is both equal to and greater than lBCD\ 
which is absurd. 

Secondly, when the vertex D of one of the As falls within 
the other A (Fig, 2) ; 

Produce AC and AD to E and E 
Then r AC^AD. 

z ECL)^ z FDC I. 5. 

But z ECD is greater than z BCD ; 

.*. z FDC is greater than z BCD ; 
much more is z BTKI greater than z BCD. 
zVgain, *.* B('=BD, 

lBDC^lBCD ) 

tliat is, z BDC is both equal to and greater than z BCD : 
which is absurd. 

Lastly, when the vertex D of one of the as falls on a 
side B(^ of the other, it k plain that BC and BD cannot 
be equal. q! K. D. 
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Notk 14. EucliiVii Proof of T. 8. 

If tico triangles have two sides of the one eqnal to two 
sides of the other, each to each^ and have likewise their bases 
equal, the angle which is contained by the two sides of the 
one mvst he equal to the angle contained by the two sides of 
the other. 



Let tlie sides of the as AP»(\ DEFhe equal, each to each, 
that is, yl7i=: im, Aa=.DF and BC==EF. 

Then innsf l z EDF. 


Apply the i\AB(.Ao the a DFF. 

so that pt. /> is oil pt. E, and Hi * on EF. 

Then H(*=EF, 

C will coincide with F, 
and HC will coincide with EF. 

Then AH and AiJ must coincide witli T)E and UF. 

For if AJj and .It/ have a diiferent position, as HE, GF, 
then upon the same hase and upon the same side of it t.here 
can he two .%s, which have their sides which are terminated in 
one extremity of the hase (Mpial, and their sides which are ter- 
minated in the other extremity of the hase also equal : which 
is impossible. I. 7. 

since base hi* coincides with hase EF, 

AB must coincide with DE, and AC wdth DF ; 

A. A B AC coincides with and is equal to a EDF. 

(). K. T>. 
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Notk 16. Another Proof of J. 24. 

In the AS AEG, DEF, let AB=^DE and AC^DF. nml 
let i BAG be greater than z EDF, 

Then mmt BC be greater timi EF, 




Apply the a DEF to the A ABC 
so that DE coincides with A B. 

Then z EDF is less than z BAG, 

JJF Will fall between BA and A(\ 
and F will tall on, or aboce, or below^ BG, 
L If E hill on BO, 

BF is less than BG ; 

EF is less than BG, 

11. If F fall above BG, 

BF, FA together are less than 
BG, GA, 
and FA = GA ; 

BF is less than BG ; 

EF is less than BG. 


III. UFMlbiJowBG. 
let AF cut BC in 0. 


Then BO, OF together are greater than BF, I. 20. 

and Oa AO AC ; I..20. 

.•. BG, AF BF, AC together, 

and AF=AC, 

.* BG is greater than BF ; 
and EF is less than BG. vi. b. d. 
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Note 16, EuclUVs Froof of /. 26. 

If two triaufjhs have two anghfi of the one equal to tao angles 
of the other, each to each, and one side equal to one side, 
viz., either the sides adjacent to the equal angles, or the .Hides 
opposite to equal angles in each ; then shall the other sides he. 
equal, each to each ; and also the third angle of the* one to the 
third angle of the other. 




Ill AS ADV, DEF, 

Let L ABC = z DEF, uiul z ACB - z J>FE ; 
und first, 

Let the sides adjacent to the eijual z s in each be equal, 
that is, let i>*C== EF, 

Then must AB==UE,aiidi AC^DF, ami z BAC = z EDF. 


For if AB be not = one of thejn must })o the <] 5 reater. 
Let AB be the j^reater, and make (IB^^DE, and join 0(\ 
Then in As (W(\ DEF, 

V an=DE, and BC-^EF, and z (^U(t = z DEF, 

^ c. DFE. I. 4. 

But z ACB— L DFE tiy liypothcsis ; 

z CCB=: z ACB ; 

that is, the less = the greater, which is impossible. 

AB is not greater than DE. 


In the same way it may be shewn that AB is not less than 
DE; 

AB^^DE. 


Then in A s ABC, DEF, 

•.* AB= DE, and BC^ EF, and z A BC^ z DEF, 

AC^DF, and z BAC=^ z EDF. 1. 4. 
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let the sides which are opposite to equal angles in each 
triangle be etpial, viz., AB~DE, 

Then must AC=^JJF, and BC— EF, and L BA(J = i EDF. 


A n 



BC be \u)i=EFy let BC be the greater, and make 
BIL^EF, and join Alf, 

Then in A s BH, DEF^ 

AB^DE, and BIL-^EF, and z A BJI=^ z J)EF, 

z All B^ z DFE. 1. 4. 

JUit z A(^B z UFE, by hypothe.sis, 

/. z AHB L AC B ; 

that is, the exterior z ut* Z\ A If Chi eipud to the interior and 
opposite z ACB, which is inipossible. 

BC IS not greater than EF. 

In the same way it may be shewn that BC is not h‘ss than 
EF , 

BC=EF, 

Then in as ABC, DEF, 

V AB==l)E, and BC==EF, and z ABC:=^ z DEF, 

. . 4(;= OF. and z /Mf/- z EDF, 1. 4. 


Q. K D. 
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Miscdlaneous Exorcists an Books 1. and IT. 

1. AB and CD are equal straight lines, bisecting one another 
at right angles. Shew that AGED is a square. 

2. From a point in the side of a parallelogram draw a line 
dividing the parallelogram into two equal parts. 

3. In the triangle FDOy if FGD be a right angle, and angle 
FDO be double of angle CZD, shew that FD is double 
of DO. 

4. If -4^0 be an equilateral triangle, and AD, BE be per- 
pendiculars to the opposite sides intersecting in F ; shew that 
the square on AB is equal to three times the square on AF. 

6. Describe a rhombus, which shall be equal to a given 
triangle, and have each of its sides equal to one side of the 
triangle. 

6. From a given point, outside a given straight line, draw 
a line making with the given line an angle equal to a given 
rectilineal angle. 

7. If two straight lines be drawn from two given points to 
meet in a given straight line, shew that the sum of these lines 
is the least possible, when they make equal angles with the 
given line. 

8. ABCD is a parallelogram, whose diagonals AO, BD in- 
tersect in 0 ; shew that if the parallelograms AOBF^ DOGQ 
be completed, the straight line joining P and Q passes through 
0 . 

9. ABOD, EBCF are two parallelograms on the same base 
BGf and so situated that CF passes through A. Join DF, 
and produce it to meet BE produced in K ; join FB, and 
prove that the triangle FAB equals the triangle FEK. 

10. The alternate sides of a polygon are produced to meet ; 
shew that all the Angles at their points of intersection together 
with four right angles are equal to all the interior angles of 
the polygon. 

1 1. Shew that the perimeter of a rectangle is always greater 
than that of the square equal to the rectangle. 
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12. Shew that the opposite sides of an equiangular hexagon 
are parallel; though they be not equal. 

13. If two equal straight lines intersect each other anywhere 
at right angles, shew that the area of the quadrilatei’al formed 
by joining their extremities is invariable, and equal to one-half 
the square on either line. 

14. Two triangles A CBy ADB are constructed on the same 
side of the same base AB, Shew that if AC^^BD and 
AD^BGy then CD is parallel to AB ; but if AC^^BC md 
AD—BDy then CD is perpendicular to AB. 

15. AB is the hypotenuse of a right-angled triangle ABC : 
find a point D in AB, such that DB may be equal to the per- 
pendicular from D on AC. 

16. Find the locus of the vertices of triangles of equal area 
on the same base, and on the same side of it. 

17. Shew that the perimeter of an isosceles triangle is less 
than that of any triangle of equal area on the same base. 

18. If each of the equal angles of an isosceles triangle be 
equal to one-fourth the vertical angle, and from one of them a 
perpendicular be drawn to the base, meeting the opposite side 
produced, then will the part produced, the perpendicular, and 
the remaining side, form an equilateral triangle. 

19. If a straight line terminated by the sides of a triangle 
be bisected, shew that no other line terminated by the same 
two sides can be bisected in the same point. 

20. Shew how to bisect a given quadrilateral by a straight 
line drawn from one of its angles. 

21. Given the lengths of the two diagonals of a rhombus, con- 
struct it. 

22. ABCD is a quadrilateral figure : construct a triangle 
whose base shall be in the line AB, such that its altitude shall 
be equal to a given line, and its area equal to that of the 
quadrilateral 

23. If from any point in the base of an isosceles triangle 
perpendiculars be drawn to the sides, their sum will be eq^ 
to the perpendicular from either extremity of the base upon 
the opposite side. 
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24. If ABO be a triangle, in which 0 is a right angle, and 
BE be drawn from a point D in -40 at right angles to AB, 
prove that the rectangles AB, AM and -40, AD are equal 

26. A line is drawn bisecting parallelogram ABCB, and 
meeting AD, BG in E and F : shew that the triangles EBF, 
GED are equal. 

26. Upon the hypotenuse BG and the sides 0-4, AB of a 
right-angled triangle ABO, squares BDEG, AF and AO are 
described : shew that the squares on DQ and EF are together 
equal to five times the square on BO. 

27. If from the vertical angle of a triangle three straight 
lines be drawn, one bisecting the angle, the second bisecting 
the base, and the third perpendicular to the base, shew that 
the first lies, both in position and magnitude, between the 
other two. 

28. If ABGhe a triangle, whose angle A is a right angle, 
and BE, OF be drawn bisecting the opposite sides respectively, 
shew that four times the sum of the squares on BE and GF is 
equal to five times the square on BG. 

29. Let AGB, ABB be two right-angled triangles having 
a common hypotenuse AB. Join GD and on CD produced 
both ways draw perpendiculars AE, BF. Shew that the sum 
of the squares on GE and GF is equal to the sum of the squares 
on BE and DF. 

30. In the base AC of a triangle take any point B: bisect 
AD, BG, AB, BO at the points E, F, G, H respectively. 
Shew that EG is equal and parallel to FJI. 

31. If AD be drawn from the vertex of an isosceles triangle 
ABG to a point B in the base, shew that the rectangle BB, BG 
is equal to the diiference between the squares on A B and AB. 

32. If in the sides of a square four points be taken at equal 
distances from the four angular points taken in order, the 
figure contained l^y the straight lines, which join them, shall 
also be a square. 

33. If the sides of an equilateral and equiangular pentagon 
be produced to meet, shew that the sum of the angles at the 
points of meeting is equal to two right angles. 
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34. Describe a square that shall be equal to the difference 
between two given and unequal squares. 

35. ABGD, A EOF are two parallelograms, EA^ AD being 
in a straight line. Let FG, drawn parallel to AG, meet BA 
produced in G, Then the triangle ABE equals the triangle 
ADG. 

36. From AG^ the diagonal of a square ABGDy cut off 
equal to one-fourth of AG^ and join BE, DE. Shew that the 
figure BADE is equal to twice the square on AE. 

37. If A BG be a triangle, with the angles at B and G each 
double of the angle at A, prove that the square on ^2? is 
equal to the square on BG together with the rectangle AB, 
BG. 

38. If two sides of a quadrilateral be parallel, the triangle 
contained by either of the other sides and the two straight 

, lilies drawn from its extremities to the middle point of the 
opposite side is half the quadrilateral. 

39. Describe a parallelogram equal to and equiangular with 
a given parallelogram, and having a given altitude. 

40. If the sides of a triangle taken in order be produced to 
twice their original lengths, and the outer extremities be 
joined, the triangle so formed will be seven times the original 
triangle. 

41. If one of the acute angles of a right-angled isosceles 
triangle be bisected, the opposite side will be divided by the 
bisecting line into two parts, such that the square on one will 
be double of the square on the other. 

42. ABG is a triangle, right-angled at B, and BD is drawn 
perpendicular to the base, and is produced to E until EGB is 
a right angle ; prove that the square on BG is equal to the sum 
of the rectangles AD, DG and BD, DE. 

43. Shew that the sum of the squares on t'^^o unequal lines is 
greater than twice the rectangle contained by the lines. 

44. From a given isosceles triangle cut off a trapezium, 
having the base of the triangle for one of its parallel sides, 
and having the other three sides equal. 
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45. If any number of parallelograms be constructed haying 
their sides of given length, shew that the sum of the squares 
on the diagonals of each will be the same. 

46. ABGD is a right-angled parallelogram, and AB is double 
of BC ; on AB SLJx equilateral triangle is constructed : shew 
that its area wUl be less than that of the parall 6 logr 9 .m. 

47. A point 0 is taken within a triangle ABC, such that the 
angles BOO, GOA, AOB are equal ; prove that the squares on 
BG, GA, AB are together equal to the rectangles contained by 
OB, OG ; 00, OA ; OA, OB ; and twice the sum of the 
squares on OA, OB, OG, 

48. If the sides of an equilateral and equiangular hexagon 
be produced to meet, the angles formed by these lines are 
together equal to four right angles. 

49. ABG is a triangle right-angled at A ; in the hypote- 
nuse two points D, E arc taken such that IITJ^BA and 
GE^ GA ; shew that the square on DE is equal to twice the 
rectangle contained by BE, CD, 

60. Given one side of a rectangle which is equal in area to a 
given square, find the other side. 

61. AB, AG are the two equal sides of an isosceles triangle ; 
from B, BD is drawn perpendicular to AO, meeting it in 2) ; 
shew that the square on BD is greater than the square on GD 
by twice the rectangle AD, CD. 
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Postulate. 

A POINT is within, or without, a circle, according as its 
distance from the centre is less, or greater tlian, the radius of 
the circle. 

Dee. r. A straight line, as PQ^ drawn so as to cut a circle 
ABCl), IS called a Secant. 


B 



That such a line can only meet the circumference in two 
points may be shewn thus ; 

Some point within the circle is the centre ; let this be 0. 
Join OA. Then (Ex. 1, i. 16) we can draw one, and only one, 
straight line from 0, to meet the straight fine PQ, such that 
it shall bo equal to OA, Let this line be 00, Then A flind 
0 are the only points in PQ, which are on the circumference 
of the circle. 
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Dkf. IL The portion AC of the secant P(>, intercepted hy 
the circle, is called a C-hord. 

Dkv. TTI. The two portions, into which a chord divides 
the eircnniference, as ^li/t/and AIK\ are called A lies. 





Def. IV. The two figures into which a chord divides the circle, 
as ABC and Al)i\ that is, the %ures, of wliich tlie hoiiii’ 
darios are respectively the arc ABC and the chord AC^ and 
the arc ADC and the chord AC^ are called Se(J!.:ents of the 
circle. 

Dkf. V. The figure AOCD, whose bouiidarit^s are two radii 
and the arc intercepted by them, is called a SMCTf)R. 

Def. VI. A circl(i is said to be dcscrihcA (ihoid a rectilinear 
figure, when the circumference passes through each of the 
angular points of the figure. 



And the figure is said to be inscribed in the circle. 
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Proposition T. Theorem. 

The linCj which bisects a chord of a circle at rvjhi angles^ 
must contain the centre. 



Let ABC ho the f^iveu 0. 

Let the st. line CE bisect the chord AB at rt. ancrles in D. 

Then the centre 0 / the •; mvst lie in CE. 

For if not, let 0, a pt. out of CE^ be the centre ; 
and join Oyt, 01), OB. 

Tlien, in as 0])A, ODB, 

*.* AD = BD, and DO is common, and OA — OB ; 

z ODA = i ODB ) 1. c. 

and L ODB is a rif(ht z . I. Def. 9 

But z ODB is a right z , by construction ; 

/. z ODB — L CDB, which is impossible ; 

O is not the centre. 

Thus it may be shewn that no point, out of CE, can be the 
centre, and the centre must lie in CE. 

Cor. If the chord CE he bisected in F, then F is the centre 
of the cirde. 
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Proposition II. Tiieorp:m. 

If any two j^oivts he taken in the circimfercnce of a circle^ 
the straight line, which joins them, must fall within the 
circle. 



Let A and B be any two pts. in the Oce of the 0 ABC, 
Then must the st, line AB fall ivithin the 0 . 


Take any pt. D in the line AB. 

Find 0 the centre of the 0. III. 1, Cor. 
Join OA, OJJ, OB. 

Then *.• z OAB = z OBA, 1, a. 

and z ODB is greater than z OAB, I. 16. 

.*. z ODB is greater than z OB A \ 
and OB is greater than OD. I. 19. 

.’. the distance of i) from 0 is less than the radius of the 0, 

and D lies within the 0. Post. 

And the same may be shewn of any other pt. in AB. 

A B lies entirely within the 0. 


Q. E. D. 
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Proposition III. Theorem. 

If a straight line, drawn through the centre of a circle, bisect 
a chord of the circle, which does not pass through the centre, it 
must cut it at right angles : and conversely, if it cut it at right 
angles, it must bisect it 


a 



In the 0 ABC, lot the chord AB, which does not pass 
through the centre 0, be bisected in M by the diameter CD, 
Then nmst CD he x to AB. 

Join OA, OB. 

Then in a s ABO, BED, 

AE^BE, and EO is common, and OA = OB, 

L OEA^ L OEB. I. a 

Hence OE is ± to AB, I. Def. 9. 

that is, CD is x to AB. 

Next let CD be x to AB. 

Then nmist CD bisect AB. 

For *.* OA. = OB, and OE is common, 
in the right-angled A s AEO, BEO, 

.-. AE^BE, 
that is, CD bisects AB. 

Ex. 1. Shew that, if CD does not cut AB at right angles, 
it cannot bisect it. * 

Ex. 2. A line, which bisects two parallel chords in a circle, 
is also perpendicular to them. 

Ex. 3. Through a given point within a circle, which is not 
the centre, draw a chord which shall be bisected in that point. 


I, E. Cor. p. 43. 

Q. E. D. 
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Proposition IV. Theorem. 

If i)i a circle two chordsy which do not both pci^^s through the 
centre, cxd one another, theg do not bisect each other. 



Let the chords AB, VB, which do not both pass through thp, 
centre, cut one anotlior, in tlic pt. E, in tlie 0 ACB1>. 

Then AB, (B da not bisect each other. 

If one of them puss through the centre, it is plainly not 
bisected l^y the other, which does not pass through the centre. 

But if neither pass through the centre, let, if it be possible, 
AE=EB and CE=ED ; find the centre 0, and join OE, 

Then *.* OE, passing tlirough the centre, bisects A B, 

z OEA is a I t. z . in. :3. 

And •.* OE, passing tlirough tlie centre, bisects CJ), 

z OEC is a rt. z ; III. 3. 

/. z OEA— L Ofjr, ^\hicll is impossible ; 

AB, Cl) do not bisect each other. (}. e. d. 

Ex. 1. Shew that the locus of the points of bisection of all 
parallel chords (5f a circle is a straight line. 

Ex. 2. Shew that no parallelograui, except those which are 
rectangular, can be inscribed in a circle. 
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pROrOSITION V. Tiieouem. 

If two circles cut one another^ they cannot have the same centre. 



Tf it bo po.ssible, let O be the conniioTi centre of the 0 s 
AUC, AJJC, wliich cut one another in the pts. A and C. 

• Join OAj {uid draw OEF ineetinj^ the 0 s in E and F, 

Then *.• 0 is the centre of .v ABC\ 

OE^OA ; I. J)ef. 13. 

and *.* 0 is the centre of AD(\ 

. OF^OA ; 1. Def. 13. 

0/V= OF, which is impossible ; 
o\ 0 is not tlie common centre. 

g. E. D. 

Ex. If two circles cut one another, shew that a line drawn 
through a point of intersection, terminated by the circumfer- 
ences and parallel to the line joining the centres, is double of 
the line joining the centres. 

Note. Circles which have the same centre are called Con- 
centric. 
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Notk 1. On tlie Contact of Circles. 

Def. VI I. Circles are said to touch each other, which meet 
but do not cut each other. 

One circle is said to touch another internally, when one 
point of the circumference of the former lies on, and no point 
idthouty the circumference of the other. 

Hence for internal contact one circle must be smaller than 
the other. 

Two circles are said to touch externally, when one point of 
the circumference of the one lies on, and no point ivithin the 
circuTJiference of the otlier. 

N.B. No restriction is placed by these definitions on the 
number of points of contact, and it is not till wc reach Prop. 
XDi. that we prove that there can be hut one pomt of contact. , . 
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Proposition VI. Theorem. 

If one circle touch another internally , they cannot have the 
same centre. 


JL 



Let 0 ADE touch 0 ABC internally, 
and let A be a point of contact. 

Then aome point E in the Oce ADE lies ivithin 0 ABC, 

Def. 7. 

It it be possible, let 0 be the common centre of the two © s. 
Join OA, and draw OEC, meeting the Oces in E and 0. 
Then *.* 0 is the the centre of 0 ABC, 

OA^OC ; I. Def. 13. 

and *.* 0 is the centre of 0 ADE, 

,\OA = OE, I. Def. 13. 

Hence 0E=0<\ which is impossible ; 

0 is not the common centre of the two ©s. 

Q. B. D. 


10 
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Proposition VII. Theorem. 

Lf from any point ivlthin a circle, which is not the centre^ 
straight lines be drawn to the circumference, the greatest of these 
lines is that ivhich passes through the centre. 



Let ABO be a 0 , of which 0 is the centre. 

From P, any pt. within the 0, draw the st. line PA, pass- 
ing through 0 and meeting the Oce in A. 

Then must PA he greater than any other sL line, 
drawn from P to the Oce. 

For let PB be any other st. line, drawn from P to meet the 
Oce in B, and join BO, 

Then •.• AO=BO, 

-4P=sum of BO and OP. 

But the sum of BO and OP is greater than BP, I. 20. 
and AP is greater than BP. q. e. d. 

Ex. 1. If AP be produced to meet the circumference in 
D, shew that PD is less than any other straight line that can 
be drawn from P to the circumference. 

i • 

Ex. 2. Shew that PB continually decreases, as B passes 
from A to JO. 

Ex. 3. Shew that two straight lines, but not three, that shall 
be equal, can be drawn from P to the circumference. 
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Proposition VIIL Theorem. 

Ij from any point without a circle straight lines he drawn to 
the circumference^ the least of these lines is that whichy when pro- 
duccdy passes through the centre, and the greatest is that which 
I asses thimigh the centre. 



Let ABC be a 0 , of which 0 is the centre. 

From F any pt. outside the 0, draw the st. line PAOC^ 
meeting the Oce in A and C, 

Then must FA he less, and FC greater, than any other st lvn>e 
drawn from F to the Oce. 

For let FB be any other st. line drawn from F to meet the 
Oce in B, and join BO. 

Then *.* sum of FB and BO is greater than OF, I. 20. 
sum of FB and BO is greater than sum of AF and AO. 

But BO=AO ; 

.*. FB is greater than ^IP. 

Again FB is less than the sum of FO, OB, I. 20. 

FB is less than the sura of FO, 00 ; 

FB is less than FC. q. b. d. 

Ex. 1. Shew that FB continually increases as B p*isses 
from A to C. 

Ex. 2. Shew that from P two straight lines, but not three, 
that shall be equal, can be drawn to the circlftnference. 

Note. From Props, vii. and viii. we deduce the following 
Corollary, which we shall use in the proof of Props, xi. and xiii. 

(JoR. If c point be taken, within or without a circle, of all 
straight lines drawn from it to the circumference, the greatest i$ 
that which 'insets the circumference after passing-through the centre- 
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PRorosiTioN IX. Theorem. 

If a point be taken within a circle, from which there fall more 
than two equal straight lines to the circumference, that point is 
the centre of the circle. 



- Let 0 be a pt. in the 0 ABC from which more than two st. 
lines OA, OB, OC, drawn to the Oce, are equal. 

Then must 0 he the centre of the 0. 

Join AB, BC, and draw OI>, OE 1 . to AIJ, BC. 

Then *.* OA — OB, and OD is common, 
in the right-angled as AOD^ BOD, 

:. AD^DB ; I. E. Cor. p. 43. 

.*. the centre of the 0 is in DO. III. 1. 

Similarly it may be shown that 

the centre of the 0 is EO s 
0 is the centre of the ©. 


Q. B. D. 
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Proposition X. Theorem. 

Two (drchs cannot have more than two points common to 
both, without coinciding entirely. 



If it be possible, let ABC and ADE be two 0s which have 
-• more than two pts. in common, as A, B, C. 

Join AB, BC, 

Then *.* AB is a chord of each circle, 

the centre of each circle lies in the straight line, which 
bisects AB at right angles ; III. 1. 

and BO is a chord of each circle, 

.’. the centre of each circle lies in the straight line, which 
bisects BC at right angles. III. 1. 

.•. the centre of each circle is the point, in which the two 
straight lines, which bisect AB and BC at right angles, meet. 

the 0s ABC, ADE have a common centre, which is 
impossible ; III. 5 and 6. 

two 0s cannot have more than two pts. common to both. 

Q. K. D. 

Note. We here insert two Propositions, End. iii. 25 and 
IV. 5, which are closely connected with Theorems i. and x. of 
this book. The learner should compare with this portion of 
the subject the note on Loci, p. 103. 
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Proposition A. Problem. (Eucl. in. 25.) 

An arc of a circh beinff fjiren, to comj)lete the circle of which 
it is a part. 



Let ABC be tlie given arc. 

It is required to complete the 0 of which ABC is a part. 

Take any pt. in arc ABC, and join AB, BC. 

From D and E, tlie middle pis. of AB and BOs 
draw DO, EO, xs to AB, BC, meeting in O. 

Then •.* is to be a chord of the 0, 

.*. centre of the 0 lies in DO ; III. 1. 

and BC is to be a chord of the 0 , 

.*. centre of the 0 lies in EO. III. 1. 

Hence 0 is the centre of the 0 of which AB(J is an arc, 
and if a 0 be described, with centre 0 and radius OA, this 
will be the © required. 


Q. E. F. 
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Proposition B. Problem. (Eucl. iv. 5.) 
To describe a circle aJbovt a given triangle^ 



Let ABC be the given A . 

It is required to describe a © about the A . 

From D and E, the middle pts. of AB and -4(7, draw 7)0, 
EO, -Ls to ABj AC, and let them meet in 0. 

Then A B is to be a chord of the 0, 

centre of the 0 lies in DO. III. 1. 

And AC is to be a chord of the 0, 

centre of the 0 lies in EO. Ill, 1. 

Hence 0 is the centre of the 0 which can be described 
about the a , and if a 0 be described with centre 0 and radius 
OA, this will be the 0 required, 

q. E. F. 

Ex. If BAG be a right angle, show ,that 0 will coincide 
with the middle point of BG. 
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Proposition XI. Theorem. 

If one circle touch another internally at any 'point, the 
centre of the interior circle mud lie in that radius of the 
other circle which passes through that point of contact. 


A 



Let the 0 AJ)E touch the 0 ABC internally, and let A he 
a pt. of contact. 

Find 0 the centre of 0 J BC, and join OA. 

Then must the centre of 0 ADE lie in the radius OA. 

For if not, let F be the centre oi ABE. 

Join OP, and produce it to meet the Oces in B and B. 

Then P is the centre of 0 ABE, and from 0 are drawn 
to the Oce of ABE the st. lines OA, OB, of which OB passes 
through P, 

OB is greater than OA. III. 8 , Cor. 

But OA~OB , 

.*. OB is greater than OB, 
which is impossible. ' 

.•. the centre of 0 ABE is not out of the radius OA. 

.*. it lies in OA. 


Q. E. D. 
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PllOPOSITION XII. TnEOREM. 

If two circksi touch one another externalhj at any •point, the 
straight line joining the centre of one with that point of contact 
must when i/roduced 2 >ass through the centre of the other. 



Lot 0 A r*(' touch '0 A l)E oxternally at the pt. A, 

Let O be the centre of (•) AB(l 
Join OA, and j)roduce it to H. 

Then 'must the centre of 0 ADE lie in AH, 

For if not, let P be the centre of 0 A l)K. 

Join OP meeting the 0 s in I>, I) ; and join AP, 

Then •/ OB==OA, 
and P1J:=AP, 

,\ OB and PI) together =0^1 and AP together ; 

OP is not less than OA and AP together. 

But OP is less than OA and A P together, I. 20. 

which is impossible ; 

the centre of •' ADH cannot lie out of AH, 

• Q. E. 1). 

Kx. Throe circles touch one another externally, wliose 
centres are A, B, C. 8hew that the difference between AB 
and A(> is half as great as the difference between the diameters 
of tlie circles, whose centres are B and 0, 
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Proposition XIII. Theorem. 

One, circle cannot touch another at more imnU than onCy 
whether it touch it internally err e'xternmly 

First let the ^ A DE touch the Q ABC internally at pt. A, 

Then there can be no other 'point of contact 


A 



Take 0 the centre of 0 ABC 

Then P, the centre of © AJJEy lies in OA, HI. 11. 

Take any pt. E in the Qcq of the 0 AJJE, and join OE. 
Then *.• from 0, a pt. within or without the © ATJEy two 
lines OAy OE are drawn to the of which OA passes 
through the centre P, 

OA is greater than OP, III. 8, Oor. 

and E is a point within the 0 A BC, Post. 

Similarly it may he shewn that every pt. of the Qoo of the 
0 ADEy except Ay lies within the © ABC \ 

A is the only point at which the ©s meet. 
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Next, let the ©s ABC^ ADE touch* externally at the pt A. 
Then there can he no other point of conta4^t. 



Take 0 the centre of the © ABO, 

Then P, the centre of the © ADE^ lies in OA produced. 

III. 12. 

Take any pt. 1) in the Qcc of tlie (O ADE, and join OX>. 
Then *.* from O, a pt. without the © ADEy two lines OA, 
i)D are drawn to the which OA when produced passes 

through the centre P, 

OD IS greater than OA ; III. 8. 

D is a point without the ® AB(l Post. 

Similarly, it may be shewn that every pt. of the Qce of 
A DEy except A, lies without the © AB(^ ; 

A is the only point at which the ®s meet. 

Q. E. D. 


Drf. VIII. The DISTANCE of a chord from the centre is 
measured by the length of the perpendicular drawn from the 
centre to the chord. 
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Proposition XIV. Theorem. 

Equal chords in a circle are equally distant from the centre ; 
aiid conversely^ those which are equally distant from the centre^ 
are equal to one another. 



Let the chords AB, CD in the 0 ABDC be equal. 

Then must AB and (U) be equally <lisfant from the centre 0. ^ 

Draw OP and OQ .l to AB and (U) ; and join AO, CO. 

Then P and Q are the middle })ts. of AB and (L .) : III. 3. 

aml v AB^(U),.\ AP^i^Q, 

Then *.• AP==C(^, and AO=^CO, 
in the right-angled a s A OP, (DQ, 

OP=- OQ ; I. E. Cor. p. 43. 

and AB and CD are equally distant from 0. Def. 8, 

Next, let AB and Cl) be ecpially distant from 0. 

Then must AB—CD. 

For OP=OQ, and ^0=C0, 
in the right-angled a s OP, COQ, 

AP^CQ, I. K. Cor. 

and AB=^CD. 

Q. E. D. 

Ex. In a circle, whose diameter is 10 inches, a chord is 
drawn, which is 8 inches long. If another chord be drawn, at 
a distance of 3 inches from the centre, shew whether it is equal 
or not to the former. 
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Proposition XV. Theorem. 

The diameter is the greatest chord in a circle, and of all others 
that which is nearer to the centre is always greater than one 
more remote ; and the greater is 7iearer to the centre than the 
less. 



Let AB be a diameter of the (•) A BDC, whose centre is 0, 
and let CD be any other chord, not a diameter, in the © , 
nearer to the centre than the chord EF, 

Then must AB he greater than CD, and CD greater than EF, 
Draw OF, OQ J. to CD and EF ; and join OC, OD, OE, 

Then •.•AO^(Tf and OB^OD, I. Def. 13. 
of CO and OD, 

and . AB is greater than CD, I. 20. 

Again, •.* CD is nearer to the centre than EF^ 

. . OF is less than OQ. Def. 8. 

Now *.• s([. on 0(,'=sq. on OE, 
sum of sqq. on OF, PC'--=suiii of sqq on OQ, QE, I. 47. 
But sq. on OF is less than sq. on OQ ; 
sq. on F(> is greater than sq. on QE ; 

F(‘ is greater than QE ; 
and .*. <D is greater than EE 
Next, let (F) be greater than EF, 

Then mnd (D he nearer to the centre than EF, 

For CD is greater than EF, 

.*. FC is greater than QE, 
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Now the sum of sqq. ou OP, PO=sum of sqq. on OQ, QE. 

But sq. on PC is greater than s(j[. on QE ; 

/. sq. on OP is less than sq. on OQ ; 

OP is less than OQ ; 

and Cl) is nearer to the centre than EF, 

K. D. 

Ex. 1. Draw a chord of given length in a given circle, which 
shall be bisected by a given chord. 

Ex, 2. If two isosceles triangles be of equal altitude, and 
the sides of one be equal to tlie sides of the other, shew tlgit 
their^ bases must be equal. 

Ex. 3. Any two chords of a circle, which cut a diameter in 
the same point and at equal angles, are equal to one another. 

Def. IX. A straight line is said to he a Tangent to, or to 
touchy a circle, when it meets and, being jyroducedy does not cut 
the circle. 

From this definition it follows that the tangent meets the 
circle in one point only, for if it met the circle in two points 
it would cut the circle, since the line joining two points in the 
circumference is, being produced, a secant. (III. 2.) 

Def. X. If from any point in a circle a line be drawn at 
right angles to the tangent at that point, the line is called a 
Normal to the circle at that point. 

Def. XL A rectilinear figure is said to be described about a 
circle, when each side of the figure touches the circle. 



And the circle is said to be inscribed in the figure. 
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PuoposiTioN XVI. Theorem, 

Tht straight line drawn at right angles to the diameter of a 
circle y from the extremity of it, is a tangent to the circle. 



Let ABC be a ©, of wliich the centre is 0, and the diameter 
A OB. 

Through B draw DE at right angles to AOB. I. 11. 
Then must DE be a tangent to the 0 . 

Take any point P in DEy and join OP. 

Then, *. * z OBP is a right angle, 
z OPB is less than a right angle, I. 17. 

and . •. OP is greater than OB. T. 19. 

Hence P is a point without the 0 ABC. Post. 

In the same w^ay it may be shewn that every point in DE, 
or DE produced in either direction, except the point B, lies 
without the 0 ; 

DE is a tiingent to the © . Def. 9. 


Q. £. D. 
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Proposition XVIL Prorlkm. 

To draw a straight line from a given poinf either without 
or ON the circumference^ which shall touch a given circle. 



Let .1 be the given pt., 'without the 0 BCD, 

Take 0 the centre ot* 0 and join OA. 

Bisect OA in E, and with centre E and radius EO describe 
0 A BOD, cutting the given 0 in i> and D. 

Join AB, AD. These arc tangents to the 0 BCD, 

Join BO, BE. 

Then •.* OE^BE, .\ i OBE=^ i BOE ; 1. a. 

z twice z OBE ; I. 32. 

and AE-^BE, z A BE= c BA E ; 1. a. 

z Oi/B- twice z ABE ; I. 32. 

sum of z s AEB, OEB—tw'ic^i sum of z s OBE, ABE, 
that is, two right angles = twice z OB A ; 

z OBA is a right angle, 

and .'. AB is a tangent to the 0 BCD. III. 16. 
Similarly it may be shewn that AD is a tangent to 0 B(l). 
Next, let the given pt. be on the Qce of the 0, as B. 

Then, if BA be drawn J. to the radius OB, 

BA is a tangent to the 0 at B. Ill, 

q. K. D. 

Ex. 1. Shew tfiat the two tangents, drawn from a point with- 
out the circumference to a circle, are equal. 

Ex. 2. If a quadrilateral AB(JD be described about a circle, 
shew that the sum of AB and CD is equal to the sum of AD 
and BC. 
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Proposition XVIII. Theorem. 

If a straight line touch a circle, the straight line drawn frorn 
the centre to the point of contaH must he perpendicular to the 
line touching the circle. 



Let the si. line IfE touch the 0 ABC in the pt. 0. 

Find 0 the centre, and join Oil 

Then must 00 he J. to DK. 

For if it be not, draw DBF i. to DE, meeting the Gee in B. 
Then z OFC is a rt. angle, 
z OOF is less than a rt. angle, I. 17. 

and 00 is greater than OF. I. 19. 

But 00=^ OB, 

OB is greater than OF, which is impossible ; 

OF is not . 1 . to I)E, and in the same way it may be 
shewn that no other line drawn from 0, but 00, is x to DE ; 

00 h. L to DE. 

Q. E. D. 

Ex. If two straight lines intei’sect, the centres of all circles 
touched by both lines lie in two lines at light angles to each 
other. 

Note. Prop, xviii. might be stated thus : — All radii of a 
circle are normals to the circle at the points where they meet the 
circumference. 


II 
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PiiomsiTioN XIX. Theorem. 

If a straight line touch a circle^ and from the point of con- 
tact a straight line he drawn at right angles to the touching line^ 
the centre of the circle must be in that line. 



Let the st. line DE touch the © ABC at the pt. C, and 
from C let (JA be drawn 1 to DE. 

Then must the centre of the 0 he in OA. 

For if not, let F be the centre, and join FC. 

Then \* DCE touclies the 0 , and FC is drawn from centre 
to pt. of contact, 

.*. /. FCE IS a rt. angle. III. 18. 

But z ACE is a rt. angle. 

.'. z FCE = z ACEy which is impossible. 

In the same way it may be shewn that no pt. out of CA 
can be the centre of the © ; 

.*. the centre of the © lies in CA. 

Q. K. D. 

Ex. Two concentric circles being described, if a chord of 
the greater touch the less, the parts of the chord, intercepted 
between the two circles, are equal. 

Note. Prop. xix. might bo stated thus '.— Every normal to 
a circle passes through (he centre. 
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Proposition XX. Theorem. 

The angle at the centre of a circle in double of the angle at the 
circumference^ subtended by the same arc. 

Let ABC l)e a O the centre, 

7>Oany arc, A any pt. in the Oce. 

Then must i BOC ~ twice l BAC. 

First, suppose O to be in one of the lines containing the 
z BAC. 



Then OA = 0(7, 



^ OCA = / OAC ; 

I. A. 

, sum of 

L s OCA, 0^16’= twice l OAC. 


But i sum of L s OCA, OAC, 

L 32. 


L BOC — twice z OAi\ 


that 

is, z BOC — twice z BAC. 
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Next, suppose 0 to be within (fig 1), or without (fig. 2) the 
iBAC. 


Pig 1. Fig 2 


Join AOy and produce it to meet the Oce in D. 

Then, as in the first case, 

I COD == twice i CA D, 
and z BOJ) = twice l BAD ; 

fig. 1, sum of i s COD, BOD = twice sum of z s CAD, 
BAD, 

that is, z BOC = twice z BA C\ 

And, fig. 2, difference of z s COD, BOD = twice difference 
of z s CAD, BAD, that is, z BOC = twice z BAC. 

Q. E. D 

Ex. From any point in a straight line, touching a circlei 
a straight line is drawn through the centre, and is terminated 
by the circumference ; the angle between these two stniight 
lines is bisected by a straight line, which intersects the straight 
line joining their extremities. Shew that the angle between 
the List two lines is half a right angle. 
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Note 2. On Flat and Keflex Angles, 

We have already explained (Note 3, Rook L, p. 28) how 
Euclid’s definition of an angle may be extended with advan- 
tage, so as to include the conception of an angle equal to two 
right angles : and we now proceed to shew how the Definition 
given in that Note may be extended, so as to embrace angles 
greater than two right angles. 



^ 


Let WQ be a straight line, and QK its continuation. 

Then, by the Definition, the angle made by WQ and QE, 
which wc propose to call a Flat Angle, is equal to two right 
angles. 

Now suppose QP to be a straight lino, which revolves about 
the fixed point Q, and which at first coincides with QE. 

When QP, revolving from right to left, coincides with QW, 
it has described an angle equal to two right angles. 

When QP has continued its revolution, so as to come into 
the position indiciited in the diagram, it has described an 
angle EQP, indicated by the dotted line, greater than two 
right angles, and this we call a Reflex Angle. 

To assist the learner, we shall mark these angles with dotted 
lines in the diagrams. 

Admitting the existence of angles, equal to and greater than 
two right angles, the Proposition last proved may be extended, 
as we now proceed to shew. 
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Proposition C. Theorem. 

Thi anglc^ not less than two right angles, at the centre of a 
circle is double of the angle at the circumference, subtended btj 
the sanu arc. 

Fig. 1. Fig. 2. 



In the ^ ACBf), let. the angles AOB (not less than two 
right angles) at the centre, and ADB at the circiinifereiice, be 
subtended by the same arc A ( B*, 

Then must l AOB^twice l ADB, 

Join DO, and produce it to meet the arc ACB in (\ 

Then *.* z y4 00= twice z ADO, III. 20. 

and z BOC==i\\icQ z BDO, III. 20. 

t*. sum of z s A()(\ //00= twice sum of z s ADO, BDO, 

that is, z ylO/> = twice i ADB. 

Q. E. D. 

Note. In fig. 1, z AOB is drawn a fiat angle, 
and in fig. 2, z AOB is drawn a reflex angle. 

Def. XII. The angle in a segment is the angle contained by 
two straight lines drawn from any point in the arc to the ex- 
tremities of the chord. 
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Proposition XXL Theorem. 

The angles in the same segment of a circle are equal to one 
another. 

Fig. 1. Fig. 2. 



Let BACf BJ)C be angles in tlie same segment BADC, 

Then must L BAC^ z BBC. 

First, when segment BADC is greater than a semicircle, 

From 0, the centre, draw OB, OC. (Fig. 1.) 
Then, *.* z BOC=^ twica z BA(\ 111, 20* 

and z 00= twice z BDC, III. 20. 

r.iBAC^ iBDC, 

Next, when segment BADC is less than a semicircle, 

Let E be the pt, of intersection of A 0, DB. (Fig. 2.) 
Then *.• z ABE— z DCE, by the first case, 

and z BEA^ z (FJD, 1. 15. 

. ,lEAB:=^ l E1)(\ I. 32. 

that is, z BA(^— i BDC. q. e. d. 

Ex. 1. Shew that, by assuming the possibility of an angle 
being greater than two right angles, both the cases of this 
proposition may be included in one. 

Ex, 2. If two straight lines, whose extremities are in the 
circumference of a circle, cut one another, *the triangles formed 
by joining their extremities are equiangular to each other. 
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Proposition XXII. Theorem. 

The opposite angles of any quadrilateral figure^ inscribed in 
a circle, are together eq'ual to two right angles* 



Let ABCD be <a quadrilateral fig. inscribed in a 0 . 

Then must each pair of its opposite z s he together equal to 
tivo rt. L 8, 

Draw the diagonals A (\ BD. 

Then •.* z A1)B= z ACB, in the same segment, III. 21. 

and z BI)C=? z BAC, in the same segment ; 111. 21. 

sum of z s ABB, BIMJ— sum of i s ui(-B, BAC ; 
that is, z AB(^==mm of z s ACB, BAC. 

Add to eacli z ABC. 

Then z 8 ADC, ABC together = sum ofzs ACB, BA<\ 
ABC; 

and .*. z s ADC, ABC together=two right z s. I. 32. 
Similarly, it may be shewn, 

that z s BAD, BCD together = two right z s. 

* Q. E. D. 

Note. — Another method of proving this proposition is given 
on page 177, 




Book m.J 


PROPOSITION XXII 


IS3 


£x. 1. If one side of a quadrilateral figure inscribed in a 
circle be produced, the exterior angle is equal to the opposite 
angle of the quadrilateral. 

Ex. 2. If the sides A DG of a quadrilateral inscribed in 
a circle be produced to meet in then the triangles EBOf 
BAD will, be equiangular. 

Ex. 3. Shew that a circle cannot be described about a 
rhombus. 

Ex. 4. The lines, bisecting any angle of a quadrilateral figure 
inscribed in a circle and the opposite exterior angle, meet in 
the circumference of the circle. 

Ex. 5. ABf a chord of a circle, is the base of an isosceles 
triangle, whose vertex G is without the circle, and whose 
equal sides meet the circle in D, E i shew that GD is equal 
to GE. 

Ex. 6. If in any quadrilateral the opposite angles be to- 
gether equal to two right angles, a circle may be described 
about that quadrilateral. 

Propositions xxiii. and xxiv,, not being requiired in the 
method adopted for proving the subsequent Propositions in 
this book, are removed to the Appendix, Proposition xxv. 
has been already proved. 


Note 3. On the Method of S^iperpositiony m applied 
to Circles, 

In Props. XXVI. xxvii. xxviii. xxix. we prove certain 
relations existing between chords, arcs, and angles in equal 
circles. As we shall employ the Method of Superposition, ^we 
must state the principles which render this method appli- 
cable, as a test of equality, in the case of figures with eirculofi 
boundaries. 
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For suppose ABC, A'B'(7 to be ciicles, of which the radii 
are equal. 

Then if 0 A^B'C' he applied to 0 AB(', so that O', the 
centre of A'B'C^ coincides with O, the centre of AB(\ it is 
evident that any 2)arti('ular point A' in the Qce of the former 
must coincide with ])oint A in Qce of the latter, because 
of the equality of the radii O jV and OA. 

Hence Qcq A'B'i^ must coincide with Qce AB(\ 
that is, 0 A'B'<r=^ 0 ABC. 

Further, when we have applied the circle A'B'C' to the 
circle ABC, so that the centres coincide, we may imagine ABC 
to remain fixed, while A'B'if revolves round the common 
centre. Hence we may suppose any particular point B' in the 
circumference of A'B'C' to be made to coincide with any par- 
ticular point B in the circumference of ABC. 

Again, any radius O'A' of the circle A'B'(y' may be made to 
coincide with any radius OA of the circle AB(\ 

Also, if A'B' and AB be equal arcs, they may be made to 
coincide. 

Again, every diameter of a circh‘ divides the circle into 
equal segments. 

For let AOB be a diameter of the 
circle ACBD, of which O is the centre. 

Suppose the segment A CB to be ap- 
plied to the segment AIjB, so as to 
keep AB a common boundjiry : tlien 
the arc A CB must coincide with the 
arc ADB, because every point in 
each is equally distant from O. 
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Proposition XXVI. Theorem. 

In etpuU circles, the arcs, which subtend equal angles, whether 
they be at the centres or at the circuwferences, must be equal. 



Let AH(\ DEF be equal circles, aiul let i s BG(\ EllF at 
their centres, and l s BA(\ KDE at their Qces, be equal. 

Then mast arc BK(^=^arc ELF. 

For, if cv ABC be applied to DEF, 
so that fr coincides with //, and GB falls on [[E, 
then, '.* GB— HE, B will coincide with E. 

And *.• z BGC^ L EllF, GO will fall on IIF ; 

and G(^— HE, C will coincide with F. 

Then *.’ B coincides with E and C with F, 
arc BKC will coincide with and be equal to arc ELF. 

Q. K. D. 

Cor. Sector BGCK is equal to sector EHFL. 

Note. This and the three following Propositions are, aiid 
will hereafter be assumed to l>o, true for the same cvcle as well 
as for eqncd circles. 
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Proposition XXVIL Theorem. 

In equal circles^ the angles^ which are subtended by equal arcs, 
whether they are at the centres or at the circumferences, must be 
equal. 



Let ABC, DBF be equal circles, and let i s BQC, EHF at 
their centres, and l s BAC, EDF at^their subtended 

by equal arcs BKC, ELF. 

Then must l BGC= l EIIF, and l BAC— l EDF. 

For, if 0 ABC be applied to 0 DEF, 
so that 6r coincides with H, and GB hills on ITE, 
then GB—lIE, B will coincide with E ; 
and •/ arc BKG^arc ELF, C will coincide with F. 
Hence, GC will coincide with IlF, 

Then BG coincides with EH, and GC with HF, 

z BGC will coincide with and be equal to L 211 F. 
Again, */ z /izlO=half of z BGC, HI. 20. 

and z EDF^hM of z EIIF, III. 20. 

z BAG^ L EDF. I. Ax. 7. 

Q. E. D. 

Kx. 1. If, in a circle, AB, CD be two arcs of given magni- 
tude, and AC, BD be joined to meet in E, shew that the angle 
AEB is invariable. 

Kx. 2. The straight lines joining the extremities of the 
chords of two equal arcs of the same circle, towards the same 
parts, are parallel to each other. 



Book 111.] 


PROPOSITION XXVJIL 


»S7- 

Proposition XXVIII. Theorem. 

In equal circles^ the ares, which are subtended by equal 
chords, must be equal, the greater to the greater, and the less to 
the less. 





Let ABC, DEF be equMl circles, and BV, EF equal chords, 
subtending the major arcs BAC, EDF, 

and the minor arcs BGC, ERF, 

Then must arc BAC = arc EDF, and arc BGC = arc EIIF, 
Take the centres K, L, and join KB, KC, LE, LF, 

Then *.* KB^LE, and Kt^LF, and BC=^EF, 

/, i BKC - ^ ELF, I. c. 

Hence, if 0 ABC be applied to 0 DEF, 
so that K coincides with L, and KB fiills on LE, 
then •.• i BKC = i ELF, KC will fall on LF ; 
and *.• K(y = LF, C will coincide with F. 

Then B coincides with E, and 0 with F, 
arc BAC will coincide with and be equal to arc EDF, 
and arc BGC EIJF, 

il , E. D. 

Ex. 1. If, in a circle A BCD, the chord AB he equal to the 
chord DC, AD must be parallel to BC, 

Ex. 2. If a straight line, drawn from A the middle point 
of an arc BC, touch the circle, shew that it it> parallel to the 
chord BO. 

Ex. 3. If two equal chords, in a given circle, cut one an- 
other, the segments of the one shall be equal to the segments 
of the other, ^ach to each. 
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Proposition XXIX. Thkorem. 

hi equal circleSf the chords, which suhtetul equal arcs, must 
be equal. 


j± Jj 



Let ABC, DEF be equal circles, and let BC, EF be chords 
subtending the equal arcs BGC, EHF, 

Then rnust chord BC = chord EF. 

Take the centres K, L. 

Then, if © ABC be applied to 0 DEF, 
so that K coincides with L, and B with E, 
and arc BGC falls on arc EHF, 
arc BGC=aTC EHF, C will coincide with F. 

Then *.• B coincides with E and C with F, 
chord BC must coincide with and be equal to chord EF. 

Q. E. D. 

Ex. 1. The t?vo straight lines in a circle, which join the 
extremities of two parallel chords, are equal to one another. 

Ex. 2. If three equal chords of a circle, cut one another in 
the same point, within the circle, that point is the centre. 
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Notk 4. Oit th^ Symmetrical properties of the Circle with 
regard to its diameter. 

The brief remarks on Symmetry in pp. 107, 108 may now 
be extended in the following w^ay : 

A figure, is said to be symmetrical with regard to a line, 
when every perpendicular to the line meets the figure at 
point-s which are equidistant from the line. 

Hence a Circle is Symmetrical with regard to its Diameter, 
because the diameter bisects every chord, to which it is per- 
pendicular. 



Further, suppose A J5 to be a diameter of the circle 
4CBD, of which 0 is the centre, and CD to be a chord 
perpendicular to AB, 

Then, if lines be drawn as in the diagram, we know that 


A B bisects 

(1.) The chord CD, III. 1. 

(2.) The arcs CAD and CBD, III. 26. 

(3.) The angles CAD, COD, CBD, and the reflex 
angle DOC. L 4. 

Also, chord (7J5= chord DB, I. 4, 

and chord A (7= chord AlS, 1. 4, 


These Symmetrical relations should be ©irefully observed, 
because they are often suggestive of methods fur the solution 
o^problems. 
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Fiioposttion XXX. Problem. 
To bisect a given are* 



Let ABC be the given arc. 

Jl is required to bisect the are ABC, 

Join ACf and bisect the chord AC in D, I. 10, 
From D draw DB ±to AC. I. 11. 

Then will the arc ABC be bisected in ft. 

Join BAy BC, 

Then, in as ADBy CDBy 

V A D^CDy and DB is common, and l A DB -* i CDB^ 

.\BA^BC. 1.4. 

But, in the same circle, the arcs, which are subtended by 
equal chords, are equal, the greater to the greater and the 
less to the less ; 111. 28. 

and *.* BD, if produced, is a diameter, 

/. each of the arcs BAy BCy is less than a semicircle, 
and arc BA^axc BC, 

Thus the arc ABC is bisected in B, 

Q. B. r. 

Bx. If, from any point in the diameter of a semicircle, 
there be drawn two straight lines to the circumference, one 
to the bisection of the circumference, and the other at right 
angles to the diameter, the squares on these two lines are 
together double of the square on the radius. ^ 
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Proposition XXXI. Theorem. 

In a circUy the angle in a semicircle is a right angle ; and 
the angle in a segment greater than a semicircle is less than a 
right angle ; and the angle in a segment less than a semicircle 
is greater thgn a right angle. 



Lot ^ BO be a 0, 0 its centre, and BO a diameter. 

Draw ACy dividing the 0 into the segments ABVy ADC, 
Join B Ay A Dy DCy AO, 

Then must the l in the semicircle BAG be a rt, l y and l in 
segment ABCy greater than a scmicircUy less than a rt. l , and l 
in segment ADCy less than a semicirchy greater than a rt. l . 


First, *. 

.• BO=AO, L r,AO= L ABO\ 

I. A. 

. 

\ L C'Ovl= twice L BAG ; 

I. 32. 

and •, 

■ VO=AO, z VAO= L AGO ; 

I. A. 

. 

•. L 50^1 = twice L GAO ; 

I. 32. 


sum of z s CO A, BO-^l= twice sum of z s BAOy CAOy that 
is, two right angles —twice z BAG. 

z BAG is a right angle. 

Next, z BAG is a rt. z , 
z ^BO is less than a rt. z .• I. 17. 

Lastly, sum of z s ^BO, ADC=two rt. z s, IIL 22, 
and z ABC is less than a rt. z , 

.'. z ADC is greater than a rt. z . q. e. d. 
Note. — For a simpler proof see page 178. 
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Ex. 1. If a circle be described on the radius of another circle 
IS diameter, any straight line, drawn from the point, where 
they meet, to the outer circumference, is bisected by the in- 
terior one. 

Ex. 2. If a straight line be drawn to touch a circle, and be 
parallel to a chord, the point of contact will be the middle 
point of the arc cut off by the chord. 

Ex. 3. If, from any point without a circle, lines be drawn 
touching it, the angle contained by the tangents is double of 
the angle contained by the line joining the points of contact, 
and the diameter drawn through one of them. 

Ex. 4. The vertical angle of any oblique-angled triangle 
inscribed in a circle is greater or less than a right angle, by the 
angle contained by the base and the diameter drawn from the 
extremity of the base. 

Ex. 5. If, from the extremities of any diaoneter of a given 
circle, perpendiculars be drawn to any chord of the circle that 
is not parallel to the diameter, the less perpendicular shall be 
equal to that segment of the greater, which is contained between 
the circumference and the chord. 

Ex. 6. If two circles cut one another, and from either point 
of intersection diameters be drawn, the extremities of these 
diameters and the other point of intersection lie in^ the same 
straight line. 

Ex. 7. Draw a straight line cutting two concentric circles, 
so that the part of it which is intercepted by the circumference 
of the greater may be twice the part intercepted by the circum- 
ference of the less. 
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Proposition XXXIT. Theorem. 

If a straight line touch a circle, and from the point of contact 
a Htraight line he drawn cutting the circle, the angles made hy 
this line with the line touching the circle 'mud he equal to the 
angles, which are in the alternate segments of the circle. 


a 



Let the st. line A*Ij touch the co ('DEF in F. 

ETraw tlio chord FD, dividing the into segments FCD, FED. 
Then must l DFH^ l in segment F(D, 
and L DF A = z in segment FED. 

From F draw the choid Fi^i, to AD 

Then FO is a diameter of the . III. 19, 
Take any pt. E in the arc FEf>, and join FE, El), D(\ 
Then FD(^ is a semicircle, z Fl)(^ is a rt. z ; 111. 31. 

sum of z s F(l), <7'7>-a rt. z . 1. 32. 

Also, sum of z s DFJ), (JFD — u rt. z . 

.*. sum of z s J>FB, CFJ>==iinui of z s FCD, CFD, 
and z J)F/i^ z FID, 
that is, z JtFE— z in segment FCD. 

Again, CDEF is a ([uadrilateial hg. inscribed in a 0, 

sum of z s FEr>, FiVD =^t\\o rt. z s. III. 22. 

Also, sum of z s DFA, DFJ> — i\\o rt. z s. I. 13. 
sum of z s DFA, DFB==^min of z s FED, FCD ; 
and z DFB has been proved = z FGD ; 

.\ i DFA== L FED, • 
that is, z DFA = z in segment FED. 

q. E. D. 

Ex. The chord joining the points of contact of parallel tan- 
gents is a diameter. 
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Proposition XXXIII. Problem. 

On a given straight line to describe a segment of a circle 
capable of containing an angle etpml to a given angle. 



\ ' 

\ 


\ 

D 

Let AE be the given st. line, and C the given l . 

It is required to describe on AB a segment of a ® which 
shall contain z = z C. 

At pt. A in Ht. line AB make z BAD= z G. I. 23 
iJraw AE± to AD, and bisect AB in F. 

From F draw FOjlIo AB^ meeting Ai!? in G. Join GB. 
Then in AS AGF, BGF ; 

V AF=BF, and FG is common, and z AFG= z BFG ; 

GA^GB, I. 4. 

With G as centre and GA as radius describe a 0 ABH. 

Then will AHB be the segment reqd. 

For *.* AD is I. to AEy a line passing through the centre, 

AD is a tangent to the 0 ABH. III. 1C. 

And •.* the chord AB is drawn from the pt. of contact A, 
z BAD^ z in segment AHB, III. 32. 
that is, the segment AEB contains an z = z G, 
and it is described 011 AB, as was reqd. 

Q. E. F. 

Ex. 1. Two circles intersect in A, and through A is drawn 
a straight line meeting the circles again in P, Q. Prove that 
the angle between the tangents at P and Q is equal to the 
angle between the tangents at A. 

Ex. 2. From two given points on the same side of a straight 
line, given in position, draw two straight lines which shdl con- 
tain a given angle, and be terminated in the given line. 
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Proposition XXXIV. Problem. 

To cut off a aegmcnt from a given circle, caimhle of con- 
taining an angle equal to a given angle. 



Let ABC be the given 0 , and I) the given z . 

It is required to cut off from (D ABC a segment capahle of 
containing an i = iJJ. 

Draw the st, line EBF to toucli the circle at B. 

At B make z FBC - z D. 

Then the chord BC is drawn from the pt. of contact B, 

z FBC = z in sogment BAC, III. 32. 
that is, the segment BAC contains an z = z ; 

and a segment has been cut off from the ©, as was reqd. 

Q. K. F . 

Ex. 1. If two circles touch internally at a point, any straight 
line passing through the point will divide the circles into seg- 
ments, capable of containing equal angles. 

Ex. 2. Given a side of a triangle, its vertical angle, and the 
radius of the circumscribing circle : construct the triangle. 

Ex. 3. Given the base, vertical angle, and the perpendicular 
from the extremity of the base on the opposite side : construct 
the triangle. 
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Proposition XXXV. Theorem. 

If two chonU })h a circle cut one another, the rcctangh con- 
faincd hy the 6cgnienU of one of than, U (qual to the rectangle 
contained by the segments of the other. 



Let the chords A(J, JJD in the A BCD intersect in the pt. F. 

Then must red. AP, PC^reci. BP, PJ). 

From 0, the centre, draw OM, ON ±s to AC, Bl). 
and join OA, OB, Of\ 

Then *.* AC is divided o((iially in ilf and unequally in P, 

.*. rect. AP, POwith s(p on il/P=S(|. on ^Idf. II. 5. 

Addinijj to each tlic s(|. on MO, 
rect. AP, P(> with s(pp on MP, diO=Hq(j. on AM, MO ; 

.*. rect. AP, PC with sq. on OP— sq. on OA. I. 47. 
In the same way it may be shewn that 

rect. BP, PJ) with sq. on 07^==s(|. on OB. 

Then •.* sq. on OJ— s«p on OB, 
rect. -^IP, PO with S(j. on OP=roct. BJ\ PD with sq. 
on OP ; 

.-. rect. AI\ P('=rcct. BP, PlJ. Q. e. d. 
Ex. 1. A and B arc fixed points, and two circles are 
described passing through them ; PCQ, P CQ' are chords of 
these circles intersecting in C, a point in AB ; shew that the 
rectangle CP, CQ is equal to the rectangle CP', CQ'. 

Ex. 2. If through any point in the common chord of tw^o 
circles, which intersect one another, there be drawn any two 
other chords, one in each circle, their four extremities shall all 
lie in the circiynference of a circle. 
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Proposition XXXVI. Theorem. 

//, from any iwint without a circle, two straight lines 
be drawn, one of which cuts the circle, and the other touches 
it ; the rectangle contained hy the lohole line 'which cuts the 
circle, andr the part of it vdthout the circle, must he equal to 
the square on the line which touches it. 


JD 



Lot I) be any pt. without the 0 ABC, 
and lot the st. linos DBA, /X - bo drawn to cut and touch the 0. 
Then must rect. Ah, DB^^sq. on J>C 
From 0, the centre, draw OM bisecting AB in M, 
and join OB, OC, OL>. 

Then *.* A B is bisected in M and produced to 1), 

rect. AD, DB with sq. on Afi?= sq. on MD. II. 6. 
Adding to each the sq. on MO^ 
rect. yli>, hB with sqq. on MB, ii!fO==sqq. on MD, MO. 
Now the angles at M and C are rt. z s ; III. 3 and 18. 

rect. AD, DB with sq. on OH=sq. on OD ; 
rect. AD, DB with sq. on 077= sqq. on 00, DC. I. 47. 
And sq. on 0^=s(p on 00 ; 
rect. AD. i)/7=sq. on JJC. 


Q. E. p. 
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Proposition XXXVII. Theorem. 

J/i fmn a imint without a circle^ there he drawn two straight 
lines, one of which cuts the circle, and the other meets it ; if 
the rectangle contained by the whole line which cuts the circle, 
and the part of it witlmit the circle, be equal to the square on 
the line which meets it, the line which meets must touch the circle. 


A 



Let be a pt without the 0 BOD, of which 0 is the centre. 
From A let two st. lines A CD, AB be drawn, of which 
ACD cuts the 0 and AB meets it. 

Then if rect. DA, AC=sq. on AB, AB must touch the 0. 
Draw AE touching the 0 in E, and join OB, OA, OE. 
Then ACD cuts the 0, and AE touches it, 


.*. rect. DA, AC=sq. on AE. 

III. 36. 

But rcct. DA, AC^sq. on AB ; 

Hyp. 

sq. on ^B~sq. on AE ; 


AB=AE. • 


Then in the a s OAB, OJ E, 


V OB=OE, and OA is common, and AB= 

AM, 

.-. z ABO - i AEO. 

Lc. 

But L AEO is a rt. l ; 

III. 18. 

i ABO is a rt. z . 


Now BO, if produced, is a diameter of the 0 ; 


AB touches the 0. 

III. 16. 


Q. E. D. 
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Miscdlamous Exercises (m Booh II J. 

1. The segments^ into which a circle is cut by any straight 
line^ contain angles, whose diiSerence is equal to the inclination 
to each other of the straight lines touching the circle at the ex* 
tremities of the straight line which divides the circle. 

2. If from the point in which a number of circles touch each 
other, a straight line be drawn cutting all the circles, shew 
that the lines which join the points of intersectioh in each circle 
with its centre will be all parallel 

3. From a point Q in. a, circle, QN is drawn perpendicular to 
a chord PP, and QM perpendicular to the tangent at P : shew 
that the triangles NQF, QPM are equiangular. 

4 ABj AC are chords of a circle, and P, E are the middle 
points of their arcs. If DE be joined, shew that it will cut 

off equal parts from AB/AG, 

•• 

6. One angle of a quadrilateral figure inscribed in a circle is 
a right angle, and from the centre of the circle perpendiculars 
are drawn to the sides, shew that the sum of their squares is 
equal to twice the square of the radius. 

6. -4 is the extremity of the diameter of a circle, 0 any 
point in the diameter. The chord which is bisected at 0 sub- 
tends a greater or less angle at A than any other chord through 
0, according as 0 and A are on the same or opposite sides of 
the centre. 

7. If a straight line in a circle not passing through the centre 
be bisected by another and this by a third and so on, prove that 
the points of bisection continually approach the centre of the 
circle. 

8. If a circle be described passing through the opposite 
angles of a parallelogram, and cutting the four sides, and the 
points of intersection be joined so as to form a hexagon, the 
straight lines thus drawn shall be parallel to each other. 

9. If two circles touch each other externally and any third 
circle touch both, prove that the difference of the distances of 
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the centre of the third circle from the centres of the other two 
is inyariable. 

10. Draw two concentric circles, such that those chords of 
the outer circle, which touch the inner, may equal its diameter. 

11. If the sides of a quadrilateral inscribed in a circle be 
bisected and the middle points of adjacent sides joined, the 
circles described about the triangles thus formed are all equal 
and all touch the original circle. 

12. Draw a tangent to a circle which shall be parallel to a 
given finite straight line. 

13. Describe a circle, which shall have a given radius, and 
its centre in a given straight line, and shall also touch anothei 
straight line, inclined at a given angle to the former. 

14. Find a point in the diameter produced of a given circle, 
from which, if a tangent be drawn to the circle, it shall be* 
equal to a given straight line. 

16, Two equal circles intersect in the points jB, and 
through B a straight line CBM is drawn cutting them again in 
0, M. Shew that if with centre 0 and radius BM a circle be 
described, it wUl cut the circle ABG in a point L such that arc 
AB. 

Shew also that LB is the tangent at B. 

16. AB is any chord and AG a tangent to a circle at A ; 
ODE a line cutting the circle in D and E and parallel to AB, 
Shew that the triangle AGD \b equiangular to the triangle 
EAB, 

17. Two equal circles cut one another in the points -4, B ; 
BO is a chord equal to AB ; shew that ^0 is a tangent to the 
other circle. 

18. B are two points ; with centre B describe a circle, 
such that its tangent from A shall be equal to a given line. 

19. The perpendiculars drawn from the angular points of a 
triangle to the opposite sides pass through the same point 
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20. If perpendiculars be dropped from the angular points of 
a triangle on the opposite sides, shew that the sum of the 
squares on the sides of the triangle is equal to twice the sum of 
the rectangles, contained by the perpendiculars and that part of 
each intercepted between the angles of the triangles and the 
point of intersection of the perpendiculars. 

21. When two circles intersect, their common chord bisects 
their common tangent. 

22. Two circles intersect in A and B. Two points G and D 
are taken on one of the circles ; GA, GB meet the other circle 
in By F, and DJ, DB meet it in 0, H : shew that FO is 
parallel to EH. 

23. ^ and f are fixed points, and two circles are described 
passing through them ; jOPj GF are drawn from a point G on 
]AB produced, to touch the circles in P, P' ; shew that 
’CP»CP'. 

24. From each angular point of a triangle a perpendicular is 
let fall upon the opposite side ; prove that the rectangles con- 
tained by the segments, into which each perpendicular is divided 
by the point of intersection of the three, are equal to each other. 

25. If from a point without a circle two equal straight lines 
be drawn to the circumference and produced, shew that they 
will be at the same distance from the centre. 

26. Let 0, O' be the centres of two circles which cut each 
other in A, A\ Let J5, B! be two points, taken one on each 
circumference. Let 0, 0' be the centres of the circles BAB\ 
BA'B'. Then prove that the angle GBC is the supplement of 
the angle OA'Cy. 

27. The common chord of two circles is produced to any 
point P ; PA touches one of the circles in A ; PBO is any 
chord of the other : shew that the circle which passes through 
Aj B, G touches the circle to which PA is a tangent. 

28. Given the base of a triangle, the vertical angle, and the 
length of the line drawn from the vertex to the middle point of 
the base : construct the triangle. 
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29. If a circle be described about the triangle ABG, and a 
straight line be drawn bisecting the angle BAG and cutting 
the circle in Z>, shew that the angle DGB will be equal to half 
the angle BAG. 

30. If the line AD bisect the angle A in the triangle ABO^ 
and BD be drawn without the triangle making an angle with 

^ BO equal to half the angle BAG^ shew that a circle may be 
described about ABGD. 

31. Two equal circles intersect in ^ : PQT perpendicular 
to AB meets it in T and the circles in P, Q. APy BQ meet in 
R ; AQy BP in 8 ; prove that the angle RTS is bisected by 
TP. 

32. If the angle, contained by any side of a quadrilateral and 
the adjacent side produced, be equal to the opposite angle of 
the quadrilateral, prove that any side of the quadrilateral will 
subtend equal angles at the opposite angles of the quadrilateral. 

33. If DB be drawn parallel to the base BG of a triangle* 
ABGj prove that the circles described about the triangles ABG 
and ADE have a common tangent at A. 

34. Describe a square equal to the difference of two given 
squares. 

35. If tangents be drawn to a circle from any point without 
it, and a third line be drawn between the point and the centre 
of the circle, touching the circle, the perimeter of the triangle 
formed by the three tangents will be the same for all positions 
of the third point of contact 

36. If on the sides of any triangle as chords, circles be de- 
scribed, of which the segments external to the triangle contain 
angles respectively equal to the angles of a given triangle, those 
circles will intersect in a point. 

37. Prove that if ABG be a triangle inscribed in a circle, 
such that BA^BG^ and A A' be drawn parallel to P(7, meeting 
the circle again in A', and A^B be joined cutting JO in Ey BA 
touches the circle described about the triangle AEA*. 

38. Describe a circle, cutting the sides of a given square, so 
that its circumference may be divided at the points of inter 
section into eight equal arcs. 
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39. AB is the diameter of a semicircle, D and E any two 
points on its circumference. Shew that if the chords joining 
A and B with D and i?, either way, intersect in F and G, the 
tangents at D and E meet in the middle point of the line FG, 
and that FQ produced is at right angles to AB. 

40. Shew that the square on the tangent drawn from any 
point in the outer of two concentric circles to the inner equals 
the difference of the squares on the tangents, drawn from any 
point, without both circles, to the circles. 

41. If from a point without a circle, two tangents PT, PT, 
at right angles to one another, be drawn to touch the circle, 
and if from T any chord TQ be drawn, and from T a peipen- 
dicular T'Mhe dropped on TQ, then TM—QM. 

42. Find the loci : 

* (1.) Of the centres of circles passing through two given points. 

(2.) Of the middle points of a system of parallel chords, in a 
circle, 

(3.) Of points such that the difference of the distances of each 
from two given straight lines is equal to a given straight line. 

(4.) Of the centres of circles touching a given line in a given 
point. 

(6.) Of the middle points of chords in a circle that pass 
through a given point. 

(6.) Of the centres of circles of given radius which touch a 
given circle. 

(7.) Of the middle points of chords of equal length in a circle. 

(8.) Of the middle points of the straight lines drawn from a 
given point to meet the circumference of a given circle. 

43. If the base and vertical angle of a triangle be given, find 
the locus of the vertex. 

44. A straight line remains parallel to itself while one of its 
extremities describes a circle. What is the locus of the otlmr 
extremity ? 
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45. A ladder slips down between a vertical wall and a 
horizontal plane ; what is the locus of its middle point ? 

46. ABC is a line drawn from a point A, without a circle, 
to meet the circumference in B and 0. Tangents are drawn 
to the circle at B and Q which meet in D. What is the locua 
of D? 

' 47. The angular points AyO of a parallelogram ABGD 

move on two fixed straight lines OA^ OG, whose inclination is 
equal to the angle BGD ; sliew that one of the points B, D, 
which is the more remote from 0, will move on a fixed straight 
line passing through 0. 

48. On the line AB described the segment of a circle in 
the circumference of which any point G is taken. If A C7, BG 
be joined, and a point P taken in AG so that GP is equal to 
GB, find the locus of P. 

49. The centre of the circle GBED is on the circumference 
of ABB. If from any point A the lines JPOand AED be 
drawn to cut the circles, the chord BE is parallel to GD. 

50. If a parallelogram be described having the diameter of 
a given circle for one of its sides, and the intersection of its 
diagonals on the circumference, shew that the extremity of 
each of the diagonals moves on the circumference of anothei 
circle of double the diameter of the first. 

51. One diagonal of a quadrilateral inscribed in a circle is 
fixed, and the other of constant length. Shew that the sides 
will meet, if produced, on the circumferences of two fixed 
circles. 
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We here insert Euclid’s proofs of Props. 23, 24 of Book III. 
first observing that he gives the following definition of similar 
segments : — 

Def. Similar segments of circles are those in which the angles 
a/re equals or which contain equal angles. 


Proposition XXIII. Tueorem 

Upon the some straight line, and upon the same side 0/ it, 
there ca/nnot be two similar segments of circles, not coinciding 
with each other. 



If it be possible, on the same base AB, and on the same side 
of it, let there be two similar segments of©s, ABC, ABD^ 
which do not coincide. 

Because ® ADB cuts © ACB in pts. A and B, they cannot 
cut one another in any other pt., and .’. one of the segments 
must fall within the other. 

Let AJJB fall within ACB. 

Draw the st. line BDG and join CA, DA. 

Then segment ADB is similar to segment ACB, 

L ADB^ L ACB. 

Or the extr. z of a A «the intr. and opposite/, which is 
impossible ; 

•*. the segments cannot but coincide. 

Q. X. D. 
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Proposition XXIV. 

Similar segments of circles^ upon 
equal to one another. 


Theorem. 

equal straight lines, are 




Let ABC, DBF be similar segments of 0 s on equal st. lines 
AB, DB. 

Then must segment ABC ^segment DBF. 

For if segment ABCh^ applied to segment DBF, so that 
A may be on D and AB on DE, then B will coincide with B, 
and AB with DB ; 

/. segment ABC must also coincide with segment DBF ; 

III. 23. 

/. segment ABC=scgTuent DBF, Ax. 8. 


Q. B. D. 


We gave one Proposition, C, page 150, as an example of the 
way in which the conceptions of Flat and Eefiex Angles may 
be employed to extend and simplify Euclid’s pioofs. We here 
give the proofs, based on the same conceptions, of the impor- 
tant propositions xxii. and xxxi. 
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Proposition XXTI. Theorem. 

The opposite angles of any quadrilateral figure, inscribed in 
a circle, are together equal to two right angles. 



Let BCD be a (iiiadvi lateral %. inscribed in a (^. 

Then must each pair of its opposite l s he together equal to 
two rt. L s. 

From 0, the centre, draw OB, OT). 

Then i twice i BAD, III. 20. 

and the reflex, l l)()B=t\\\cc l BCD. III. C. p. 150. 
.*. sum of L a at 0= twice sum of z s BAD, BCD. 

But sum of z s at 0 — 4 right z s ; I. 15, Cor. 2. 

twice sum of z s JBiD, BCD — 4 right z s ; 
sum of z s BAD, BCD— two right z s. 

Similarly, it may be shewn that 

sum of z s ABC, ADC two right z s. 

Q. E. D. 


13 
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Proposition XXXL Theorem. 

In a circle, the angle in a semicircle is a right angle; and the 
angle in a segment greater than a semicircle is less than a right 
angle ; and the angle in a segnunt less than a semicircle is 
greater than a right angle. 



Lot ABC be a 0, of which 0 is the centre and BO a 
diameter. 

Draw AG, dividing the 0 into the segments ABC, ADC. 

Join BA, AD, DC. 

Then must the l in the semicircle BAG he a rt. L , and L in 
segment ABC, greater than a semicircle, less than a rt, L , and L 
in segment ADC, less than a semicircle, greater than a rt. L . 

First, *.* the flat angle i?00=twice l BAC, III. C. p. 150. 
^ is a rt. z . 

Next, •,* z BAG is a rt. z , 

z ABC is less than a rt. z . I. 17. 

Lastly, *.• sum of z s ABC, ADG^tvio rt. z s, III, 22. 
and 1 ABC is less than a rt. z , 

•*. z ADO is greater than a rt. z • 


Q. ». D. 
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INTRODUCTORY REMARKS. 

Euclid gives in this Book of the Elements a series of 
Problems relating to cases in which circles may be described 
in or about triangles, squares, and regular polygons, and of the 
last-mentioned he treats of three only : 
the Pentagon, or figure of 6 sides, 

„ Hexagon, „ 6 „ 

„ Quindecagon, „ 16 „ . 

The Student will find Ht useful to remember tbe following 
Theorems, which are established and applied in the proofs of 
the Propositions in this Book. 

I. The bisectors of the angles of a triangle, square, or 
regular polygon meet in a point, which is the centre of the 
inscribed circle. 

II. The perpendiculars drawn from the middle points of the 
sides of a triangle, square, or regular polygon meet in a point, 
which is the centre of the circumscribed circle. 

III. In the case of a square, or regular polygon the inscribed 
and circumscribed circles have a common centre. 

IV. If the circumference of a circle be divided into any 
number of equal parts, the chords joining each pair of consecu* 
tive points form a regular figure inscribed in the circle, and the 
tangents drawn through the points form a {egular figure de* 
scribed about the circle. 


Its 
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Proposition I. Problem. 

In a given circle to draw a chord equal to a given straight 
linCy which is not greater than the diameter of the circle. 



Let be the given 0 , and 1) the given line, not greater 
than the diameter of the 0 . 

It is required to dime in the a chord 

Draw ECj a diameter of 0 ABC. 

Then if EC—]J, what was re([uired is done. 

But if not, EC is greater than l>. From EC cut off EF—]f, 
and with centre E and radius EE descril^e a 0 cuttiug 

the 0 ABC in A and B ; and join A E. 

^J’heii, E is the centre of AEB, 

EA = Eb\ 
and EA=D. 

Thus a chord EA equal to D has been drawn in 0 A BC, 

q. E. V. 

Ex. Draw the diameter of a circle, which shall pass at a 
given distance from a given point. 
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Proposition IL Problem. 

In a given circle to inscribe a triangle, equiangular to a given 
triangle. 



••Let AUC\)q the given and J)EF the given a. 

It 7.S* irqnimi to inscribe in 0 ABO a A, equiangular 
to A DEF, 

Draw GAIl touching the 'v Ji>’(/at the pt. A. III. 17. 

Make z OAB^ z DFE, and z z [)EB\ 1. 23. 

Join f»(\ Tlion will A the required A. 

Por •.* OAJI is a tangent, and A B a chord of the 0 , 

lAOB^lOAB, 111.32. 

that is, z z DFbl 

So also, z ABO==^ z IIA(\ III. 32. 

that is, z z DBF ; 

.’. remaining z 7/ J ( '= remaining z EDF ; 

.*. A ABO is equiangular to A DEF, and it is inscribed in 
the 0 ABil 

Q. E. F. 

Ex. If an equilateral triangle be inscribed in a circle, prove 
that the radii, drawn to the angular points^ bisect the angles of 
the triangle. 
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Peoposition III. Problem. 

About a given circle to desotnbe a triangle, equiangular to a 
given triangle. 


L 



Let ABC be the given 0 , and DBF the given a . 

It is required to describe about the 0 a a equiangular 
to A EDF, 

From 0, the centre of the 0 , draw any radius 0(7. 

Produce EF to the pts. C, IL 
Make i COA= z DEG, and z COB= z DFIL 1. 23. 
Through A, B, (J draw tangents to the 0, meeting in L, M, N. 
Then will LMN be the A required. 

For ML, LN, NM are tangents to the 0, 

.*. the z s at A, B, 0 are rt. z s. III. 18. 

Now z s of quadrilateral AOCM toget her = four rt. z s. ; 
and of these z OzlM and z OCM are rt. z s ; 

sum of z s CO A, A MO rt. z s. 

But sum of z s DEG, DEF= two rt. z s ; I. 32. 

sum of z s CO A, AMC=mxn of z s DEG, DEF, 
and z CO A = z DEG, by construction ; 
iAMC=^ L DEF; 
that is z LMN = z DEF, 

Similarly, it may be shewn that z LNM— z DFE ; 
also z MLN^ z EDF. 

Thus a A , equiangular to a DEF, is described about the 0 . 

Q. E. F. 
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Proposition IV. Problem. 

To inscribe a circle in a given triangle. 


A 



Let ABC be the given A . 

It is required to inscribe a in the A ABC, 

Bisect zs ABC, ACB by the st. lines BO, CO, meeting 
•hi 0. 9, 

From 0 draw 01), OE, OF, XHtoAB, BC, CA. I. 12. 

Then, in a s EBO, DBG, 

V L EBO— L DBG, and z BEG— z BDG, and GB is common, 
,\0E:==^01}. 1.26. 

Similarly it may be shewn that 0E=^GF. 

If then a 0 be described, with centre G, and radius GD, 
this 0 will pass through tlie pts. D, E, F ; 

and •/ th^ z s at 1), E ami F are rt. z s, 

AB, B(J, CA are tangents to the 0 ; III. 10. 

and thus a 0 J)EF may be inscribed in the a ABC. 

q. E. F. 

Ex. 1. Show that, if OA be drawn, it will bisect the angle 
BAC. 

Ex. 2. If a circle be inscribed in a right-angled triangle, the 
difference between the hypotenuse and the sum of the other 
sides is equal to the diaintster of the circle. 

Ex. 3. Shew that, in an equilateral triangle, the centre of 
the inscribed circle is equidistant from the three angular points. 

Ex. 4. Describe a circle, touching one side of a triangle and 
the other two produced. (Note, This is called an escribed 
circle.) 
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Nom Euclid’s fifth Proposition of this Book has been 
already given on page 135. 


Proposition VT. Problem. 

To inscribe a square in a given circle, 

B 



Let ABCD be the given © . 


If is reqniral to inscribe a square in the © . 

Through 0, the centre, draw the diameters AC, ± to 
each other. 

Join AB, B(\ CD, DA. 

Then *.* the z s at 0 are all equal, being rt. i s, I. Post. 4. 
the arcs AB, BC, CD, DA are all equal, III. 2G. 
and the chords AB, BC, CD, DA arc all equal ; III. 2!). 
and L ABC, being the l in a semicircle, is a rt. i . Ilf. 31. 
So also tha z s BCD, CD A, DAB are rt. z s ; 

ABCD is a square, 

and it is inscribed in the © as was required. 


Q, E. F. 
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Proposition VTI. Problem. 

'To describe a square about a given circle. 



Let A BCD be the given 0, of which 0 is the centre. 
It is required to describe a square about the 0. 


Draw the diaiiietcirs AC, BT>, J. to each other. 


..Through A, B, 

V, D (Imw EF, FG 

, an, HE 



couching the 0 . 



III. 

17. 

Thou tlie l s ut A, B, (’, 

l) arc rt. z s. 

III. 

16. 

Now *.• 

the s at A, 0, f 

' are all rt. z s, 




FE, BD, iinrl Gli 

are all 1| ; 

I. 

27. 

and 

the i s at 7?, 0, D 

are all rt. z s. 




FG, AC, aiKl Ell 

are all |1 ; 




FE and GH each; 

= JW, 

I. 

CO 

ami 

FG and 7^7/ ouch = 

= Aa 

I. 

34. 


iVnd BJ)^A(\ 

FIJ, an, FG, ETT, are all equal. 

Again, FO is a /I7, 

AFB L AOB, 1.34. 

and .*. z AFB is a rt. z . 

Ro also the z s at 0, 11, and E are rt. z s. 

Hence EFGl! is a square, and it is describeil about the 0 . 

q. E. F. 

Ex. In a given circle inscribe four circles, equal to each 
other, and in mutual contact with each other and with the 
given circle. 
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Proposition VIIL Problem. 
To inscribe a circle in a given square. 



Let ABCD be the given square. 

It is required to inscribe a © in the square. 

Bisect ABy A Din E, I\ I. 10.. 

and draw EG || to AD or BC, and FH || to AB or DC. 

Let EG and FH intersect in 0. 

Then *.* AO is a ZZZ, 

.*. OE=:FA and OF=EA. I. 34. 

But *.* AD=ADy and Ey F are the middle pts. of AB, AD, 
.*. FA^EAy 
and .-. OE^^OF. 

Similarly, it may bo shewn that OG=OFy and OII=OEy 
and .’. OEy OFy OGy OH are all equal ; 
and a © , described with centre 0 and radius OEy 
will pass through E, Fy Gy ./f, 
and it will be touched by each of the sides of the square, 

*.* the z s at Ey Fy Gy H are rt. z s. III. 1C. 
Thus a © EFGH may be inscribed in the sq. ABCD, 

Q. E. F. 

Ex. 1. In what parallelograms Ciin circles be inscribed ? 

Ex. 2. If, from any point in the circumference of a circle, 
straight lines be drawn to the angular points of the inscribed 
square, the sum of the squares on these four lines will be 
double of the square on the diameter. 
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Proposition IX. Problem. 

To describe a circle about a given square. 



Let A BCD be the given square. 

It is required to describe a 0 about the square* 

Draw the diagonals AC^ Bl\ intersecting each other in 0. 

Thon-.-zD^O=:z^rD, I. a. 

and z BAC= alternate z ACI), 1. 29. 

L DAC L BAC* 

Thus the diagonal AC bisects z BAD, 
and z Oyl 7? = half a rt. z . 

Similarly it may bo shewn that z OB A =half a rt. z ; 

z OBA = z OAB ; 

OA^OB. I. B. Cor. 

Similarly it may be shewn that OC=OB, and OD=^OA ; 

.*. OA, OB, OC, OD are all cqdal ; 

and .*. a 0, described with centre 0 and radius OA, will 
pass through A, B, C, D, and will be described about the 
square^ as was required. 

q. B. F, 
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Proposition X. Problem. 

To describe an isosceles triangle^ having each of the angles at 
the base double of the third angle. 



Take any st. line AB and divide it in (7, 

so that rect. AB^ BC = sq. on AC. II. 11. 
With centre A and radius AB desfcrihe the 0 BDE, 
and in it draw the chord Bl>~^iC; and join AI). IV. 5*. 

Then will A ABJ) have each of the L s at the base double 
of L BAD. 

Join CD, and about the A A(D deseri])e thcG' A(U.). IV. 5. 
Then rcct. AB, B(^ = sq. on A(\ and BD~AC, 

.'. rcct. AB, B(^ — sq. on />/>, 
and BD touches the A(D. III. 37. 

Then *.* BJ) touches <• ACD, and DC is a chord of the 


z BDC= L (M/>. 

111. 32. 

Add to each z CD A. 


Then z BDA~mni of z s (A D, (H)A, 


z BDA - z B(^D. 

I. 32. 

But z BDA - z CBD ; 

1 . A. 

z BCD = z (BD, 


and BD — (B. 

I. B. Cor. 

But BD - (LA ; 


CA ■--- CD, 


aqd .*. z CDA = z (AD. 

I. A. 

Hence sum of z s (BA, CAD ~ twice z (\ 

AD, 

z BCJ) = twice z BA D. 

r. 32. 


But z ABD .and z AJ)B are each — z B(l>, 
z ABD and z ADB are each = twice z BAJ ) ; 
and thus an isosceles a ABD has been described as was 
required. q. e. f. 
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Proposition XL Problem. 

To iiucrihe a regular pentagon in a given circle. 


IP 


Let AB(T)E be the given 0. 
ft is required to inscribe a. regular pentagon in the 
Make an isosceles z\ 77, having each of the z s at 6r, 11 
double of z at F. 

In "•) A BODE inscn])e a a 7> equiangular to A Ft/lly iv. 2. 
having zs at ^1, (t, />~thezs at I\ <}, //, respectively. 
Then z A z DAO, and z .4(7>-twicc z DAO 

Bisect the z s .1 D(\ Ail) by the chords />/>, OE, 

Join AB, BC, DE, EA. 

Then \vill ABODE be a regular pentagon. 

For *.■ z s ADO, Ail) arc each = twice z DA(\ 
and z s ADi\ Ail) are bisected by 7>/>, OE, 

^ s A Dll, BDi\ DAi\ FAD, AOE',x\Xii all equal ; 
and arcs AB, Bi \ il>, DE, FA are all equal ; III. 26. 
and .-. chords A B, Bi \ il), DF, FA are all equal. III. 2.9. 
Hence, the pentagon ABiDF is eijuilateral. 
zVga.in, *.• arc t7>=arc AB, 
adding to each arc FD, we have 
arc AFDO:^ixiv BA ED, 
and z. z BCD. III. 27. 

Similarly, z s ODE, DFA, EAB each= z ABO. 

Hence, the pentagon ABODE is equiangular. 

Thus a regular pentagon has been inscribed in the 0 . 

Q. £« F. 

Ex. Shew that CE is parallel to BA. 
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Proposition XIL Problem. 

To describe a regular pentagon about a given circle, 
a 



Let ABODE be the given @ . 

It is required to describe a regular i)entagon ah&ut the ©. 

Let the angular pts. of a regular pentagon inscribed in the © 
be at A, B, C, !>, Bj 

so that the arcs AB, BCj CD, BE, EA arc all equal. 

Through A, B, C, D, E draw GH, UK, KL, LM, MG 
tangents to the © ; 

take the centre 0, and join OB, OK, 00, OL, OD. 

Then in as OBK, OCK, 

OB—OG, and OK is common, and KB^KO, 

I. E. Cor. 

z BKO,^ L GKO, and z BOK^ z GOK, 
that is, z jBjSTCs® twice z CKO, and z BOO— twice z COK 

So also, z DiO- twice z CLO, and z DOO=atwice z OOi. 
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Now •/ arc -BC^arc OD, 
/.iBOO^iDOO, 
and /. i OOK»= l COL. 

Hence in A s OCBT, OCL, 

%• z GOK"^ L GOLy and rt. z OCBT—rt. z OGL, and 00 ia 
common, 

.% z GJEHO™ L CLO^ and GK^GLf I, b. 

and z HKL^ z MLR, and twice KG. 

Similarly it may be shewn that z s KHG, EGM, GML each 
z HKL, 

the pentagon GHKLM is equiangular. 

And since it has been shewn that twice JSTC, 
and it can be shewn that twice KBy 

and KB^KCy L E. Cor. 

HK^KL. 

In like manner it may be shevm that ifO, GMy MLy each 

the pentagon GHKLM is equilateial. 

Thus a regular pentagon has been described about the ^ . 


Q. E. F. 
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Proposition XIII. Problem. 

To inscrihe a circle in a given regular pe7itagon. 





Let ABODE be the given regular pentagon. 

It is required to inscribe a 0 m the pentagon. 

Bisect i a JSCl), ODE by the st. lines 00, DO, meeting in 0. 
Join OB, OA, OE. ^ 

Then, in a s B(J0, D0(^ 

*.* BC^DO, and 00 is common, and i BCO= l DCO, 

z z ojxf. 1. 4. 

Tlum, •/ z A BO^ z ODD, Hyp. 

and L (//>L'=twice z ODO, 

.*. z ^1 /if ' = twice z OBO. 

Hence OB bisects z AB(l 
In the same way we can shew that OA, OE bisect 
the z s BA E, A El). 

Draw OF, 00, OH, OK, ()L.\ to AB, BO, OD, DE, EA. 
Then, in As OOO, HOO, 

•/ z OiX)^ z IlOO, and z 000= z OHO, 
and 0(' is common, 

00== OIL 1.26. 

So also it may be shewn tliat OF, OL, OK are 
‘each = 0(/or OH ; 

OF, 00, OH, OK, OL are all equal. 

Hence a 0 described with centre 0 and radius OF 
will pass through G, H, K, L, 
and will touch the sides of the pentagon, 

*.* the z s at G, H, K, L are rt. z s. III. 16. 
Thus a © will be inscribed in the pentagon, q. e. p. 
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Proposition XIV. Problem, 

To describe a circle about a given regular pentagon. 



Let ABODE be the given regular pentagon. 

It in rcqui'j^d to describe a © about the pentagon. 

Bisect the z s BCDy CDE by the st lines CO, DO, meeting 
in 0. 

Join OB, OA, OE. 

Then it may be shewn, as in the preceding Proposition, that 
OB, OA, OE bisect the z s CBA, BAE, AED. 

And •.* z BCD=^ L CDE, 

and z 06T>=half z BCD, and z Oi)C=half z CDE, 
z OCD= z ODC, 
and OD=^OC. 

In the same way we may shew that OB, OA, OE 
each= OD or OC ; 

OA, OB, OC, OD, OE are all equal, 
and a 0 described with centre 0 and radius OA will pass 
through B, C, D, E, 

and wdl be described about the pentagon. 

Q. B. F. 


14 
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Proposition XV. Problem. 

To inscrihe a regular hexagon in a given circle. 



Let ABCDEF be tlic given of which O is the centre. 

It is required to inscribe a- regular hexagon in. the 0. 

Draw the diameter AOD, 

and with centre 1) and radius DO describe a 0 EOiM 
Join EO, <'0, and produce them to H and F. 

Join ^IZ^, n(\ CD, DF, EF, FA. 

Then *.* 0 is the centre of o ACE, OFj^OD \ 

and 1) is the centre of 0 CitE, OD^DE ; 

. *. OEJ) is an e(piilateral A , 

and .*. L EOl) — the third part of two rt. L s. I. 32. 

So also L JJOC— the tliird part of two rt. z s, 
and .*. z BOit=zihe tliird part of two rt. z s. I. 13. 

Thus z s EOD, J)OC, JJOC are all equal ; 
and to these the vertically opposite z s IJOA, AOF, FOE 
are equal ; T. 15. 

.-. z s AOB, BO<\ COD, DOE, EOF, FOA, arc all eipial, 
and .*. arcs AB, B(\ (tj), DE, EF, FA are all equal. 

III. 2b. 

and .*. chords AB, BC, CD, DE, EF, FA are all equal. 

III. 29. 

Thus the hexagon A BCDEF is equilateral. 

Also each of its z s== two-thirds of two rt. z s, 

.*. the hexagon ABCJDEF h equiangular. 

Thus a regular hexagon has been inscribed in the 0. 



Book IV.] 


PROPOSITION XVJ, 


*95 


Proposition XVI. Problem. 

To inscribe a regular quindecagon in a given ciroU. 



Let ABG be the given @ . 

It i$ required to inscribe in the ® a regular quindecagon. 

Let AB be the side of an equilateral A inscribed in the ® ^ 

IV. i 

and AD the side of a regular pentagon inscribed in the 

IV. 11. 

Tlien of such equal parts as the whole Oce ABC contains 
fifteen, 

arc ADB must contain five, 
and arc AD must contain three, 
and arc DB, their difference, must contain two. 

Bisect arc DB in E. III. 30. 

Then arcs DE^ KB are each the fifteenth part of the whole 
Oce. 

If then chords DE, EB be dr^wn, 
and chords equal to them be placed all round the Oce, IV. 1. 
a regular quindeciigon will be inscribed in the 


Q. B. F. 
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MiicdUmeoui Extrdsu on Book IV, 

1. The perpendiculars let fail on the sides of an equilateral 
^triangle from the centre of the circle, described about the 
triangle, are equal. 

2. Inscribe a circle in a given regular octagon. 

3. Shew that in the diagram of Prop. X. there is a second 
triangle, which has each of two of its angles double of the third* 

4. Describe a circle about a given rectangle. 

6. Shew that the diameter of the circle which is described 
about an isosceles triangle, which has its vertical angle double 
of either of the angles at the base, is equal to the base of 
the triangle. 

6. The side of the equilateral triangle, described about 9 
circle, is double of the side of the equilateral triangle, inscribed 
in the circle. 

7. A quadrilateral figure may have a circle described about 
it, if the rectangles contained by the segments of the diagonals 
be equal 

8. The square on the side of an equilateral triangle, inscribed 
in a circle, is triple of the square on the side of the regular 
hexagon, inscribed in the same circle. 

9. Inscribe a circle in a given rhombus. 

10. ABC is an equilateral triangle inscribed in a circle ; 
tangents to the circle at A and B meet in M, Shew that a 
diameter drawn from and meeting the circumference in D and 
( 7 , bisects the angle AMB, and that DG is equal to twice MD, 

11. Compare the areas of two regular hexagons, one in- 
scribed in, the other described about, a given circle. 

12. Inscribe a square in a given semicircle. 

13. A circle being given, describe six other circles, each of 
vhem equal to it, and in contact with each other and with the 
given circle. 
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14. Given the angles of a triangle, and the perpendiculars 
from any point on the three sides, construct the triangle. 

15. Having given the radius of a circle, determine its centre, 
when the circle touches two given lines, which are not parallel. 

16. If the distance between the centres of two circles, which 
out one ahother at right angles, is equal to twice one of the 
radii, the common chord is the side of the regular hexagon, 
inscribed in one of the circles, and the side of the equilateral 
triangle, inscribed in the other. 

17. If from 0, the centre of the circle inscribed in a triangle 
ABG^ ODy OBy OF be drawn perpendicular to the sides BCy 
GAy ABy respectively, and from any point P in OP, drawn 
parallel to ABy perpendiculars PQy PR be drawn upon OD 
and OE respectively, or these produced, shew that the triangle 
QBO is equiangular to the triangle ABG. 
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Euclid Papers set in the Mathematical Tripos at Cambridge 
from 1848 to 1872. 


Questions arising out of the Propositions, to which they 
.are attached, have been proposed in the Euclid Papers to 
Candidates for Mathematical Honours since the year 1848. 

A complete set of these questions, so far as they refer to 
Books is here given. The figures preceding each question 
denote the particular Proposition to .which the question was 
attached. It is expected that the solution of each question ifi| ^ 
to be obtained mainly by using the Proposition which precedes 
it, and that no Proposition which comes later in Euclid’s order 
should be assumed. 

Of some of the questions here given we have already made 
use in the preceding pages. As examples, however, of what 
has been hitherto expected of Candidates for Honours, and in 
order to keep the series of Papers complete, we have not 
hesitated to repeat them. 

1848, I. 34. If the two diagonals be drawn, shew that a 
parallelogram wUl be divided into four equal 
parts. In what case will the diagonal bisect 
the angles of the parallelogram ? 

III. 15. Shew that all equal straight lines in a circle 
will be touched by another circle. 

111. 20. If two straight lines AEB^ GED in a circle 
mtersect in E, the angles subtended by A C 
and BD at the centre are together double of 
the angle A EC, 
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2849. I. 1. By a method similar to that used in this pro- 
blem, describe on a given finite straight line 
an isosceles triangle, the sides of which shall 
be each equal to twice the base, 
n. 11. Shew that in Euclid’s figure four other lines 
beside the given line, are divided in the re- 
quired manner. 

iv. 4. Describe a circle touching one side of a triangle 
and the produced parts of the other two. 

1850. I. 34. If the opposite sides, or the opposite angles, of 

any quadrilateral figure be equal, or if its 
diagonals bisect each other, the quadrilateral 
is a parallelogram. 

II. 14. Given a square, and one side of a rectangle 

which is equal to the square, find the other 
side. • 

III. 31. The greatest rectangle that can be inscribed in 
a circle is a square. 

III. 34. Divide a circle into two segments such that the 

angle in one of them shall be five times the 
angle in the other. 

IV. 10. Shew that the base of the triangle is equal to 

the side of a regular pentagon inscribed in the 
smaller circle of the figure. 

1851. I. 38. Let ABC, ABD be two equal triangles, upon 

the same base AB and on opposite sides of 
it: join CD, meeting AB in E: shew that 
CE is equal to ED, 

h 47. If ABC be a triangle, whose angle is a right 
angle, and BE, CF be drawn bisecting the 
opposite sides respectively, shew that four 
times the sum of the squares on BE and G¥ 
is equal to five times the square on BG, 

III. 92. If a polygon of an even number of sides be in- 
scribed in a circle, the sum of the alternate 
angles together with two right angles is equal 
to as many right angles as the figure has sidea 
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1851. IV. 16. In a given circle inscribe a triangle, whose 

angles are as the numbers 2, 5 and 8. 

1852. I. 42. Divide a triangle by two straight lines into 

three parts, which, when properly arranged, 
shall form a parallelogram whose angles are 
of given magnitude. 

IT. 12. Triangles are described on the same base and 
having the difference of the squares on the 
other sides constant : shew that the vertex of 
any triangle is in one or other of two fixed 
straight lines. 

nr. 3. Two equilateral triangles are described about 
the same circle : shew that their intersections 
will form a hexagon equilateral, but not gene- 
rally equiangular. 

i853. 1. B. Cor. If lines be drawn through the extremities of the 
base of an isosceles triangle, making angles 
with it, on the side remote from the vertex, 
each equal to one third of one of the equal 
angles, and meeting the sides produced, prove 
that three of the triangles thus formed are 
isosceles. 

L 29. Through two given points draw two lines, form- 
ing with a line, given in position, an equi- 
lateral triangle. 

IL 11. In the figure, if EL be the point of division of 
the given line J.B, and BA be the side of the 
square which is bisected in E and produced 
to J, and if BEL be produced to meet BE in 
X, prove that BL is perpendicular to BFj and 
is divided by BE similarly to the given line. 

ni. 32. Through a given point without a circle draw a 
chord such that the difference of the angles 
in the two segments, into which it divides the 
circle, may be equal to a given angle. 

III. 36. From a given point as centre describe a circle cut- 
ting a given line in two points, so that the rect- 
angle contained by their distances from a fixed 
point in the line maybe equal to a given square 
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1864. I. 43. If K be the common angular point of the paral* 
lelograms about the diameter^ and BD the 
other diameter, the difference of the parab 
lelograms is equal to twice the triangle BKD. 

II. 11. Produce a given straight line to a point such 

that the rectangle contained by the whole 
line thus produced and the part produced 
shall be equal to the square on the given 
straight line. 

III. 22. If the opposite sides of the quadrilateral be pro- 

duced to meet in P, Q, and about the tri- 
angles so formed without the quadrilateral 
circles be described meeting again in P, shew 
that P, JR, Q will be in one straight line. 

lY. 10. Upon a given straight line, as base, describe an 
isosceles triangle having the third angle 
treble of eacn of the angles at the base. 

1656. I. 20. Prove that the sum of the distances of any point 
from the three angles of a triangle is greater 
than half the perimeter of the triangle. 

I. 47. If a line be drawn parallel to the hypotenuse 

of a right-angled triangle, and each of the 
acute angles be joined with the points where 
this line intersects the sides respectively oppo- 
, site to them, the squares on the joining lines 
are together equal to the squares on the hypo- 
tenuse and on the line drawn parallel to it. 

II. 9. Divide a given straight line into two parts, such 

that tlie square on one of them may be 
double of the square on the other, without 
employing the Sixth Book. 

Ill, 27. If any number of triangles, upon the same base 
BC, and on the same side of it, have their 
vertical angles equal, and perpendiculars 
meeting in D be drawn from B, C upon the 
opposite sides, find the locus of D, and shew 
that all the lines which bisect the angle BDC 
pass through the ^same point 
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1865. IV. 4. If the circle inscribed in a triangle AEG touch 
the sides AB^ ^0 in the points D, and a 
straight line be drawn from A to the centre 
of the circle, meeting the circumference in 0, 
shew that G is the centre of the circle in- 
scribed in the triangle ADB. 

1856. I. 34. Of all parallelograms, which can be formed with 

diameters of given length, the rhombus is 
tlu‘ greatest. 

II. 12. If AB^ one of the equal sides of an isosceles 
triangle ABC^ be ])rothiced beyond the base 
to D, so that BD^AB, shew that the square 
on CD is equal to the square on together 
with twice the square on BC. 

IV. 16. Shew how to derive the hexagon from an equi- 
lateral triangle inscribed in the circle, and 
from this construction shew that the side of, 
the hexagon equals the radius of the circle, 
and that the hexagon is double of the tri- 
angle. 

1857. I. 36. ABC is an isosceles triangle, of which A is the 

vertex : AB, A G are bisected in D and E 
respectively ; BE, GT) intersect in F : shew 
that the triangle ADE is equal to three times 
the triangle BEF, 

II. 13. The base of a triangle is given, and is bisected 
by the centre of a given circle, the circum- 
ference of which is the locus of the vertex : 
prove that the sum of the squares on the two 
sides of the triangle is invariable. 

III. 22. Prove that the sum of the angles in the four 
segments of the circle, exterior to the quadri- 
lateral, is equal to six right angles. 

iv. 4. Circles are inscribed in the two triangles formed 
by drawing a perpendicular from an angle of 
a triangle upon the opposite side, and analo- 
gous circles are described in relation to the 
two other like perpendiculars : prove that the 
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sum of the diameters of the six circles toge- 
ther with the sum of the sides of the original 
triangle is equal to twice the sum of the three 
perpendiculars. 

1858. L 28. Assuming as an axiom that two straight lines 
cannot both be parallel to the same straight 
line, deduce Euclid^s sixth postulate as a 
corollary of the proposition referred to. 

IL 7. Produce a given straight line, so that the sum 
of the squares on the given line and the part 
produced may be equal to twice the rectangle 
contained by the whole line thus produced and 
the produced part. 

III. 19. Describe a circle, which shall touch a given 
straight line at a given point and bisect the 
circumference of a given circle. 

•r859. I. 41. Trisect a parallelogram by straight lines drawn 
fi om one of its angular points, 
ij. 13. Prove that, in any quadrilateral, the squares 
on the diagonals are together equal to twice 
the sum of the squares on the straight lines 
joining the middle points of opposite sides. 

III. 31. Two equal circles touch each other externally, 
and through the point of contact chords are 
drawn, one to each circle, at right angles to 
each other ; prove that the straight line, 
joining the other extremities of these chords, 
is equal and parallel to the straight line 
joining the centres of the circles. 

IV. 4. Triangles are constructed on the same base with 
equal vertical angles : prove that the locus 
of the centres of the escribed circles, each of 
which touches one of the sides externally 
and the other side and base produced, is an 
arc of a circle, the centre of which is on the 
pircuraference of the circle circumscribinfif the 
triangles. 
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I860. L 85. If a straight line DME be drawn through the 
middle point M of the base BC of a triangle 
ABCj so as to cut off equal parts AD^ AE 
from the sides ABy AOy produced if neces- 
sary, respectively, then shall BI) be equal to 
CE. 

II. 14. Shew how to construct a rectangle which shall 
be equal to a given square ; (1) when the 
sum, and (2) when the difference of two ad- 
jacent sides is given. 

lit. 36. If two chords ABy AO he drawn from any point 
^ of a circle, and be produced to D and Ey 
so that the rectangle ACy AE is equal to the 
rectangle A By ADy then, if 0 be the centre 
of the circle, ^ 0 is perpendicular to DE, 

IV 10. If A be the vertex, and BD the base of the 
constructed triangle, D being one of the points/ 
of intersection of the two circles employed in 
the construction, and E the other, and AE 
be drawn meeting BD produced in Fy prove 
that FAB is another isosceles triangle of the 
same kind. 

1861 L 32. If ABO be a triangle, in which C is a right 
angle, shew how, by means of Book I., to 
draw a straight line parallel to a given 
straight line so as to be terminated by CA 
and OB and bisected by AB. 

IL 13. If ABO be a triangle, in which (7 is a right 
angle, and DE be drawn from a point D in 
^0 at right angles to ABy prove, without 
using Book III., that the rectangles ABy A E 
and ACy AD will be equal 

iiL 32. Two circles intersect in A and B, and CBD is 
drawn perpendicular to AB to meet the 
circles in C and D ; if AEF bisect either the 
interior or exterior angle between CA and 
DAy prove that the tangents to the circles at 
E and F intersect in a point on J B produced. 
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1861. IV. 4. Describe a circle touching the side J9f0 of the 

triangle ABC, and the other two sides pro- 
duced, and prove that the distance between 
the points of contact of the side BG with the 
inscribed circle, and the latter circle, is equal 
to the difference between the sides AB and 
AO. 

1862. 1. 4. Upon the sides AB, BG, and GD of a parallelo- 

gram A BCD, three equilateral triangles are 
described, that on BG towards the same parts 
as the parallelogram, and those on AB, CD 
towards the opposite parts. Prove that the 
distances of the vertices of the triangles on 
AB, CD, from that on BG, are respectively 
equal to the two diagonals of the parallelo- 
gram. . 

II. 10. Divide a given straight line into two parts, so 
that the squares on the whole line and on 
one of the parts may be together double of 
the square on the other part. 

III . 28. A triangle is turned about its vertex, until one 

of the sides intersecting in that vertex is in 
the same straight line as the other previously 
was : prove that the line, joining the vertex 
with the point of intersection of the two 
positions of the base, produced if necessary, 
bisects the angle between these two positions. 

IV. 10. Prove that the smaller of the two circles, em- 

ployed in Euclid’s construction, is equal to 
the circle described about the required tri- 
angle. 

1863. I. 47. Two triangles ABC, A'B'G' have their sides 

respectively parallel, BBi, CGi are drawn 
perpendicular to B'G] GG^ A At to G'A'; and 
AAi, BBt to A'B\ Prove that the sum of the 
squares on ABi, BGt, GA^ together, is equal 
to the sum of those on ACi, BAt, GBt together. 

IL 11. Divide a given straight line into two parts, such 
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that the rectangle contained by the whole and 
one part may be equal to that contained by 
the other part and a given straight line. 

1863. III. 28. Two equal circles intersect in ^ ; PiJT 

perpendicular to AB meets it in P, and the 
circles in P, Q. AP, BQ meet in P ; AQj 
BP in /S’ : prove that the angle RTS is bi- 
sected by TP. 

1864. I. 38. If a quadrilateral figure have two sides parallel 

and the parallel sides be bisected, the lino 
joining the points of bisection shall pass 
through the point in which the diagonals cut 
one another. 

iL 14. Divide a given straight line (when possible) 
into three parts such that the rectangle con- 
tained by two of them shall be equal to a 
given rectilineal figure, and that the squares 
on these two parts shall together be equal to 
the square on the third. 

III. 36, If from a given point A without a given circle 
any two straight lines APQ, ARS^ be drawn, 
making equal angles with the diameter which 
passes through Ay and cutting the circle in 
P, Qy and P, Sy respectively, then PSy QRy 
shall cut one another in a given point. 

nr. 11. If a figure of any odd number of sides have all 
its angular points on the same circle, and all 
its angles equal, then shall its sides be equal. 

1866. L 20. Give a geometrical construction for finding a 
point in a given straight line, the difference of 
the distances of which from two given points 
on the same side of the line shall be the 
greatest possible. 

II. 12. The ‘base BO of an icosceles triangle ABC it 
produced to a point D ; AD is joined, and in 
AD SL point E is taken, such that the rect- 
angle ADy A Ey is equal to the square on either 
of the eaual sides J.P, A (7, of the triangle ; 
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prove that the rectangle BD^ GD is equa’ to 
the rectangle AD^ ED. 

1865. in. 18. A given straight line is drawn at right angles 

to the straight line joining the centres of two 
given circles : prove that the difference be- 
tween the squares on two tangents drawn, 
one to each circle, from any point on the 
given straight line, is constant. 

IV. 5. Having given one side of a triangle, and the 
centre of the circumscribed circle, determine 
the locus of the centre of the inscribed circle. 

1866. 1 . 33. Prove that a quadrilateral, which has two op' 

posite sides and two opposite obtuse angles 
equal, is a parallelogram. 

Shew that the figure is not necessarily a paral- 
lelogram, if the equal angles are acute. 

11 . 9. Prove this also by superposition of the squares 
or their halves. 

(II. 32. If four circles be drawn, each passing through 
three out of four given points, the angle be- 
tween the tangents at the intersection of two 
of the circles is equal to the angle between 
the tangents at the intersection of the other 
two circles. 

IV, 2. In a given circle inscribe a triangle such that 
two of the sides of the triangle shall pass 
through given points and the third side be at 
a given distance from the centre of the given 
circle. 

1867. I. 16. Any two exterior angles of a tiiangle are together 

greater than two right angles. 

I. 43. What is the greatest value which theee comple- 

ments, for a given parallelogram, can have ? 

II. 11. Divide a given straight line into two parts such 

that the squares on the whole line and on one 
of the parts shall be together double of the 
square on the other part 
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1867. III. 22. If the chords, which bisect two angles of a 

triangle inscribed in a circle, be equal, prove 
that either the angles are equal, or the third 
angle is equal to the angle of an equilateral 
triangle. 

1868. I. 41. OKBM and OLDN are parallelograms about 

the diameter of a parallelogram ABGD, In 
MN, which is parallel to BA, take any point 
P and prove that, if PC, produced if neces- 
sary, meet KL in Q, BP will be parallel 
to DQ. 

II. 12. In a triangle ABC, D, E, F are the middle 

points of the sides BC, CA, AB respectively, 
and K, L, M are the feet of the perpendi- 
culars on the same sides from the opposite 
angles. Prove that- the greatest of the rect- 
angles contained by BC and DK, CA ai?d 
EL, AB and FM, is equal to the sum of the 
other two. 

III. 36. Through a point within a circle, draw a chord, 

such that the rectangle contained by the whole 
chord and one part may be equal to a given 
square. 

Determine the necessary limits to the magni- 
tude of this square. 

IV. 4. If two triangles ABC, A'B'(7 be inscribed in 
the same circle, so that AA' BBf CCL meet 
in one point 0, prove that, if 0 be the centre 
of the inscribed circle of one of the triangles, 
it will be the centre of the perpendiculars of 
the other. 

1869. I. 40. ABCh a triangle, E and F are two points ; if 

the sum of the triangles ABE and BCE be 
equal to the sum of the triangles ABF and 
BCF, then under certain conations EF will 
be parallel to ^0. Find these conditions, 
and determine when the difference instead of 
the sum of the triangles must be taken. 
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1869. II. 11. Shew that the point of section lies between me 

extremities of the line. 

III. 33. An acute-angled triangle is inscribed in a 

circle, and the paper is folded along each of 
the sides of the triangle : Shew that the 
circumferences of the three segments will pass 
through the same point. State the equivalent 
proposition for an obtuse-angled triangle, 
rv. 11. Shew that the circles, each of which touches 
two sides of a regular pentagon at the ex- 
tremities of a third, meet in a point. 

1870. I. 26. ABGD is a square and E a point in BG ; a 

straight line EF is drawn at right angles to 
AE^ and meets the straight line, which bisects 
the angle between CD and BG produced in a 
point F : prove that AE is equal to EF, 
n. 9. The diagonals of a quadrilateral meet in E^ and 
F is the middle point of the straight line 
joining the middle points of the diagonals : 
prove that the sum of the squares on the 
straight lines joining E to the angular points 
of the quadrilateral is greater than the sum of 
the squares on the straight lines joining F to 
the same points by four times the square 
on EF, 

HI, 32. AB, CD are parallel diameters of two circles, 
and AG cuts the circles in Py Q: prove that 
the tangents to the circles at P, Q are parallel 

IV. 10. Hence shew how to describe an equilateral 

and equiangular pentagon about a circle with- 
out first inscribing one. 

1871. I. 38. Through the angular points A, B, Gy of a 

triangle are drawn three parallel straight lines 
meeting the opposite sides in A', JS', (7 re- 
spectively : prove that the triangles ABOy 
BGA'y GA'B' are all equal 

II. 10. Produce a given straight line so that the square 
on the whole line thus produced may be 
double the square on the part produced 
15 
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1871 . III. 38 . The opposite sides of a quadrilateral inscribed 

in a circle are produced to meet in P, Q, and 
about the four triangles thus formed cirdes 
are described : proTe that the tangents to these 
circles at P and Q form a quadrilateral equal 
in all respects to the original^ and that the 
line joining the centres of the circles, about 
the two quadrilaterals, bisects PQ. 

IV. 5. A triangle is inscribed in a given circle so as 
to have its centre of perpendiculars at a given 
point : prove that the middle poinl» of its 
sides lie on a fixed circle. 

1872. I. 47 If GE^ BD be the squares described upon the 

side ACy and the hypotenuse ABy and if 
EBy CD intersect in P, prove that AF bi- 
sects the angle EFD. 

III. 22. Two circles intersect in A, P : PAP', QAQ^ are 

drawn equally inclined to AB to meet the 
circles in P, P', Q, : prove that PP' is 
equal to QQ\ 

IV. 4. Having given an angular point of a triangle, the 

circumscribed circle, and the centre of the in- 
scribed circle, construct the triangia 
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SECTION I. 

On Midltiples and Equimultiples, 

Dkf. I. A GREATER ma^itude is a Multiple of a less magni- 
tude^ when the greater contains the less an exact number 
of times. 

Def. II. A LESS magnitude is a Sub-multiple of a greater 
magnitude, when the less is contained an exact number of 
times in the greater. 

These definitions are applicable not merely to Geometrical 
magnitudes, such as Lines, Angles, and Triangles ; but also to 
such as are included in the ordinary sense of the word Magni- 
tude, that is, anything which is made up of parts like itself, 
such as a Distance, a Weight, or a Sum of Money. 


Postulate. 

Any one magnitude being given, let it be granted that any 
number of other magnitudes may be found, each of which is 
equal to the first 


Method op Notation. 

Let A represent a magnitude, not {is one of the letters used 
in Algebra to represent the measure of a magnitude, but let A 
stand for the magnitude itself. Thus, if we regard A as repre- 
senting a weight, we mean, not the nwnhsr of pounds con- 
tained in the weight, but the weight itself. 
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Let the words B together represent the magnitude obtained 
by putting the magnitude B to the magnitude A, 

Let Af A together be abbreviated into 2-4, 

-4, -4, -4 together 3J, 

and so on. 

Let Ay A repeated m times be denoted by m4, 

m standing for a whole number. 

Let mAy mA repeated n times be denoted by nm-d, 

whore nm stands for the arithmetical product of tlie whole 
numbers n and m. 

Let (m+n) -4 stand for the magnitude obtained by putting 
nA to mAy m and n standing for whole numbers. 

These, and these only, are the symbols by which we propose 
to shorten and simplify the proofs of this Book : capital 
letters standing, in all cases, for magnitudes ; and small letters 
standing for whole numbers. 


Scales of Multiples. 

By tiiking a number of magnitudes each equal to Ay and 

putting two, three, four of them together, we obtain a set 

of magnitudes, depending upon A, and all known when A is 
known ; namely. 

Ay 2-4, ZAy 4-4, 6-4 and so on ; 

each being obtained by putting A to the preceding one. 

This we call the Scale of Multiples of A. 

If m be a whole number, mA and mB are called Egui- 
multiples of A and By or, the same multiples of A and B 
respectively. 


Axioms. 

1. Equimultiples of the same, or of equal magnitudes, are 
equal to one another. 

2. Those magnitudes, of which the same, or equal, magni- 
tudes are equimultiples, are equal to one another. 
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3 . A multiple of a greater magnitude is greater than the 
same multiple of a less. 

4 . That magnitude, of which a multiple is greater than the 
same multiple of another, is greater than that other magni- 
tude. 

Note 1. If A and B be two commensurable magnitudes, it 
is easy to show that there is some multiple of A, which is 
equal to some multiple of B. 

For let ilf be a common measure of A and B; then the 
scale of multiples of M is 

M, 2Af, 3M, 

Now one of the multiples in this sade, suppose pM, is equal to A, 
and one suppose qM, B. 

Hence the multiple qpM is equal to qA, V. Ax. 1. 

and the same multiple* is equal to pB ; 

•and therefore qA = pB. 1 . Ax. 1, 


Proposition I. (Eucl. v. 1.) 

If any number of magnitudes he equimultiples of as many, 
each of each ; whatever multiple any one of them is of its sub- 
multiple, the same multiple must all (he first magyiitudes, taken 
together, be of all the other, taken together. 

Let A be the same multiple of 0 that B is of D. 

Then must A, B together be the same multiple of C, D togethei 
that A is of G. 

Let A ms G, G, G repeated m times. 

Then B ^ D,D,D repeated m times. 
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Proposition II. (Eucl. v, 2.) 

If the first be the same multiple of the second that the third is 
of the fourth^ and the fifth the same multiple of the second that 
the sixth is of the fourth ; the fi/rst together mth the fifth must be 
the same multiple of the secondy that the third together with the 
sixth is of the fourth. 

Let Ay By Gy Dy Ey F bc six magnitudes, such that 
A is the same multiple of By that G is of Dy and 
E is the same multiple of By that F is of D. 

Then must Ay E together be the same multiple of By 
* that Gy F together is of D, 

Let A = By By By repeated m times ; 

then G ^ DyDy Dy repeated m times. 

Also, let E ^ By By By repeated n times ; 

then F =» Z>,D,D, ^.repeated n times. 

Ay E together == By By By repeated m + n times, 

and Gy F together *= D, D, A repeated w+n times. 

Ay E together is the same multiple of By 
tltud; Gy F together is of D. 

Q. K. D. 


Proposition III. (Eucl. v. 3.) 

If the first be the some multiple of the second that the third 

is of the fourth; and if of the first and third there be taken 

equimultipUsy these must be equimultipleSy the one of the seeondy 
and the other of the fourth. 

Let A be the same multiple of B that C is of ; 
and let E and F be taken equimultiples of A and G. 

Then must E and F be equimultiples of B and D, 

For let A = By B, repeated m times=m^ ; 

then G ^ Dy Dy repeated m times =«w2). 

Again, let E ^ A, A, repeated n times ; 

then F*^ Gy G, repeated n times. 

E «» mBy mBy repeated n times^nmB j 

andJ^ a= mD, mDy repeated n times 

E is the same multiple of B that F is of D, 

Q. R. D. 
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SECTION II. 

On Ratio and Proportion, 

Def. III. If A and B be magnitudes of the same kind^ the 
relative greatness of A with respect to ^ is called the ratio of 
A to B, 

Note 2. When A and B are commensurable, we can estimate 
their relative greatness by considering what multiples they are 
*of some common standard. But as this method is not appli* 
cable when A and B are incommensurable^ we have to adopt 
a more general method, applicable both to commensurable and 
incommensurable magnitudes. 

If A and B be magnitudes of the same kind, commensurable 
or incommensurable, the scale of multiples of ^ is 

A,2A,. ,mA, (w + i)A . . . 2mA, (2m + 1)^4 . . .3mA . , ,7mA . . . 

and the Ratio, of B to .4 is estimated by considering the posi- 
tion which B, or some multiple of B, occupies among the 
multiples of A. 

If A and B be commensurable, a multiple of B can be found, 
such that it would occupy the same place among the multiples 
of A, which is occupied by some one of the multiples of A ; 
that is, this particular multiple of B represents the same 
magnitude as that, which is represented by some one of the 
multiples of A, See Note 1, p, 213. 

If, for example, the 7th multiple in the scale of B represents 
the same magnitude as that which is represented by tha5th 
multiple in the scale of A, or in other words, if IB » hA, we 
are enabled to form an exact notion of the greatness of B 
relatively to A. 
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When A and B are incommensurable, the relation mA^nB 
can have no existence ; that is, no pair of multiples, one in 
each of the scales of multiples of A and J5, represent the same 
magnitude. But we can always determine whether a •par- 
ticular multiple of B be greater or less than some one of the 
multiples of A ; that is, we can always find between what two 
successive multiples of A any given multiple of B lies. 

Hence, whether A and B be commensurable or incommen- 
surable, we can always form a third scale, in which the 
multiples of B are distributed among the multiples of A, 

Suppose, for example, we discover the following relations 
between particular multiples of A and B : 

B greater than A and less than 2A, 

2B greater than 3^ and less than 4 A, 

SB greater than nA and less than 6 A, 

and so on ; the third scale will commence thus 

A, J5, 2A, SA, 2B, 4JI, 54, 37;, i\A, 

and so on ; the scale not being formed by any law, but con> 
structed by special calculations for each term. 

Such a scale we call the Scale of Relation of A and B, 
and we give the following Definition : — 

The Scale of Relation of two magnitudes of the same kind 
is a list of the multiples of both ad infinitum^ all arranged in 
order of magnitude, so that any multiple of either magnitude 
being assigned, the scale of relation points out between which 
multiples of the other it lies. 


Note 3. It may here be remarked that, if A and B be 
two finite magnitudes of the same kind, however small B may 
be, we may, by continuing the scale of multiples of B suffi- 
ciently far, at len^h obtain a multiple of B greater than A. 

Also, if B be less than 4, one multiple at least of the scale 
of B will lie between each two consecutive multiples of the 
scale of 4. From these considerations we shall be justified in 
assuming 
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(1.) That we can always take mB greater than A or than fA, 

(2.) That we can always take nB such that it is greater than 
•pA but not greater than qA, provided that B is less 
than Ay and p than q. 

We can now make an important addition to Definition in,, 
so that it will run thus : — 

If A and B be magnitudes of the same kind, the relative 
greatness of A with respect to B is called the Ratio of A to B, 
and this Ratio is determined by, that is, depends solely upon, 
the order in which the multiples of A and B occur in the 
Scale of Relation of A and B, 


Def. IV. Magnitudes are said to have a Ratio to each other, 
which can, being multiplied, exceed each the other. 


This definition is inserted to point out that a ratio cannot 
exist between two magnitudes unless two conditions be ful- 
filled first, the magnitudes must be of the same kind ; 
secondly, neither of them may be infinitely large or infinitely 
small. See Note 3. 

Def. V. When there are four magnitudes, and when any 
equimultiples of the first and third being taken, and any equi- 
multiples of the second and fourth, if, when the multiple of the 
first is greater than that of the second, the multiple of the 
third is greater than that of the fourth, and when the multiple 
of the first is equal to that of the second, the multiple of the 
third is equal to that of the fourth, and when the multiple of 
the first is less than that of the second, the multiple of the 
third is less than that of the fourth, then the first of the 
original four magnitudes is said to have to the second the 
same ratio which the third has to the fourth. 
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Note 4. — To make Def. v. clearer we give the following 
illustration. Suppose Jl, jB, G, D to be four magnitudes ; the 
scales of their multiples will then be — 

A, 2Aj SA mA 

B, 2JB, 3B uB 

0, 20, 30 mO 

, I), 2D, SD nfi ; 

where mA, mO stand for any equimultiples of A and O, and 
7f.B, nD stand for any e(piimultiples of B and D: then the 
Definition may bo stated more briefly thus : 

• A is said to have tlie same ratio to B which 0 has to D, 
when niA is found in the same position among the multiples 
of B, in' which niG is found among the multiples of I ) ; or, 
which is the same thing, ivhe7i the order of (he multiples of A 
and B in the Scale of Bclaflon of A a^pl D, is imcisely the same 
as the order of the multiples of 0 a7id I) in the Scale of Relation 
of 0 and D ; or, when every multiple of A is found in the same 
position among the multiples of B, in which the same multiple 
of C is found among the multiples of D. 

Note 5. The use of Def. v. will be better understood by 
the following application of it. 

To show that rectanyles of equal altitude are to one another 
as their bases. 



Let AC, ac be t^o rectangles of equal -altitude. 

Let B, B' and R, R' stand for the bases and the areas of 
these rectangles respectively. 

Take AD, DE, EF, m in number, and all equal, 

And ad, de, ef,fg, gh, in number, and all equal. 
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Complete the rectangles, as in the diagram. 

Then base AF « mi5, 
base ah ■* nJff, 
rectangle AF =* mBy 
rectangle ap « nB\ 

Now we can prove, by superposition, that if A F he greater 
than ahy AP will be greater than ap, and if equal, equal ; and 
if less, less. 

That is, if mB be greater than nB\ mR is greater than nR\ 
and if equal, equal ; and if less, less. 

Hence, by Def. v., 

B is to B as R is to 2J'. 

Hence we deduce two Corollaries, which are the foundation 
of the proofs in Book vi. 

Cor. I. Parallelograms of equal altitude are to one another 
as their bases. * 

• • For the parallelograms are equal to rectangles, on the same 
bases and between the same parallels. 

CoR. II. Triangles of equal altitude are to one another ax 
their bases. 

For the triangles are equal to the halves of the rectangles, 
on the same bases and between the same parallels. 

N.B , — These Corollaries are proved as a direct Proposition 
in EucL VI. 1. Cor. ii, could not, consistently with Euclid’s 
method, be introduced in this place, for it assumes Proposi- 
tion XI. of Book V. 

Dbf. VI. Magnitudes which have the same ratio are called 
Proportionals. 

If A, B,G,D be proportionals, it is usually expressed by 
saying, -iistoBasOistoD, 

The magnitudes A and 0 are called the Anteeede7its of the ratios. 
B and D Consequents 

The antecedents are said to be homologous to one another, 
that is, occupying the same position in the ratios (6/iAoyoi), and 
the consoquenU are said to be homologous to one another. 
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Dbf. VII. When of the equimultiples of four magnitudes, 
taken as in Def. v., the multiple of the first is greater than [or 
is equal to] the multiple of the second, but the multiple of the 
third is not greater than [or is less than] the multiple of the 
fourth, then the first is said to have to the second a greater 
ratio, than the third has to the fourth. 

Note 6. The meaning of Def. vii. may be expressed, after 
taking the scales of multiples as in the explanation of Def. v., 
thus : — 

A is said to have to jB a greater ratio than C has to D, 
when two whole numbers m and n can be found, such that 
mA is greater than n B, but mG not greater than nZ> ; or, 
such that mA is equal to but mC loss than nD* 
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SECTION III. 


Cofiiaining the Propositions most frequently referred to in 
Book VI. 


Note 7. The Fifth Book of Euclid may be regarded in two 
aspects : first, as a Treatise on the Theory of Ratio and Propor- 
tion, complete in itself, and depending in no way on the pre- 
ceding Books of the Elements ; and secondly, as a necessary 
introduction to the Sixth Book. 

If we make the number of references in Book vi. a test of 
the importance of particular Propositions in Book v., they 
will be arranged in the following order 


Proposition v. is referred to 23 times. 


IT 

W 

VI. 


14 

99 

n 

vni. 

f9 

7 

99 


XXI. 

99 

5 

99 


xvni. 

99 

3 

99 


xir. 

99 

2 

99 

Propositions x., xi. 

XV., xvi., 

XIX., 

XXII., are referred to once. 


It is desirable, then, that the student should observe that 
the three Propositions, which are of especial importance for 
Book VI., are included in this Section. 
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Proposition IV. 

If four magnitudes he proportionalsy and any equimultiples 
be taken of the first and thirds and also any equimultiples of 
the second and fourth, if the multiple of the first be greater than 
that of the second, the multiple of the third must be greater tha/n 
that of the fourth ; and if equal, equal ; aud if less, less. 

Let .4 be to jB as 0 is to jD, 

and let any equimultiples mA, mC be taken of A and ft 

and any equimultiples nB, nD. of B and D. 

Then if mA be greater them nB, mC must be greater than nD ; 
and if equal, equal ; if less, less. 

For if mA be greater than nB, but mC not greater than 

nD, then will A have to B a, greater ratio than G has to D ; 

which is not the case. V. Def. 7r . 

Hence if mA be greater than nB, mC must be greater than nD. 

Similarly it may be shown that, if mA be equal to, or less 
than, nB, mC must also be equal to, or less than, nD. 

Q. E. D. 

N.B. — We have added this Proposition to meet an objection, 
which might be made to a reference to Definition v., when the 
converse of that Definition is wanted. This reference is of 
frequent occurrence in Simson s edition. 


Proposition V. (EucL v. 11.) 

Batios that are the same to the same ratio, are the same to one 
another. 

Let ^ be to D as (7 is to D, 
and -B be to as 0 is to D. 

Uien must Abe to B cls B is to F. 

Take of A, G, E any equimultiples mA, mG, mE. 
and of B, D, F any equimultiples nB, nD, n¥ 
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Then *.• b to 5 as 0 is to D, 

/. if mA be greater than nB^ mO is greater than nZ> ; 
and if equals equal ; if less, less. V. 4. 

Again, *.* C is to D as J? is to J*, 
if mC be greater than nD, mB is greater than nF ; 
and if equal, equal ; if less, less. V. 4. 

Hence, if mA be greater than n£, mE is greater than nF ; 
and if equal, equal ; if less, less. 

A is to B as jB is to B*. V. Def. 5. 

Q. IL D. 


Proposition VI. (Eucl. v. 7.) 

Equal magnitudes hme the same ratio to the same magni- 
tude ; and the same has th^ same ratio to equal magnitudes. 

Let A and B be equal magnitudes, and G any other magni- 
tude. 

Then must A he to G as B is to (7, 
and G must be to A as G is to B, 

Take mA and mB any equimultiples of A and B, 
and nG any multiple of G, 

Then A » B, mA =* mB, V. Ax. 1. 

/. if mA be greater than n(7, mB is greater than nG ; 
and if equal, equal ; if less, less. 

A is to 0 as J5 is to G, V, Def. 5. 

Again, if nG be greater than mA, nG is greater than mB\ 
and if equal, equal ; if less, lesa 


• 0 b to A as 0 is to B. 


V. Def. 6. 

a IL u 
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Proposition VII. (Bud. v. 8.) 

Of two unequal magnitudes, the greater has a greater ratio to 
any other magnitude than the less has ; and the same magnitude 
has a greater ratio to the less, of two other magnitudes, than it 
has to the greater. 

Let A and B be any two magnitudes, of which A is the 
greater, and let D be any other magnitude. 

Then must the ratio of A to D he greater 
than the ratio of B to D, 

Take such equimultiples Of A and B, qA and qB, 
that each of them may be greater than i>. Note 3, p. 216. 

Then A is greater than B, 

,\ qA is greater tlian qB. V. Ax. 3. 

Let qA »= qB, R together. 

Then, however small R may be, we can find a multiple of 
R, suppose mR, such that mR is greater than qB, Note 3. 

Take equimultiples of qA and qB, mqA and mqB, and take 
a multiple of D, nD, such that nD is not less than mqB and 
not greater than (mq + q) B, Note 3. 

Then *.• mqA = mqB, mR together, V. 1. 

and mR is greater than qB, 

.*. mqA is greater than {mq + q) B, 
and, a fortiori, mqA is greater than nD. 

But mqB is not greater than nD, 

.*. the ratio of A to D is greater than the ratio of B to D. 

V. Def. 7. 

Also, the ratio of D to B must be greater than the ratio oj 
0 to A. 

For, the same multiples being taken as before, 
nD is ncfc less than mqB, 
and nD is less than mqA, 

\ D has to B a greater ratio than D has to A, 

V. Def. 7. 
a a. D. 
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Proposition VIII. (Eucl. v. 9.) 

MagnitudeSf which have the same ratio to the same magnii/ade^ 
are eqiLol to oru another ; and those, to which the same magni- 
tude has the same ratio, are equal to one another. 

Let A and B have the same ratio to 0. 

Then must A =• B, 

For if A were greater than B, 

A would have a greater ratio to G than B has to C ; V. 7. 
which is not the case. 

And if A were less than B, 

B would have a greater ratio to 0 than A has to C ; V. 7. 
which is not the case. 

.-. A=^B. 

Next, let G have the same ratio to A that G has to B, 

Then must A = B. 

For we can show, as before, that A cannot be greater or less 
/. A ^ B, Q. B. D. 

Proposition IX. (Eucl. v. 10.) 

That magnitude, which has a greater ratio than another has 
to the same magnitude, is the greater of the two; and that 
mo/gnitude, to which the sa/nie has a greater ratio than it has 
to another magnitude, is the less of the two. 

Let A have to 0 a greater ratio than B has to G, 

Then must A he grecUer than B, 

For if A were equal to B, then would A have the same 
ratio to G that B has to G ; which is not the case. V, 8. 

And if A were less than B, then would A have to G a ratio 
less than that which B has to G ; which is not the case. V. 7. 

• A is greater than B, 

Next, let G have a greater ratio to B than it has to A, 

Then must B be less than A, 

For if B were equal to A, then would G have the same ratio 
to B which it has to A ; which is not the case. V. 8. 

And if B were greater than A, then G would have to B a 
ratio less than that which G has to A ; which is not the 

V. 7. 

Q. B. D. 


case. 


B is less than A, 
16 
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Pboposition X. (Eucl. v. 12*) 

If any nimber of magnitudes be proportioncdsj as one of the 
antecedents m to its consequeniy so must all the antecedents taken 
together be to all the consequents. 

Let any number of magnitudes Ay By Gy 1>, Eyh\..ho proportionals, 

that is, ^ to B as 0 to and as i/’ is to F,,, 

Then must Abe to Bos Ay Gy E. together is to By D, F. ..together. 

Take of Ay Gy jB,...any equimultiples mAy m(7, mE... 
and of By D, F.,.txnY equimultiples nB, nDy nF.,, 

Then *.• is to B as 0 is to D and as E is to F... 

if mA be greater than nB, mG is greater than nB, 
and mE is greater than nF... ; and if equal, eqmil ; if less, 
less. V. 4. 

if mA be greater than nB, mAy mO, mB... together are 
greater than nB, nB, nB... together ; and if equal, equal; if 
less, less. 

Now mA and mAy mO, mB. . .together are equimultiples, of 
A and Ay Gy B. . .together. V. 1. 

And nB and nB, nDy nB... together are equimultiples of 
B and B, B, B... together. 

A is to B as Ay Gy B... together is to B, B, B. . .together. 

V. Def. 6. 

Q. B. D. 

Proposition XI. (Eucl. v. 16.) 

Magnitudes have the same ratio to one another which their 
equimultiples have. 

Let A be the same multiple of G that B is of B. 

Then must G be to D as A to B. 

Divide A into magnitudes B, F, Gf,...each equal to 0, 
and B into magnitudes i/, K, B,...each equal to B, 
the number of the magnitudes being the same in both cases, 
because A and B are equimultiples of G and B. 

Then B, B, G are all equal, 

and Hy K, L arc all equal 

.•. B is to B, as B to X, as B to B... V. 6 

.% B is to B as B, B, G... together is to BT, X, L.. 
together, V. 10 

that is, BistoBasAtoB; 
and B te 0, and B B, 

C is to B as A to B. 


Q. K. a 
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SECTION IV. 


On Proportion by Inversion^ Alternation^ and Separation 

Proposition XII. (Eucl. v. B.) 

If fmvr mdgnitudes he proportionals, they must also be pro- 
poxtionals when taken inversely. 

Let bo to B as (7 is to Z). 

Then inversely B must he to A as D is to C, 

Take of A and G any equimultiples mA and mC, 
and of B and D any equimultiples nB and nD. 

Then *.• -4 is to B as 0 is to i>, 

if mA be greater than nB, mG is greater than nD; and 
if equal, equal ; if less, less. V. 4. 

Hence, if nB bo greater than mA, nD is greater than mG ; 
*and if equal, equal ; if less, less. 

/. is to ^ as Z> is to O. V. Def. 6. 

^ R. D. 
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Proposition XIIL (EucL v. 13.) 

If the first has to the second the name ratio which the third has 
to the fov/rthf but the third to the fowrih a greater ratio than the 
fifth has to the sixth ; the fi/rst must also home to the second a 
greater ratio than the fifth has to the sixth. 

Let A have to B the same ratio that G has to D, 

but 0 to D a greater ratio than E has to F. 

, 'Fhen must A ha/ve to B a greater ratio than E has to F. 

For G has to D a greater nitio than E has to 
we can find such equimultiples of G and E, suppose mG and m E, 
and such equimultiples of D and Fy suppose nD and nFy 
that mG is greater than nDy but mE not greater than nF. 


Then *.* is to as 0 is to D, 

V. Def. 7. 
Hyp. 

and mG is greater than nDy 
/. mA is greater than nB. 

V. 4. 

And mE is not greater than nF. * 

^ has to ^ a greater ratio than E has to F. 

V. Def. 7. 


Q. E. D. 


Proposition XIV. (Eucl. v. 14.) 

If the first has to the second the same rcUio which the third 
hcLS to the fowrih ; theuy if the fi/rst he greater than the third the 
second must be greater than the fowrih ; cmd if equcdy egfial ; 
tmd if lessy less. 

Let A have the same ratio to B that 0 has to i)« 

Then if A he greater than G, B must he greater than 2>, 

For A is greater than 0, 
and B is any other magnitude, 

ii has a greater ratio to B than 0 has to S. 7. 7 * 
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But uiistojBasOistoD. 

/. C has a greater ratio to D, than 0 has to B. V. 13 . 
J5 is greater than D. V. 9. 

Similarly it may be shown that if be less than 0, B must 
less than D \ and that if ^ be equal to Gj B must be equal 

D . Q. E. D. 


Proposition XV. (Eucl. v. 10.) 

If f(mr magnitudes of the same kind he proportionals, thefj 
must also be proportionals when taken alternately. 

Let A, B, G, D be four magnitudes of the same kind, and 
let ^ be to B as 0 is to D. 

Then alternately A must he to G as B is to D, 

Take of A and B any equimultiples mA and mB, 
and of G and D any equimultiples nG and nD. 


Then *.* mA is to mB as .4 is to B, V. 11. 

and 0 is to D && A ve io B, Hyp, 

mA is to mB as G is to Z>. V. 6. 

But nG is to nD as C is to ; V. 11. 

and mA is to mB as nG is to nD. V. 5. 

If .% mA be greater than ?i(7, mB is greater than nD ; 
and if equal, equal ; if less, loss. V. 14. 

• .d is to C as B is to D. V- Def. 6, 

a 1 . n. 
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Proposition XVI. (End, v. 18.) 

If magnitudes taken sepa/rately he proportionals^ they must he 
proportionals also when taken jointly. 

Let A have the same ratio to B that 0 has to D, 

Then must B together have the same raJtio to B, 
that C, D together has to i>. 

First, when all the magnitudes are of the same kind, 

*.* A is to as (7 is to D, 

is to (7 as is to D. V. 16, 

Af B together is to (7, D together as jB is to D, V 10. 

and Ay B together is to JB as 0, D together is to D. V. 15. 

Next, when all the magnitudes are not of the same kind, we 
may employ a method of proof which includes the formfer 
case : thus — 

Take of A, B, C, D any equimultiples mA, mB, mC, mD, 
and of B and D take any equimultiples nB, nD, 

Then *.* JL is to jB as C is to D, 

if mA be greater than nBj mC is greater than nD ; and 
if equal, equal ; if less, less. Y. 4. 

If then mAy mB together be greater than mBy nB together, 
mCy mD together is greater than m(7, nD together ; 
and if equal, equal ; if less, less. 1. Ax. 2, 4. 

Now mAy mB together is the same multiple of A, B together 

that mCy mD together is of (7, D together ; V. 1. 

and mB, nB together is the same multiple of B 

that mD, nD together is of D, V. 2. 

•*. Ay B together is to .B as (7, D together is to i>. V. Def. 6, 

Q. IB. D. 
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SECTION V. 

Containing the Propositions occasionally referred to in 
Booh VL 

Proposition XVII. (Eucl. v. 4.) 

If the first of four magnitudes has to tJie second the same ratio 
which the third has to the fourth^ and any equimultiples of the 
first and third be takeUy and also any equimultiples of the second 
and fourth, then must the multiple of the first ha/ve the samu 
ratio to the multiple of the second which the multiple of the 
third has to that of the fourth. 

If ^ be to ^ as 0 is to D, 

and mA, mC be taken equimultiples of A and G, 
and nB, nD of B and D, 

then must mA be to nB as mC is to nD. 

Take of mA, mG any equimultiples pmA, pmG, 

and of nB, nD qnBy qnD. 

Then pmA, pmG are equimultiples of A and C, V. 3. 

and qnB, qnD of B and D. V. 3. 

• And %• A is to B as C is to D, 

/. if pmA be greater than qnB, 

pmG is greater than qnD ; V« 4. 

and if equals equal ; if less, less. 

Then *.* pmA, pmO are equimultiples of mA, mO, 
md qnB, qnD of nJB, nD, 

mA is to n£ as mG is to nD. V. Def. 5. 

a a. D. 
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Proposition XVIII. (Eucl. v. A,) 

If (he first of four magnitudes have the same ratio to the 
second that the third has to the fourth^ then, if the first be greater 
than the second, the third must he greater than the fourth ; and 
^if equal, equal ; and if less, less. 

Let A be to i? as 0 is to D. 

Then if A be greater than B, 0 must be greater than D ; 
and if equal, equal ; and if less, less. 

Take any equimultiples of each, mA, mB, mC, ml). 

Then A is to J? as (7 is to D, 

if mA be greater than mB, mO is greater than mD ; 
and if equal, equal ; and if less, less. V. 4. 

First, suppose A greater than B, 
then mA is greater than mB, V. Ax. 3 

and mG is greater than mD, 

and (7 is greater than D. V, Ax. 4, 

Similarly the other cases may be proved. 

Q. a D. 


Proposition XIX. (Eucl. v. D.) 

If the first be to the second as the third is to the fourth, and if 
the first be a multiple, or a submultiple, of the second, the third 
must be the seme multiple, or the same submultiple, of the 
fourth. 

Let A be to as 0 is to D, 
and, first, let A be a multiple of B, 

Then must C he the same multiple of D. 

Let A »mJ^and take mD the same multiple of D that A is of JB. 
Then *.* A is to B as 0 is to D, 

.*. A is to mB as CU to mD. 


But A •» mB. and .% 0 mD. 


V. 17. 
V. 18. 
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Next, let be a sulmultiple of B, 

Then must G he the same svhmvliiple of D* 

For ^ is to J? as 0 is to /), 

is to -4 as D is to 0, V. IB 

Now ^ is a multiple of 

and D is the same multiple of (7, by the first case. 
Hence 0 is the same submultiple of D, that ^ is of 

Q. E. D. 


Proposition XX. (Eucl. v. 20.) 

If there he three magnitudes, and other three, which have the 
same ratio, taken two and two, then, if the first he greater than 
the third, the fou/rth must he greater than the sixth ; and if equal, 
equal ; if less, less. 

Let A, B, Che three magnitudes, and D, E, F other three, 
and let be to H as D is to i?, 
and i? bo to 0 as ^ is to F, 

Then if A he greater than G, D must he greater than F ; and 
if equal, equal ; if less, less. 

First, if A be greater than G, 

A has to ^ a greater ratio than G has to B. V. 7. 

But C has to B the same ratio that F has to E, Hyp. & V. 12. 

.’. A has to B a greater ratio than F has to E, 

D has to E a greater ratio than F has to E, V. 13, 

D is greater than F. V. 9. 

Similarly the other cases may be proved. 


g. K. D. 
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Proposition XXL (Eucl. v. 22.) 

If there he my number of magnitudes^ and as many others^ 
which home the same ratio taken two and two in order j the first 
must ha/ve to the last of the first magnitudes the same ratio which 
the first of the others has to the last of these. 

First, let there be three magnitudes A, 0, and other 
three D, F. 

' And let A be to JB as D is to 

and B be to 0 as B is to F. 

Then must A he to 0 as D is to F. 

Take of A and D any equimultiples mA, mD^ 

of B and E nB, nB, 

of G and F pGy pF. 

Then *;* A is to B as i) is to B, 

mA is to nB as mD is to nB. V. 17, 

So also, nB is to pG as nB is to pF. 

if mA bo greater than pG, mD is greater than pFf 
and if equal, equal ; if less, less. V. 20. 

A is to 0 as B is to F. V. Def. 6. 

The proposition may be easily extended to any number of 
magnitudes. q. k. d. 

Proposition XXII. (Eucl. v. 24.) 

If the first ha/ve to the second the same ratio which the third 
has to the fourth^ and the fifth have to the second the same ratio 
which the sixth has to the fourth, then the first and fifth together 
must hare to the second the same raJtio which the third and sixth 
together hare to the fourth. 

Let A be to B as (7 is to B, 
and B be to B as F is to B. 

Then must A, B together he to B as G, F together is to D. 

For B is to B as B is to B, 

B is to B as B is to B. V. 12. 

And *.* A is to B as C is to B, 
and BistoBasBistoB, 

.*• A is to B as 0 is to B. V. 21. 

A, B together is to B as (7, B together is to B, V. 16. 

and BistoBasBistoB; 

*. A, B together is to B as 0, B together is to B. V. 21. 

<1. K. D. 
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SECTION VI. 

Centaining the Propositions to which no reference is made 
in Book VI, 

Proposition XXIII. (Bud. v. 5.) 

If one magnitude he the same multiple of another , which a 
magnitude taken from the first is of a magnitude taken from the 
other, the remainder must he the same multiple of the remainder, 
that the whole is of the wKole, 

Let B and D be the magnitudes which are taken away, 

and A and C the magnitudes which remain, 

then A, B together, and 0, D together will be the wholes. 

And let A, J5 together be the same multiple of 0, D together, 
that B is of D. 

Then must A he the samne multiple of C that A, B together it 
of C, D together. 

Take E the same multiple of 0 that B is of D, 

Then E, B together is the same multiple of C, D together 
that B is of D. V. 1 . 

But A, B together is the same multiple of C, X> together 
that B is of D. 

E, B together ^ A, B together, V. Ax. 1 . 

and E ^ A. I. Ax. 3 . 

A is the same multiple of G that K is of D. 

Q. X. D. 
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Propositiow XXIV. (Bud. v. 6.) 

If two mo/gnitudes he equimultiples of two others^ and ij 
equimultiples of these be taken from the first two^ the rema/indert 
are either equal to these otherSy or equimultiples of them. 

Let B and D be the magnitudes which are taken away, 

and A and 0 the magnitudes which remain ; 

then Ay B together and 0, D together will be the wholes. 

Let Ay B together be the same multiple of Fy 
that Gy D together is of Qy 
and let B be the same multiple of P, that D is of Q. 

Then must A and G be equal respectively to P and Qy 
or A and G be equimultiples of P and Q. 

For let A, B together = P, P repeated m + n times, 

then Gy D together = Q, Q repeated m + n times. 

Also, let P = P, P repeated n times, 

then D ^ Qy Q repeated n times. 

Hence A = P, P repeated m times, 

and G Qy Q repeated m times. 

If then A P, m = 1, and G ^ Q; 
and if A be a multiple of P, C is the same multiple of Q. 

Q. JB. IX 
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Proposition XXV. (Eucl. v. 17.) 

If magnitudes^ taken jointly, he proportionals, they shall also 
be proportionals when taken sepa/ratdy ; that is, if two magni- 
tudes together have to one of them the same ratio which two 
others hme to one of these, the remaining one of the first two 
must ha/oe to the other the same ratio which the remaining one 
of the last two has to the other of these. 

Let A, B together have the same ratio to B 
that G, D together have to D. 

Then must A he to B as G to D. 

Take of A, B, G, D an}- equimultiples mA, mB^ mG, mD, 
and again of B, D take any equimultiples nB, nD. 

Then *.• mA is the same multiple of A that mB is of J5, * 

mA, mB together is the same multiple of A, B 
together that mA is of ^ . V.* 1 

And *.* mG is the same multiple of G that mD is of D, 

7nC, mD together is the same multiple of G, D 
together that mG is of G. V. 1 . 

But mA is the same multiple of A that mG is of G. 

mA, mB together is the same multiple of A, B 
together that mG, mD together is of 0, D together. 

Again, mB, nB together is the same multiple of B that 
mD, nD together is of D, 

Now, since A, B together is to B as (7, 2) together is to D, 

.*• if mA,mB together be greater than mB, nB together, 
mG, mD together is greater than mD, nD together ; and if 
equal, equal ; if less, less. . V. 4 . 

That is, if mA be greater than nB, mG is greater than nD ; 
and if equal, equal ; if less, less. 1. Ax. 3 , 6. 

•*. A is to B as (7 is to P. 


V. Def. 6 . 

Q. K. D. 
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Proposition XXVI. (Eucl. v. 19.) 

If a whole magnitvde he to a whole as a magnitude taken 
from the first is to a magnitude taken from the other, the re- 
mainder must he to the remainder as the whole is to the whole. 

Let A, B together have the same ratio to G, D together that 
B has to D, 

Then must A he to G as A, B together is to G, D together. 

For •/ A, B together is to G, D together as is to D, 

A, B together is to B as 0, 1) together is to D, V. 15 
and ^ is to as C is to D, V. 25. 

Hence is to (7 as H is to D, V. 15 

But A, B together is to C, D together as J5 is to D. Hyp. 

A IB to Gas A, B together is to G, D together. V. 5. 

Q. B. D. 


Proposition XXVII. (Eucl. v. 21.) 

If there he three mo/gnitudes, and other three, which have the 
same ratio, taken two and two, hut in a cross order, then if the 
first he greater than the third, the fourth must he greater than 
the sixth ; and if equal, equal ; and if less, less. 

Let A, B, 0 bo three magnitudes, and D, E, F other three, 
and let ^ be to J? as is to F, 
and JB be to 0 as £> is to E, 

Then if A he greater than G, 1) must he greater than F; 


and if equal, equal ; and if less, less. 

First, if -4 be greater than G, 

A has to J5 a greater ratio than G has to B, V. 7* 

and E has to F sk greater ratio than G has to B. V. 13. 

Now •.• JB is to 0 as D is to Hyp. 

C is to JB as is to D. V. 12. 

Hence E has to F a greater ratio than E has to D. 

is greater than F, V. 9. 

Similarly the other cases may be proved. 


a 1 . D. 
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Proposition XXVIII. (Eucl. r. 28 .) 

If (here he any nvmher of magnitudes, and as mamy others, 
which ha/ve the some ratio, taken two and two in a cross order, 
the first must home to the last of the first mo/gnitudes the same 
raiio which the first of the others has to the last of these. 

Let A, B, 0 be three magnitudes, and I), E, F other three, 
and let A he to B as E is to F, 
and B be to 0 as D is to 
Then must A he to G as D is to F. 

Of A, B, D take any equimultiples mA, mB, mD, ani 

of G, E, F take any equimultiples nC, nE, nF. 

Jiow •.* ^ is to ^ as Eh to F, 

. *. mA is to ruB as nE is to nF ; V. 11, and V. 5. 

and ^ is to 0 as D is to E, 

. mB is to nG as mD is to 71E. V. 17. 

Hence, if mA be greater than nG, mD is greater than nF , 
and if equal, equal ; and if less, less. V. 27. 

. ^ is to 0 as D is to F. V. Def. 6. 

The proposition may be easily extended tu any number of 
magnitodfla ^ „ 
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Proposition XXIX. (End. y. 25.) 

If four magnitudes of the same kind he proportionalsy the 
greatest and least of them together must he greater than the other 
two together. 

Let ^ be to B as (7 is to Z>, 

and let ^ be the greatest of the four magnitudes, and conse- 
quently D the least. V. 18, and V. 14. 

Then must A, D together be greater than B, C together. 

Let A = By P together, and 0 =* D, $ together. 

Then By P together is to B iis Dy Q together is to D, 

P is to -B as Q is to D, V. 25. 

uid B is greater than I). 

P is greater than Q. V, 14 

Hence P, By D together are greater than Q, B, D 
together. L Ax. 4 

Ay I) together are greater than By C together. 

Q. a. n. 
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Proposition XXX. (Eucl. v. 0.) 

If the first he the same multiple of the second^ or the same 
submultiple of it, that the third is of the fourth, the first must 
be to the second as the third is to the fourth. 

First, let A be the same multiple of B, that 0 is of D. 

Then must A be to B as G is to D, 

Let A =s pB and .% 0 = pfX 

Take of A and C any equimultiples mA, 7nO, 
and of B and Dany equimultiples nB, nD. 

Then mA == mpB and mO * mpD, V. 3. 

Now if mpB be greater than nB, 
mpD is greater than nD ; 
and if equal, equal ; if less, less. 

That is, if mA be greater than 71B, mC is greater than nD ; 
and if equal, equal ; and if less, less. 

\ X is to J5 as 0 is to D, V. Def. 6. 

Next, let A be the same submultiple of B, that G is of D. 
Then must AbetoBasGistoD. 

For *. * X is the same submultiple of B, that G is of D, 
jB is the same multiple of A, that D is of G, 

. v J5 is to X as jD is to (7, by the first case, 

and . X is to jB as C is to D. V. 12. 

Q. B. A. 


IT 
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Proposition XXXI. (Eucl. v. E.) 

If four magnitudes he pi'oporiioiials, they must also be pro- 
portionals by conversion ; that is, the first must be to its excess 
above the second as the third is to Us excess above the fourth. 

Let A, B together be to B as G, D together is to D. 

Then must A , B together be to A G, D together is to G, 

For A, B together is to J? as 0, jD together is to D, 

^ is to i? as (7 is to D, V. 26, 

and JS is to -4 as 27 is to 0, V. 12. 

and A, B together is to ^ as 0, 2> together is to 0, V. 16, 

Q. E. i>. 




BOOK VI. 

INTRODUCTORY REMARKS. 

Tiiifi chief subject of this Book is the Similarity of Kectb 
linear Figures. 

Def. I. Two rectilinear figures are called similar ^ when they 
satisfy two conditions : — 

I. For every angle in one of the figures there must be a 
corresponding equal angle in the other. 

II. The sides containing any one of the angles in one of the 
figures must be in the same ratio as the sides containing the cor- 
responding angle in the otlierfigure: the antecedents of the niiios 
being sides which are adjaoent to equal angles in each figure. 

'*ilius A lU > i\m\ DEF tm) similar triangles, if tlio angles at 
Af Bj V be equal to the angles at ./>, E^ F, respectively, and 
if /i.lbeto.iras AV.) is to i>F, 
and A 0 be to ( B as T)F is to FE^ 
and (B be to BA as FE is to FD, 

A 

D 

]i C F. F 

The sides adjacent to equal angles in the triangles are thus 
homolagous^ that 'i§g .7J^4, AC^ (JB are respectively homologous 
to ED, DF, FF, 

It will be slioNMi in Prop. iv. that in the case of triangles the 
second of the above conditions follows from the first. 

In the case of quadrilaterals and polygons both condi- 
tions are necessary; thus any two rectangles, have each angle 
of the one equal to each angle of the other, but they are hot 
necessarily similar figures. 

N.B . — The very important Prop. xxv. (Eucl. vi. 33) is indepen- 
dent of all the other Propositions in this Book, and might be 
placed with advantage at the very commencement of the Book. 
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Proposition I. Theorem. 



Let the As AB(\ have the same altitude, that is, the 
perpendicular drawn from A to Bl>. 

Then must a A B(J he to a A DC as lafse B(^ is io base DC. 

In DB produced take any nuniher of straight lines ^ 

BO, GHedch==Ba 1. 13. 

In BD produced take any mmibcr of straight lines 
DK, KL, LM eudi==DC. ‘ I. 3. 

Join AC, AH ; AK, AL, AM. 

Then *,• CB^ BG^ GH are all equal, 

A BC, AGBy AHG uxo ixW Q(\wi\\. 1.38. 

A A lie is the same multiple of A ABC that JIG is of BC. 
So also, 

A AM(j is the same multiple of tsADC that MC is of DC. 
And A AIKj is equal to, greater than, or less than A AMi^, 
according as base is equal to, greater than, or less than 
base MC. i: 38. 

Now A A //O and base //O are equimultiples 
of A and base /?(', 

and A AMC and base MC are equimultiples 
of A ADC and base DC. 

A .4 TIC is to A base 1»( /is to base i>C. V. Def. 5. 


q. E. V. 
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Cor. I. Paralldogrmm of the same altitude are to one another 
as their bases. 

Let ACBE^ AODF be parallelograms having the same alti- 
tude, that is, the perpendicular drawn from A to BD, 

Then must CJACBE be to EJ ACJ)F as BC is to DC. 


JE A r 



For twice A ABC^ 1.41. 

and twice A ADC. 1.41. 

^^O^C7;^;is to 0.4C7>Fas AylT^Cisto A ADC, V. 11. 
and.*.OylC71/;isto0.1C/7Fas BC isto DC. V.5. 

Q. E. D. 

C\iR. 11. Triangles and FaraHelograms, that have equal 
altitudes, are to one another as their bases. 

Let tJie ligiives be })laced, so as to have their bases in the 
same straight line ; and having drawn perpendiculars from the 
v(‘rtices {)f tlie triangles to the bases, the straight line, which 
joins the vertices, is parallel to that, in whicli their bases are, 
because the perpendiculars are both ecpial and parallel to one 
another. T. 33. 

Then, if the same construction be made as in the Proposition, 
the demonstration will be the same. 

Ex. 1. AB( \ r>FjF o parallel straight lines ; show that 
the triangle A DF is to the triangle FBC as BE is to BC. , 

Ex. 2. If, from any point in a diagonal of a parallelogram, 
stniight lines be drawn to the extremities of the other diagonal, 
the four triangles, into which the pai'allelogram is then divided, 
must be ecpial. two and two. 
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Proposition TI. Theorem. 

I f a .^traiijht line he drawn p<^TaUvl to one of the aides of a 
iriantjle, it inust cut the other sides, 01* those sides 2)roduccd,2)ro- 
2)ortio)udli/. 



Let DE be draw 11 [j to BC, a side of tlie A ABC, 

Then must BD he to DA as CE to EA, 

Join BE, CD. 

Then *.* t. BDE= t\ CDE, on tlio same base DE 
and botween the same Ijs, DE, BC. I. 37. 

A BDE is to A ADE as a CDE is to a ADE V. 0. 


But 

A BDE is to 

A ADE as 

BD 

is to 

DA, 

VI. 1. 

and 

A CDE is to 

A ADE as 

CE 

is to 

EA ; 

VI. 1. 


BD is to 

DA as 

CE 

is to 

EA. 

V. 5. 


Ex. 1. If any two straight lines be cut by three parallel 
lines, they are cut proportionally. {N.B , — This is of ^reat 
use.) 

Ex. 2. If two sides of a (piadiilateral be paialhd to each 
other, a straight line, drawn j>arallel to either of them, shall 
cut the (tther sidps, or these produced, . proportionally. 
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And Conversely, 

If the sides, or the sides produced, he cut proportionally, the 
straight line which joins the points of section must be parallel to 
the remaining side of the triangle. 

I^et the sides AB, AC of the A A BC, or these produced, 
be cut proportionally in D and E, so that 

BD is to DA as CE is to EA, 

and join DE. 

Then must DE be parallel to BG, 


The same construction bein<^ made, 

•.* BD is to DA as CE is to EA, 
and BD is to DA sA A BDE is to a ADE, VI. 1. 

and CE is to EA as A CDE is to A ADE, VI. 1. 

A BDE is to A ADE as A CDE is to a ADE, V. 5. 

and A BDE== A CDE ; V. 8. 

and they are on the same base DE ; 

/. DE is 11 to BC. I. 39 


Q. F. D. 

Ex. 3. If there bo four parallel straight lines, two of these 
lines intercept upon two given lines, of unlimited length, OA, OB, 
parts proportional to the parts intercepted upon OA, OB, by 
the remaining two parallel straight lines. 

. Ex, 4. If the four sides of a quadrilateral figure be bisected, 
the lines joining the points of bisection will form a parallelo- 
gram. 

Ex. 5. A quadrilateral figure has two parallel sides : shew 
that the straight line, joining the point of intersection of its 
other two sides procfuccd and the point of intersection of iU 
diagonals, bisects the twh parallel sides. 
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Proposition III. Theorem. 

Ij the vertical aiKjIe of a triangle be bisected bg a straight 
JinCf which also cuts the base, the segments of the base must have 
the same ratio, which the other sides of the triangle have to one 
another. 


2S 



Let z BAC of a AB(^ be bisected by the st. line JD, 


which meets the Ijase in 1). 

The)i must BJJ be to DC as BA is to AG. 

Through 0 draw CE 1| to DA, I. 31. 

and let BA produced meet in E. 

Then L i>'^l/>== interior l AEG, I. 29. 

and z —alternate z ACE, I. 29. 

But z BAD— L (AJ), by hypothesis, 

and z .1 EC =' z ACE, Ax. I. 

and A(^ — AE. 1. n. Cor. 

Then AD is H to EC, a side of A BEC, - 

BD is to DC as BA is to AE, VI. 2. 

and BD is to l)(J as BA is to A (\ V. 0. 


Ex. 1. Shew that in a parallelogram the diagonals do not 
bisect the angles, unless the sides are ecpial. 

Ex. 2. Shew how to trisect a straight line of finite length. 

Ex. 3. Shew that the bisectors of the angles of a triangle 
meet in tlie same point. 

Ex. 4. The bisectors of the angles A and C, of a triangle 
ABC, meet the opposite sides in the points D and F : BA and 
BC are produced to F' and D', so that AF', AC and CD' are 
all equal : prove that F'D' is parallel to FD. 
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And Conversely, 

If the segments of the hose hcuve the same ratio, which the othefi 
sides of the triangles have to one another, the straight line, 
drawn from the vertex to the point of section^ must bisect the 
vertical angle. 

Let BD be to DG as BA is to AO, 


and join AD. 

Then must l BAD^ l GAD. 

The same construction being made, 

*.* BD is to DG as BA is to AO, Hyp* 

and BD is to DG as BA is to AE, VI. 2. 

BA is to AG as BA is to AE, V. 6. 

and.*. AO=Aj^, V. 8. 

and .*. z AEG = i AGE. I. a. 

But z A ^0= exterior z BA 1), I. 29. 

and z A (7/i7= alternate z CAD, I. 29. 

/. z BAD— i GAD. Ax. 1. 


Q. K. D. 

Ex. 5. Two straight lines are drawn, bisecting the angles at 
the base of an isosceles triangle. Shew that the straight line, 
joining tlio points, in which they cut the sides, is parallel to the 
base. 
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Proposition A. Tiikorem. 

If the extmiwancjU of a triangk be hUected by a straight line^ 
which also cuts the base 'itrodnced^ the seyimnts, between the 
dividing straight line and the extremities of the bascy 'must have 
the same ratio, lohich the other sides of the triangle have to one 
another. 


E 



Let i EAC, ail ext' z of the a ABC, he bisected by the 
st. line Al) which meets the base produced in ./>. 

Then WAist BD he to DC as 11 A is to AO. 

Through 0 draw ('E\\ to DA, meeting AB \x\ F. T. 31. 


Then z BAD — hitmor z AF( >, I. 2J). 

and z CA D = alternate z A OF. 1. 2J). 

But z BAD— L CAD, by hypothesis. 

i AFC = L ACF, Ax. 1. 

and AC^AF. I. n. (Jor. 

Then AD is li to FC, a side of A FBC, 

BD is to D(’ as BA is to AF, VI. 2. 

and BD is to J)(^ as BA is to AC. V. 6. 


Ex. 1. If the a'iigles at the biiso of the triangle be equal, 
how is the proposition modified ? 

Ex. 2. If B be any point in a straight line AO, intersected 
by another, CD, give a geometrical construction for determin- 
ing a point D in CD, such that AD i.s to DB as AC is to CB. 
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And Conversely, 

If the segments of the base produced have the same ratio, which 
the other sides of the triangle ha/ve to one another, the straight 
line drawn frmn the vertex to the point of section must bisect the 
exterior angle of the triangle. 


Let BD be to DG as BA is to AG, 
and join AD. 

Then must l GAD=^ l EAD. 


For, the same construction being made, 

•/ BD is to JJG as BA is to AG, 
and BD is to DC us BA is to AF, 
BA is to AC iis BA is to AF, 
and AC=AF, 
and /./.A FG-= lACF. 

But z z1jF 0= exterior l EAD, 
and z /I Oi'’— alternate z CAD, 
and z CAD- L EAD 


Hyp. 
VI. 2. 
V. 6. 
V. 8. 
I. A. 

1. 29. 
I. 29. 
Ax.l. 


Q. E. O. 


Ex. 3. If the base be divided into two segments, having the 
same ratio with the segments specified in the Proposition, the 
straight lines, drawn from the two points of section to the vertex 
of the triangle, are at right angles to each other. 

Ex. 4. If the angle, between the internal bisector and a 
side, be equal to the angle, between the external bisector and 
the base, the perpendicular to the greater side, through the 
vertex, will bisect the segment of the base, cut off between 
the bisecting lines. 
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Proposition IV. Theorem. 

Tlic. sides about the equal angles of triangles^ which are eqvi- 
angular to one another^ are jn'oport ion als ; and those ndiich arc 
opposite to the equal angles^ are homologous sides. 



Let ABGy DBF be two A s, liaviug the z s at By C equal 
to the z s at 1), E, F respectively. , 

Then must the sides about the equal z s he propewtionaJs, 
those being homologous sides, which are opposite the equal l s. 

For suppose A JJEF to be applied to a A B(\ 
so that D coincides with A and J)E falls on AB ; 
then VI BAG ^ i EDF, r, l)F will fail on A(l 

Let (rand II be the points in AB and Ai^, or these pro- 
duced, on which E and F fall. 

Join (tH, GJ£ will be I1 to B(\ z AGJf-^ z AB(\ I. 28. 

Then BA is to GA as (\i is to IJA, VT. 2. 

and BA is to ED us, (-A is to Fit, V. (i 

wlience BA is to ylTas ED is to 7>F. V. ir>. 

Similarly, by applying the A JJEF, so that the z s at F,^ E 
may coincide with those at (\ B successively, we might show 
that 

AGi^ to GB as DF h to FE, and that 
C7>is to BA as FE is to ED. 

Q. E. T). 

Ex. T3ivide a given angle into two parts, such that the 
perpendiculars from any point of the dividing line upon the 
two arms of the angle may be in a given ratio. 
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Proposition V. Theorem. 

If the si (La of tiro trianghs, about each of their angles^ be 
2)rojiortionalsj the inangles must be equiangular to one another^ 
and m ust have those angles equal ^ which are opimite to the homo- 
logous sides. 



Jjct the AH A ll(\ DRF have their side's proportional, 
so that r>A is to .IP as /V/>i.s to DF^ 
and .IP is to P/> us l)F is to FF^ 
and P/> is to PA as FF is to FI). 

Then, must A AB(* be equiangular to A EJ)F. those is 
being equal j irhich are oiqmite to the homologous sides^ that is, 
i 7iJP- z FDF, and i ABC^^ i DFF, and i .IP/i- z DFF, 
In AB, produced if necossavy, make AO~~l)F, 


and draw CH |1 

to B(\ 

ineetincf . 

drill 11. 

T. 

31. 

Then 

A AG 11 is eepiiangidar to 

A AB(<, 

T. 

21). 

and .• 

. BA is to 

.B/as 

GA is to 

AU. 

VT.4. 

But FD is to 

/>Fas 

BA is to 

AV-, 

Hyp. 

and .• 

. FID ia to 

DF as 

GA is to 

A 11. 

V. 

5. 

But 

FID=aA 

, and .* 

. Dt'^AH. 

y. 

14. 


‘So also it may l)e sliown that GH~FF. 

Then ill !\s> AGII, DFF 
*.• GA^ED, and AH=DF, and HG^FF, 

.‘.z PM//= z FDF’ z AGIT=^.l DFF; lAUG-^ z DFF. 

* • I. c. 

Put z GA z BAG ; z AGU== z .li?P ; z AllG^ z ACB. 
z BAG=^ z EDF ; z A PP- z DFF, and z AGB=^ i DFE. 

Q. E. D. 
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Proposition VI. Theorem. 

If Uvo triangles have one angle of the one equal to one angle 
of the othevy and the sides about the equal angles proportionals y 
the triangles mast he equiangular to one another, a/nd must have 
those angles eqnaJ, v'liieli are opposite to the homologous sides. 



In the AS AJU\ Dm lotz BAa== l EDF, 
and lot BA bo to JO iti ED to Dt\ 

Then must a A B(^ he eqaiangalar to A DEF, 
and L ABC=^ z DEF, and z ACE^ z DFE, 


In AB, 

produced if necessary, make AG^DE, 



and draw iril I1 to BO. 


I. 31. 

Then 

A AGll is o(]uiangular to A . 

IBC, 

I. 29. 

and 

(dA is to AH as BA is to AO, 


VI. 4. 

and .*. 

(tA is to ATI as ED is to DF. 


V.5. 

But 

GA = ED, by construction, 



and 

A/f=:DF. 


V. 11. 

Then •.• 

GA - J^i>,aiid A U=DFiuu] z 

}) 


z AGII^ L DEF, and z A IJG. 

= i DfM, 

I. 4. 

and 

z z DEF, and z AOIU 

= i DFE. 




Q. 

K I).' 


Ex. 1, If from B, O, the oxtremities of the base of a triangle 
ABC, he drawn BD, OE, perpendicular to the opposite sides, 
shew that the triangles AI)E, ABO are equiangular. 

Ex. 2. A variable chord OP is drawn through a fixed point 
0 on the circumference of a circle, and Q is taken in it, so that 
the rectangle OP, OQ is constant, find the locus of Q 
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Miscellaneous Exercises on Props. I. to VI. 

1. If two triangles stand on the same base, and their vertices 
be joined by a straight line, the triangles are as the parts of 
this line intercepted between the vertices and the base. 

2. If a circle be described on the radius of another circle 
as its diameter, and any straight line be drawn through the 
point of contact, cutting the two circles, the part intercepted 
between the greater and lesser circles, shall be equal to the 
part within the lesser circle. 

3. The side BG, of a triangle ABO^ is bisected in D, and 
any straight line is drawn through i), meeting AB^ AC^ pro- 
duced if necessary, in ii’, respectively, and the straight line 
through Ay parallel to BC\ in G. Prove that DE is to DF 
as GE is to GF. 

4. If the angle of the triangle ABO., be bisected by AD^ 
which cuts BG in 1), and O bo the middle point of BG, then 
GL) bears the same ratio Co OB that the difference of the sides 
boars to their sum. 

5. The lines drawn from the base of a triangle perpendicular 
to the line bisecting the vertical angle, are in the same ratio 
as the sides of the triangle. 

0. If i), E be points in the sides AB, AO respectively of 
the triangle ABO, such that the triangles DAC, EAB are 
equal, shew that the sides AB^ are divided i^roportionally 
ill I) and E. 

7. If two of the exterior angles, of a triangle ABC, be 
bisected by the lines COE, BODy intersecting in 0, and meet- 
ing the opposite sides in E and 1), prove that OD is to OB 
as ylD is to AB, and that 00 is to OE as AG is to AE, 

8. G, B, the angles at the base of an isosceles triangle, are 
joined to the middle points, E, F, of AB, AG, by lines inter- 
secting in G. IShew that the area BCG is equal to the area 
AEGF. 

9. If, through any point in the diagonal of a parallelogram, 
a straight line be drawn, meeting two opposite sides of the 
figure, the segments of this line will have the same ratio as 
those of the diagonal. 

• 

10. The sides AB, AC, of a triangle ABO, are produced to 
D and E, so that DE is parallel to BG, and the straight line 
DE is divided in F, so that DF is to FE as BDis to OE ; 
shew that the locus of F is a straight line. 
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Proposition VII. Theorem. 

If two trimujlcs have one amjle of the one equal to one angle 
of the othcTf and the sides <d)out a second angle in auli proiwr- 
tionals ; then^ if the third- angles in each he both acute, both 
obtuse, or if one of them be a right angle, the triangles must 
he cqitiangnlar to one another, and. nuist have those angles 
equal, about which the sides are proimiionals. 



Ill the AS ABC, J)EF, lot z BAC-^ l EDF, 
and let AB he to B(‘ as 1)E is to EF, 

and let z s ACB, DFE be both acute, both obtuse, or let 
one of them be a li^ht au^le. 

Then must As ABC, DEE be equiangular to one another, 
having z ABi>^= z JJEF, and z ACB^ z DFE. 

For if z AB<> be iiot= z DEF, let one of them, as z ABC, 
be greater than the other, and nuike z ABG= z DEF, I. 23. 

and let BG meet A(> in G. 

Then z BAG= z EDF, and z ABG= z DEF, 


.*. A is equiangular to A DEF, 1.32. 

and AB is to BG as DE is to EF. VI. 4, 

But AB is to BC as DE is to EF, Hyp. 

.*. AB is to JBOas AB is to BC, V. 5. 

and .*. BG=BC, V. 8. 

and z BCG^ z BGC. L a. 
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First, let i AGB and i DFE be both acute, 

then i AGB is acute, and z BGG is obtuse ; 1. 13. 

/. z BGG is obtuse, which is contrary to the hypothesis. 

Next, let z AGB and z DFE be both obtuse, 

then z AGB is obtuse, and z BGG is acute ; I. 13. 
i BGG is acute, which is contrary to the hypothesis. 

Lastly, let one of the third z s AGB^ DFE be a right z . 


If z AGB be a rt. z , 

then z BGG is also a rt. z ; La. 

z 8 BGG, BGG together«two rt. z s, 
which is impossible. I. 17. 

Again, if z DFE be a rt. z , 

then z AGB is a rt. z , and z BGG is a rt. z . I. 13. 
Hence z BGG is alscf a rt. z , La. 

aifd z s BGG, BGG together=two rt. z s, 
which is impossible. L 17. 

Hence z ABG is not greater than z DEF. 


So also we might shew that z DBF is not greater than 
z ABG. 

z ABG = z DEF, 

and z AGB * z DFE. I. 32. 

Q. £. D. 

NB. — This Proposition is an extension of Proposition b of 
Book I. p. 42. 

Note. — We have made a slight change in Euclid's arrange- 
ment of the four Propositions that follow, because Eucl. vi. 8 
is closely connected with the proof of EucL vi. 13. 


18 
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Proposition VIII. Problem. (End. vi. 9.) 
jPVom a given straight line to cut off any submultii^h. 


A 



M C 

Let ^ jB be the given st. line. 

It is required to shew how to cat off any suhmultiple from AB, 
From A draw AG making any angle with AB, 

In AC take any pt. i>, and make AC the same multiple of 
AD that AB is of the submultiple to be cut off from it. 

Join BCy and draw DE 11 to BC, I. 31. 

Then ED is H to BG, 

.’. CD is to DA as BE is to EA, VI. 2. 

and CA is to DA as BA is to EA. V. IG. 

.*. EA is the same submultiple of BA that DA is of CA, 

V. 19. 

Hence from AB the submultiple required is cut off. 

Q. E. F. 

Ex. 1. Cut off one-seventh of a given straight line. 

Ex. 2. Cut off two-fifths of a given straight line. 

Note , — This Proposition is a particular case of Proposi- 
tion IX. 
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PiiorosiTiON IX. Problem. (Eucl. ti. 10.) 

To cHviih a given straight line similarly to a given straight 
line. 


A 



Let AB be the at. line given to be divided, and AC the 
divided st. line. 

It is reqvircd to divide AT» similarly to AC* 

Let .4C be divided in the pts. />, B, 

Place AB, AC so as to contain any angle. 

Join BCy and through I>, B draw DF, EC H to BC* I. 31. 


Through 1) draw DHK ll to AB, I. 31. 

Then •.* FU and QK are Os, 

FG^DU, and GB^IIK. I. 34. 

And HE is 11 to KC, 

KH is to lU) as CE is to EJ)y VI. 2. 

that is, BG is to GF as ( 7v is to ED. 

Again, *.* FD is |1 to GE, 

GF is to FA as ED is to DA. VI. 2. 


Hence AB is divided similarly to AC. 

Q. E. F. 


Ex. 1. Produce a given straight line, so that the whole pro- 
duced line shall be to the produced part in a given ratio. 

Ex. 2. On a given base describe a triangle, with a given 
vertical angle and its sides in a given ratio. 
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Proposition X. Problem. (Eucl. vi. 11.) 

To find a THIRD lyroiwrtional to tvjo given straight lines, 

A 



Let AB and A C be the given st. lines. 

It is required to find a third proportiorial to AB, AC. 

Place AB, ^0 so as to contain any angle. 

Produce AB, AC to D and E, making Bi>==AC 1. 3. 

Join BC, and through I) draw DE || to BC. 1. 31. 

Then •.•i^Ois|| to DE, 

AB is to BD as AC is to CE, VI. 2. 

and is to AC as AC is to CE, V. 6, 

Thus CE is a third proportional to AB and Ail 

li. E. F. 

Note. This Proposition is a particular case of Proposition xi. 

Def. II. When three magnitudes are proportionals, the first 
is said to have to the third the duplicate ratio of that, which it 
has to the second. 

Thus here AB has to CE the duplicate ratio of AB to Ail 

Def. III. When three magnitudes are proportionals, the first 
is said to have to the third the ratio compounded of the ratio, 
which the first has to the second, and of the ratio, which the 
second has to the third. 

Thus here AB has to CE the ratio compounded of the 
r^ltios of AB to AG and AG to CE. 
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Proposition XL Thkorem. (Eucl. vi. 12.) 

To find a fourth to three given straight 

lines. 


z> 



Let Ay (7 be the three given st. lines. 

• Jt is required to find> a fourth proportional to A, By C. 
Take 7)/J, BF, two st. lines making an z EDFy and in these 


make f)0=Ay 

aK=B, and /)//=6', 

1. 3 . 

and through E draw EF il to OIL 

I. 31. 

Then, *. 

• on is 11 to EF, 


.* 

. DC is to GE as DTI is to HF, 

VI. 2. 

and .’ 

.A k to B ,‘is 0 is to HF. 

V, 6. 


Thus HF is a fourth proportional to By C, 

Q. E. F. 

• Ex. ABO is a triangle inscribed in a oircle, and BD is 
drawn to meet the tangent to the circle at A in i>, at an angle 
ABl) equal to the angle ABO. Show that AC is a fourth 
proportional to the lines BDy DA, AB. 
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PfiorosiTioN XIL Theorem. (End. vi. 8.) 

In a right-angled triangle^ if a 'perpendicular he drawn from 
the right angle to the hase^ the triangles on each side of it are 
similar to the whole triangle ami to one another. 


A 



Let ABGha a rii^lit-aiigled A, having z BAG a rt. z , and 
from A let AD he drawn ± to BG. 

Then must as DBA, DAG he similar to a ABG, and to 
each other. 

For rt. z BD A =Tt. z BAG^ and z ABD= z GBA, 

iDAB^ lAVB. 1.32. 

t^DBA is equiangular, and .similar to A ABG. VI. 4. 
In the same way it may be shown 
that A DAG is eciuiangular, and similar to A ABG. 

Hence a DBA is similar to A DAG. 

Q. E. D. 

Cor. I. DA is a mean proportional between BD and DG, 

For BD is to DA as DA is to DG. VI. 4. 

Cor. II. BA is a mean proportional between BG and BD, 
For BG is to BA as BA is to BD. VI. 4. 

Cor. III. GA is a mean proportional between BG and GD, 
For B(^ is to GA as GA is to GD. VI. 4. 


Q. E. n. 

Ex. B is a fixed point in the circumference of a circle, whose 
centre is G ; PA is a tangent at any point P, niecting GB pro- 
duced in A, and PD is drawn perpendicularly to GB. Prove 
that the line bisecting the angle APD always passes through B. 
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PiioposiTioN XIII. Problem. 

To find a mean yroporfional between two given straight 
lines. 



Let AB jiiid BO be tlie two given st. lines. 

It is required to find a mean i^'^'oportional between AB 
and Ba 

Place AB and B(1 so as to make one st. line A C, 
and on AO dcspiibe the semicircle ADO, 

J'rom B draw BD a . to AO, and join AD, OD. I. 11. 

Then *.* z AD(' is a rt. z , III. 31. 

and 1)B is x to A 0, 

DB is a mean proportional between AB and BC, 

VI. 12, Cor. 1. 

Q. K. F. 

Ex. 1. Produce a given straight line, so that the given line 
may be a mean proportional between the whole line and the 
part produced. 

Ex 2 Shew that either of the sides of an isosceles triangle 
is a mean proportional between the base and the half of the 
segment of the base, produced if necessary, which is cut off 
by. a straight line, drawn from the vertex, at right angles to 
the equal side. 

Ex. 3. Shew that the diameter of a circle is a mean propor- 
tional between the sides of an equilateral triangle and a 
hexagon, described about the circle. 

Ex. 4. From a point A, outside a circle, a line is drawn, 
cutting the circle in B and 0. Find a mean proportional 
between AB and 4 0. 
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Dbf. IV. Two figures are said to have their sides about two 
of their angles reciprocally proportional^ when, of^the four 
terms of the proportion, the first antecedent and the second 
consequent are sides of one figure, and the second antecedent 
and first consequent are sides of the other figure. 

Thus, in the diagram on the opposite page, the figures AB 
and BG have their sides about the angles at B reciprocally 
proportional, the order of the proportion being 

DB is to BE as OB is to BF^ 




Book VI.] 


PROPOSITION XIV. 


265 


Proposition XIV. Theorem. 

Equal 2 avail elogmniSy which have one angle of the one equal 
to one angle of the other, have their siiles about the equal angles 
reciprocally projwrtionaL 



Let AB, BC be equal Os, having z FBD= l EBO. 

Then must DB^ he to BE as GB is to BP. 

Place the Os so tliat DB and BE are in the same st. line ; 
then must GB and BF also be in one st. line. I. 14. 

Com])Iete the O FE. 

Then r O AB = CJ BG, and FE is another O, 

.\C] AB is to O FE as O BC is to O FE. V. 6. 

But as O AB is to O FE so is J)B to BE, VI. 1, Cor. I. 

and as O BC is to O FE .so is GB to BF. VI. 1, Cor. I. 

DB is to BE as GB is to BF, V. 5. 

And Conversely, 

Parallelograms, which have one angle of the one equal to one 
angle of the other, and their .sides ahout the cq\ud angles recipro- 
cally proportional, are equal to one another. 

Let the sides about the equal z s be reciprocally propor- 
tional, that is, let DB be to BE as GB is to BF, 

Then must O AB—CJBC, 

For, the same construction being made, 

*.* DB is to BE as GB is to BF, 
and that DB is to BE as O AB is to O FE, VI. 1, CoR. I. 
and that GB is to BF as EJ i?C*is to O FE, VI. 1, Cor. I. 
O AB is to O FE aa O BC is to O FE. V. 5. 
and CJ AB^a BC, V. 8. 

Q. £. D. 
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PiiorosiTioNT XV. Theorem. 

Bqval iriangU^y which have one angle of the one equal to one 
angle of the other, have their mien about the equal angles recip- 
rocally j^roportionaL 



Let A BC, AT)E be equal as, having l BA(^^ l DA E. 

ThfM mast CA be to AJ) as EA is to AB, 

Place the as so tliat CA and Al) are in the same st. line ; 
then must EA and AB also be in one st. line. I. 1 4. 

Join BD. 

Then •/ A A B(^— a ADE, and ABD is another A , 

A A BC is to A ABD as A A DE is to a ^ BD, V. d. 

But as A A BC is to A A BD so is CA to AD, VI. 1. 

and as A ADE is to a A HD so is El A to AB, VI. 1. 

CA is to AD as EA is to AB, V. 5. 

Ex. 1. Shew that, provided the sides of one of the triangles 
be made the extremes, it is indifferent, so far as the trutli of 
the Proposition is concerned, in what order the sides of the 
other triangle are taken as the means of the four pro- 
portionals. 

Ex. 2. ABh, AcC are two given straight lines, cut by two 
others BC, be, so that the two triangles AB(J, Abe may be 
equal ; shew that tlie lines BC, be divide each other in 
reciprocal proportion 
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And Conversely, 

TriangleSy which have one angle of the one equal to one angle 
of the otiieTy and their sides about the equal angles redproccdly 
proportionaly a/re equal to one another. 

Let the sides about the equal z s be reciprocally proportional, 
that is, let GA be to AD as EA is to AB. 

Then must A ABC^ A ADE. 

For, the same construction being made« 

•/ CA is to AD as EA is to ^ />‘, 

and that CA is to AD as A ABC is to A ABDy VI. 1. 

and that EA is to AB as A ADE is to A ABDy VI. 1. 

A ABC is to A ABD as a ADE is to a ABD. V. 5. 

and.-.AA5C= aAD^. V. 8. 


Q. B. D. 

Ex. 3. Through the extremities of the base BGy of a triangle 
ABCy draw two parallel lines, BE and CD, meeting AC and 
AB produced in E and D respectively, so that BCD may be 
equal in area to ABE. 

Ex. 4. P is any point on the side ACy of the triangle ABC; 
CQy drawn parallel to BPy meets AB produced in Q ; ANy 
AM are mean proportionals between ABy AQy and ACy APy 
respectively. Shew that the triangle ANM is equal to the 
triangle ABC. 
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Proposition XVI. Theorem. 

If* four straight lines he proportio7iahy the rectangle contained 
by the extremes is equal to the rectangle contained by the means. 



jl a c n 


Let the four st. lines AB, CD, EF, OH be proportionals, 
so that AB is to CD as EF is to GIT. 

Then must rect, AB, GH=rect. CD, EF. 

Draw AM 1. to AB, and CN i. to CD ; I. 11. 
and make AM:=^GH, and CN^- EF ; 

and complete the Os BM, DN. I. 31. 

Then AB is to CD as EF is to GH, 
and that EF^CN, and GH=AM, 

^ I? is to OD as CN is to AM, V. G. 

Thus the sides about the equal z s of the equiangular 
Os BM, DN are reciprocally proportional, 

and O BM^CJ DN ; VI. 14. 

that is, rect. AB, ^ilf= rect. CD, CN. 

,\ rect. AB, GH ==rect. CD, EF, 

Ex. 1. If -£7 be the middle point of a semicircular arc AEB, 
and EDC be any chord, cutting the diameter in I), and the 
circle in C, prove that the square on CE is equal to twice the 
quadrilateral AEBC, 
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And Conversely, 

If the rectangle contained by the extremes he equal to the recir 
angle contained by the meanSf the fov/r straight lines are pro- 
portionals. 

Let rect. AB, OH^rect. GDy EF. 

Then mmt AB be to CD as EF is to OH* 

For, the same construction being made, 

•/ rect. ABy OH ==rect. GD, EFy 
/. rect ABy AM—rect CD, GNy 
that is, O BM^CJ BN, 

and these Os are equiangular to one another, 
and the sides about the equal zs are reciprocally 
proportional, VI. 14. 

and AB is to GD as GN is to AMy 
and .•. AB is to GD as EF is to GJJ, V. 6. 

Q. B. D. 

Ex. 2. If, from an angle of a triangle, two straight lines be 
drawn, one to the side subtending that angle, and the other 
cutting from the circumscribing circle a segment, capable of 
containing an angle, equal to the angle, contained by the first 
drawn line and the side, which it meets ; the rectangle, con- 
tained by the sides of the triangle, shall be equal to the rect- 
angle, contained by the lines thus drawn. 
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Proposition XVII. Theorem. 

If three straight lines be proporiionals, the rectangle contained 
bij the extremes is equal to the square on the mean. 


jff- 

D- 

C 



Let the three st. lines B, C be proportionals, and let 
A bo to B as B is to ( ■. 

Then must reef. (J^sq. on B, 

Take J)=B. 

Then *.• A is to B as B is to 0, 

A is to B as IJ is to (\ V, 6. 

and rect. A, C^rcct. B, !>, VI. 16. 

that is, rect. A, 0—sq. on B, 


And (Conversely, 

If the rectangle contained by the extremes be equal to the 
square on the mean, the three straight lines are proportionals. 

Let A, B, C be three straight lines such that 
rect. A, 0=sq. on B. 

Then must A be to B as B is to C, 

For, the same construction being made, 

*.* rect. A, C=sq. on B, 
and B=D, 

rect. A, 0=rect. B, D ; 

and A is to J5 as is to C. VI. 16. 

that is, A m to B as is to 0 V. 6. 


Q. E. D. 
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pRorosTTioN XVIIL Problp:m. 

Upon a (jiven straight line lo describe a rectilinear figure 
similar and similarly situated to a given rectilinear figure. 


TI 




Let be the given st. line, and CJJEF the given rectil. 
fig. of four sides. 

It is required to descr%l)e on AB a fig. similar and similarly 
situated to CDEF. 

Join I)F, and at A and i», make z 7iyl6r = i DCF, and 
lABG==: i CDF-, 

then A HA C is e([uiangular to a DCF. 

At G and B, make z BGll^ z DFE, and z GBII^^ z FDE ; 

then A GllB is equiangular to A FED. 

Then *.• z AGB= z CFP, and z BGJI= z DFE, 

z AGII= z CFE. Ax. 2. 

So also z ABII^ z CDE. 

And we know that z BAG — z DCF, 
and that i GrrB== i FED, 
rectil. fig. ABIIG is equiangular to fig. CDEF. 

Also, A BAG is cciuiangular to A DCF, 

.\ BA is to A G as DC is to CF ; VI. 4. 

and *.* A BGII is equiangular to a DFE, 

GB is to GU as FD is to FE. VI. 4. 

Also, is to GB as CF is to FD. 

AG is to Gllas CF is to FE. V. 21. 

Similarly, it may shown that 

Gif is to IIB as FE is to ED, 
and that HB is to BA as ED is to DC. 
the rectil. figs. ABHG and CDEF are similar. 
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Nkxt. Let it be required to describe on AB ^ fig., similar 
and similarly situated to the rectiL fig. CDKEF. 



A /f C D 


Join DEj and on AB describe the fig. yiBIIG, similar and 
similarly situated to the quadrilateral CDEF. 

' At B and H make z IIBL= l EJ)K, and z BHL= z DEK ; 
then A HLB is equiangular to A EKJJ. 

Then *.* the figs. ABHG, CDEFmtq similar, 
z GI1B== L FED ; 
and we have made z BHL=^ z DEK ; 

whole z (r/i'L=whole z FEK Ax, 2. 
For the same reason, z ABL= z GDK 
Thus the fig. AGHLB is equiangular to fig. GFEKD. 

Again, •.* the figs. AGIIB, CFED are similar, 

Gil is to HB as FE is to ED : 

also we know that HB is to IIL as ED is to EK^ VI. 4. 

.-. GH is to IIL as FE is to EK. V. 21. . 

For the same reason, AB is to BL as CD is to DK 

And BL is to LH as DK is to KE ; VI. 4. 

the five-sided figs. AGHLB, CFEKD are similar. 

In the .same way a fig. of six or more sides may be described, 
on a given line, similar to a given fig. 

Q. B. F, 
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Proposition XIX. Theorem. 

Similar iriaiiglea are to one another in the dnjdicate ratio of 
their homologous sides. 


JD 


If Q C 

Let ABi\ DEF be similar as, 
havinjf z s at 7^, ( -= l s at Z>, iiJ, F respectively, 
so that BO and EF are honioloccous sides. 

Then mast a ABC ha^e to a DEF the diqdicate ratio cf 
thit which BO has to EF. 

Suppose A DEF to be applied to A ABC, so that 
E lies on B, ED on BA, and .*. EF on BO, 

Let P and Q be the pts. in BA, BO on which D and F fall. 


Join AQ. 

Then A ABO is to A ABQ as BO is to JiQ, VI. I. 

and A ABQ is to a I^BQ as AB is to BF. VI. 1, 

But AB is to BP as BO is to BQ, VI. 4. 

A ABQ is to A PBQ as B(- is to BQ. V. 5. 

Hence A ABC is to A ^ 13Q as A ABQ is to A PBQ. V. 6. 

/\ABO has to A PBQ the duplicate ratio 
of A ABO to A ABQ ; VI. Def. 2. 

.’. A ABO has to a PBQ the duplictite ratio 
o(BO to BQ. V. 5. 

that is, A ABO has to A the duplicate ratio 

of BO to EF. 


Q. E. D. 

CbR. If MN be a third proportional to BC and EF, 

BO has to MN the duplicate ratio of BO to EF, VI. Def. 2. 
and BC is to MN as a ABO is to a DEF. 

19 
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Miseellamous Exerdses chiefly on Proposition XIX. 

Ex 1. Prove this Proposition without drawing any line 
inside either of the triangles. 

Ex 2. In the figure, if BG be equal to FD, shew that the 
triangles will be in the ratio of AC to EF. 

Ex. 3. Cut off the third part of a triangle by a straight line 
parallel to one of its sides. 

Ex. 4. AB, AG are bisected in D and E. Prove that the 
quadrilateral DBGE is equal to three times the triangle 
ADE. 

Ex. 5. If a regular hexagon, a square, and an equilateral 
triangle be inscribed in the same circle, prove that the squares 
described on their sides are proportional to the numbers 1, 2, 3. 

Ex. 6. A straight line drawn parallel to the diagonal BD of a 
parallelogram ABCD meets AB, BC, CD, DA, in E, F, (?, i/. 
Prove that the triangles AFG, CEJJ are equal. 

Ex. 7. If two triangles have an angle equal, and be to each 
other in the duplicate ratio of adjacent sides, they are similar. 

Ex. 8. If two triangles have a common angle, shew that the 
areas of the triangles are proportional to the rectangles con- 
tained by the sides of the triangles about the common angle. 

Ex. 9. From the extremities A, B, of the diameter of a circle, 
perpendiculars AY, BZ, are let fall on the tangent at any 
point C. Prove that the areas of the triangles ACT, BCZ are 
together equal to that of the triangle ACB. 

Ex. 10. If to the circle, circumscribing the triangle ABG, a 
tangent at (7 be drawn, cutting AB produced in D, shew tW 
AD is to DB in the duplicate ratio of AG to GB, 

Ex. 11. Construct a triangle which shall be to a given 
triangle in a given ratio. 
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Proposition XX. Theorbm. (Eucl. vi. 21.) 

Rectilinear figures^ which are similar to the same rectilineal 
figurCf are also similar to each other. 



Let each of the rectilinear figures A and B be similar to the 
rectilinear figure G, 

Then must the figure A he similar to the figure B. 

For *.* A is similar to C, 

A is equiangular to (7, 

and A and C have their sides about the equal i s pro> 
t>ortionals. VI. Def. 1. 

Again, *.* B is similar to (7, 

B is equiangular to C, 

and B and G have their sides about the equal z s pro> 
portionals. VI. Def. 1. 

Hence A and B are each equiangular to G, and have the 
sides about the equal z s of each of them and of C pro- 
portionals. 

A is equiangular to Ax. 1. 

and A and B have their sides about the equal z s pro- 
portionals. V. 6. 

.*• the figure A is similar to the figure B, VI. Def. 1 


Q. E. u 
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Proposition XXI. Theorem. (Eucl. vi. 20.) 

Similar j^olijgons may he divided into the same numher of 
similar triayigles, having the same ratio to one another, which 
the polygons have ; and the polygons are to one another in the 
duplicate ratio of their homologous sid^s. 



Let ABODE, FGHKL be similar polygons, and let ^7? be 
the side homologous to Fir. 

I. The polygons may he divided into the same numher of 

similar A s. a 

II. These Ls have each to each the same ratio which the 'poly- 
gons have. 

III. The 'polygon ABODE has to the polygon FGHKL the 
duplicate 'ratio of that which the side AB has to the side FG. 

Join BE, EO, GL, LH : then 
I. •.• the polygon ABODE is similar to the polygon 
FGHKL, 

.*. z BAE = z GFL, 
nnd BA is to A E as GF is to FL. 



’. A ABE is similar to a FGL. 

VI. G and 4. 

and .’ 

. z ABE = z FGL. 

VI. Dof. 1. 

Again, *. 

: the polygons are similar, 

•. z ABO = z FGH, 

VI. Def. 1. 

and . 

\ L EBC - z LGII ; 

Ax. :i. 

and *. 

the a s ABE, FGL are similar, 

*. EB is to AB as LG is to FG ; 

VI. Def. 1. 

also, * 

.* the polygons are similar, 

'. AB is to BO as FG is to GH ; 

VI. Def. 1. 

and . 

*. EB is to BO as LG is to GH, 

V. 21. 

and since i. EBC = z LGH, 
the A MBG is similar to a LGII. 

VI. 6 and 4. 


For the same reason the A ^( <77 is similar to aLT/X. 

Thus the polygons are divided into the same number of 
similar As. 
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II. *•* L ABE is similar to A FGL^ 

A ABE has CO A FGL the duplicate ratio of 


BE to GL. VI. 19 

So also^ a EBC has to A LGE the duplicate ratio of 
BE to GL. VI. 19. 

A ABE is to A FGL as A EBG is to A LGE. V. 5. 

Again, *.* A EBG is similar to A LGE, 

A EBG has to A LGE the duplicate ratio of 
EG to LH. VI. 19. 

So also, A EGD has to A LEK the duplicate ratio of 
EG to LE. VI. 19. 

A EBG is to A LGE as a EGD is to a LEK. V, 5. 
But A EBG is to A LGE as a ABE is to A FGL. 

as A ABE is to A FGL so is A EBG to A LGE, 
and EGD to L LEK. 


Now as one of the antecedents is to one of the consequents 
so are all the antecedents together to all the consequents 
together, V. 10. 

and A ABE is to A FGL as polygon ABGDE is to polygon 
FGEKL. 

III. Since A ABE has to A FGL the duplicate ratio of 
AB to FG, VI. 19. 

.'. polygon ABGDE has to polygon FGEKL the duplicate 
ratio of AB to FG. V. 5. 

Q. K. D. 

Cor. I. In like manner it may be proved, that similar 
figures of four or any number of sides, are to one another in 
the duplicate ratio of their homologous sides : and it has been 
already proved for triangles, vi. 19. Therefore, universally, 
similar rectilinear figures are to one anothe>* in the duplicate 
ratio of their homologous sides. 
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Cor. II. If M.N be a third proportional to AB and 
AB has to MN the duplicate ratio of AB to FG^ VI. Def, 2. 
and AB is to MN as the figure on AB to the similar and 
similarly described figure on FG ; that being true in the case 
of quadrilaterals and polygons, which has been already proved 
for triangles. VI. 19 Cor. 

Proposition XXII. Theorem. (Eucl. vi. 31.) 

hi right-angled triangles^ the rectilinear figure, demihed ui)on 
the side opposite to the right angle, is equal to the similar and 
similarly described Jigures uqmi the sides containing the right 
angle. 



Let ABC be a right-angled A , having the right l BAC. 

Then must the rectilinear figure, described on BC, be equal 
to the similar and similarly described figures on BA, AC, 

Draw ADi. to BC. 

Then a ABC is similar to s DBA, VI. 12. 

and BC is to BA as BA is to Bl), VI. 4. 

and .’. as BC is to BD so is the figure described on BC to 
the similar and similarly described figure on BA, VI. 21, Cor. 2. 
and as BD is to BC so is figure on BA to figure on BC. 

V. 12. 

For the same reason 

as DC is to BC so is figure on AC to figure on BC. 
Hence as BD, DC together arc to BC so are figures on BA, 
AC together to figure on BC. V. 22. 

But BD, DC together are equal to BC, and 

figures on BA, AG together = figure on BC. V. 18. 

q. E. p, 
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Noth.— T he Proposition which follows is not given by 
Euclid, but is necessary to the proof of Prop. xxiv. 

Proposition XXIII. Tjieorkm. 

If two rectilinear Jigurea he egnal and also similar ^ their 
homologom sides must be equaly each to each* 

A F 



n C 


•Let the rectil. figs. ABCDEy FQIIKL be equal and similar, 
and let DC and KH be homologous sides of the figures. 

Then mvst DC= KIl. 

For, if not, let DC be greater than KIL 
Then *.* DC is to DE as KIl is to KL, 

.*. DE is greater than KL. V. 14. 

Hence if A KLfi be applied to a DEC, so that KM falls on 
DC and KL on DE (for l HKL = i CDE), HL will fall 
entirely within a DEC\ 

/.aKLH is less thm A DEC. 

VAxt'.'ADEC is to A KLU as figure ABCDE is to 
figure iY:?// XL, VI. 21. 

and figure figure FCHKL 

..aDEC^aKLH, V. 18, 

or the greater = the less, which is impossible. 

.*. DO is not greater than KH. 

Similarly it may be shown that DC is not less than KH, 
DC^KH. 



Q. E. D. 
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Proposition XXIV. (End. vi. 22.) 

If four straight lines he yroi'.ortionals^ the similar recti- 
linear figures similarly described upon them must also he 
portionals. 



Let the four straight lines ABj CD, EF, GIl be propor- 
tionals, that is, ^li>* to CD as EF is to GIl ; 

and upon AB, CD let the similar rectilinear figures KAB, 
LCD be similarly described ; and upon EF, Gil the similar 
rectilinear figures MF, NH in like manner. 

Then must KAB he to LCD as MF is to NH. 


To AB, CD take a third propoi tional X and 
to EF, GH take a third proportional 0. VI. 10. 

Then *.* AB is to CD as EF is to GH, 

.\ CD is to X as GH is to 0, V. 5. 

and .\ AB is to X as EF is to 0. V. 21. 

But as AB is to X mis KAB to LCD, VI. 21, Cor. 2. 

and as EF is to 0 so is MF to NH. VI. 21, Cor. 2. 

/. KAB is to LCD as MF is to NH. V. 5, 
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And Conversely, 

If the similar figureSy similarly described on four straight 
lines, be •proportionals, those straight lines must be proportionals. 

The same construction being made, 

let KAP be to LCD as MF is to NH, 

then must AB be to CD as EF is to OH. 


Make as AB to CD so EF to PR, VI. 11. 

and on PR describe the rectilinear figure SR, similar and simi- 
larly situated to either of the figures MF, NH. VI. 18. 

Then, by the first part of the proposition, 

KAB is LfD as MF is to SR. 

But KAB is to LCD as MF is to NH. Hyp. 

.-. SR==NH, V. a 

Also, SR and NH are similar and similarly situated, 
and PR=^QH. VI. 23. 

Now AB is to CD as EF is to PR, 
and .% AB is to CD as EF is to QH. V. 6 


g. K. D. 




282 


EUCLID'S ELEMENTS. 


[Book VI. 


Proposition XXV. Theorem. (EucI. vi. 33.) 

In equal circles^ angles^ whether at the centres or the circum- 
ferencMy have to one another the same ratio as the arcs which 
subtend them ; and so also have the sectors. 




In the equal 0s ABO, DBF let tlie i s BGCf EhlF at the 
centres, and the z s BAC, FDF at the circumferences, be suV 
tended by the arcs BC, EF. 

Then I. z BGG must he to z ElIF as arc BC is to arc EF. 

Take any number of arcs CK, KL, each == BO, 
and any number of arcs FM, MN, NR each==Bi^. 

Then •.* arcs BC, CK, KL arc all equal, 

z s BGC, CGK, KGL are all equal. III. 27. 
z BGL is the same multiple of z BGC that 
arc BL is of arc BC. 

So also, z ERE is the same multiple of z ElIF that 
arc EE is of arc EF. 

And z BGL is equal to, greater than, or less than 
z ERE, 

according as arc BL is equal to, greater than, or less than 
arc EE. III. 27. 

Now z BGL and avoBL are equimultiples of z BGC andarcBO, 
and z EHEmd arc jBjR are equimultiples of z EHFmd axcEF. 

z BGC is to z EHF as arc BC is to arc EF* V. Def. 5. 
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II. L BA 0 must he to A EDF as arc BO is to are EF. 

For *,• L twice i BAG^ and z EHF ^twice l EDF^ 

III. 20. 

L BAG is to z EDF as z BGO is to z EHF^ V. 11, 
and .*. z BAG is to z EDF as arc BC is to arc EF. V. 5. 

III. Sector BOG must he to sector ERF as are BG is to 
are EF. 

For sectors BOG^ GOK, KGL are all equals III, 26, Cor. 

and sectors ERF, FRM, MRN, NRR, are all equal, 

III. 26, Cor. 

sector BGL is the same multiple of sector BGG that 
arc BL is of arc BG, 

and sector ERR is the same multiple of sector ERF that 
arc ER is of arc EF ; 

also, sector BGL is equal to, greater than or less than 
sector ERR, according as 

arc BL is equal to, greater than, or less than arc ER, III. 26. 
and sector BOG is to sector ERF as arc BC is to arc EF. 

q. £. a 

Cor. In the same circle, angles, whether at. the centres or 
the circumferences, have the same ratio as the arcs which sub- 
tend them . and so also have tLe sectors. 
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PnorosiTioN B. TnEonKM. 

If an angle of a triangle he bisected by a straight line, which 
likewise cuts the base ; the rcriangle, contained by the sides of 
the triangle, is equal to the rectangle, contained by the segmaits 
of the base, together with the square on the line bisecting the 
angle. 



Let i BAC ot the a ABO be Vtisected by the st. line A D. 
Then rect. BA, AO^rect. BD, DO together with sq. on AD. 
Describe the (t) ABO about the a , HI. u, p. 135. 

produce AD to meet the Oce in E, and join EO. 

Then e.BAD= i OAE, H 3 ,p. 

and z ABD = l AEO, in the same segment, III. 21. 
A ABD is C(iiiian^mlar to A AEC, I. 32. 

BA is to AD as EA is to AC. VI. 4. 

rect. BA, AC=rcct, EA, AD, VI. 16. 

==rect. ED, DA together with sq. on AD. 

II. 3. 

=rect. BD, DC together with sq. on AD. 

III. 35. 


q. E. i>. 
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Proposition C. Theorem. 

If from anij anyle of a triangle a straight line he drawn per- 
pendimlar to the base, the rectangle, contained by the sides of 
the triangle, is equal to the rectangle, contained by the per- 
p)endicular and the diameter of the circle described about the 
triangle. 



Let ABC be a A , and AD the ± from A to BC. 

Describe the ABC about the A ABC, III. b. 

draw the diameter AIJ, and join EC. 

Then must red. BA, AC = red. EA, AD. 

For rt. L BDA — l EC A, in a semicircle, III. 31. 

and z ABD == z AEC, in the same segment, III. 21. 

A ABD is equiangular to the a A EC. I. 32. 
BA is to AD as EA is to AC, VI. 4. 

and .'. rect. BA, AC=VQct. EA, AD. VI. 16. 


Q. E. D. 

Ex. 1. Shew that the rectangle contained by the two sides 
can never be less than twice the triangle. 

Ex. 2. ABC is a triangle, and A M the perpendicular upon 
BC, and P any point in BC ; if 0, O' be the centres of the 
circles described about ABP, ACP, the rectangle AP, BC 
is double of the rectangle of AM, 00'. 

Ex. 3. A bisector of an angle of a triangle is produced to 
meet the circumscribed circle. Prove that the rectangle, con- 
tained by this whole line and the part of it within the triangle, 
is equal to the rectangle contained by the two sides. 
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Proposition D. Theorkm. 

The. rectangle^ contained hy the diagoiutls of a quadrilateral 
inscribed in a cMe, is equal to the sum of the rectangles, con- 
tained hy its opjwsite sides. 



Let ABCD be any quadrilateral inscribed in a 
Join Aif BT). 

Then rect. AC, BD^reet. AB, CD together with red. AD, BG. 


Make z ABE = z DEC ; I. 23. 

and add to each the z EBD. 

Then z ABD = z CBE ; 

and z BDA = z BCE in the same segment ; TIT. 21. 
A ABD is equiangular to a BCE, I. 32. 

/. AD m to BD as CE is to BC, VI. 4. 

and rect. AD, BC=vQct. BD, CE. VI. 10. 

Again, z ABE = z DBC, by construction, 

and z BAE == z BDC, in the same segment, ITT. 21. 
.*# t^ABE is equiangular to a BCD. T. 32. 

AB is to AE as BD is to CD, VI. 4. 

and rect. AB, OD=rect. BD, AE. VI. 10. 

Hence rect. AB, CD together with rect. AD, BC 
==rect. BD, AE together with rect. BD, CE. 

«rect. AC, BD. II. 1. 


Q. E. D. 

Ex. If the diagonals cut one another at an angle equal to one 
third of a right angle, the rectangles contained by the opposite 
sides are together equal to four times the quadrilateral figure. 
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Proposition XXVL Theorem. (Eucl vi. 23.) 

Equiangular 2 >(^ralhlogram 8 have to one another the ratio, 
which is compounded of the ratios of their sides. 



JE r 


Let ^Oaiicl OF be equiangular Os, having z BOD = z EOG. 

IPhen must EJ AO have to O OF the ratio compounded of 
the ratios of their sides. 

Let BO and OG bo placed in a stmight line. 

Then DO and OE are also in a straight line. 1. 14. 

Complete the O DG, and taking any st. line K, 

make as BO is to OG so K to L VI. 11. 

and make as DO is to OE so L to M. VI. 11. 

Then •.* K has to M the rjitio compounded of the ratios of 
K to L and L to M, 

.*. K has to M the ratio compounded of the ratios of 
the sides. VI. Def. 3, p. 260. 

Now BO is to OG as CJ AO is to CJ OH, VI. 1. 

and DO is to OE as £7 OH is to £7 OF, VI. 1 . 

K is to L as O AO is to O OH, V. 5. 

and L is to M as O OH is to EJ OF, V. 5. 

Hence K is to Af as O AO is to EJ OF ; V. 21. 

and EJ AO has to EJ GF the ratio compounded of the 
ratios of their sides. 


Q, £. D. 
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Proposition XXVII. Theorem. (End. vi. 24). 

Parallelograim about the diameter of any 'parallelogram are 
similar to the 'whole parallelogram and to one another. 



Let ABCD be a O, of which the diameter is and 
ABFOy FUCK the Os about the diameter. 

Then must these /Us be similar to ABCD and to each other. 


For •.* GF is II to DC, z AGF == z ADC, I. 20. 

and •.• FF is || to BC, z AEF = z ABC ; I. 20. 

and each of tlio z s EFG, /ICl>=opposite z BAD, I. 34. 

and. \ i EFG= i BCD. Ax. 1. 

Thus the Os AEFG, ABCD are equiaiif^ailar to one 
another. 

Again, *.* EF is || to BG, 

.\ AB is to BG as AE is to EF ; VI. 4. 

and since the opposite sides of the Os are ecpial, 

AB is to AD as AE is to AG, V. (>. 

and DC is to CB as GF is to FE, V. (5. 

and CD is to DA as FG is to (rA. V. (>. 


Thus the sides of the Os AEFG, ABCD about their equal 
angles are proportional. 

.'. O AEFG is similar to O ABCD. 

Similarly, O FH( K is similar to O J BCD ; 

and .*. O AEFG is similar to O FUCK. VI. 20. 

Q. R. D. 

Ex. Show that each of the complements of the parallelogram 
is a mean proportional between the parallelograms about the 
diameter 
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Proposition XXVIII. Theorem. (End. vt. 26.) 

If two sindlar parallelograms Juive a common angle, and he 
similarhf situated, they are about the same diameter. 


AG U 



H C 


Let the Os ABCJJ, AEFG be similar and similarly 
situated, and have z DAB common. 

llieri must ABCD and AEFG he about the same diameter. 

For, if not, let ABCD have its diameter, AllC, not in the 
same st. line with AF, the diameter of AEFG. 

Let GF meet AIIC in IT, and draw HK II to A T). I. 31. 

Then Os ABCD, AKIIG, about the same diameter, are 
similar. VI. 27. 

and .*. DA i.s to AB as GA is to AK. VI. Def. 1. 
Eut *.* ABCD, AEFG are similar Os, 

.*. DA is to AB as GA is to AE. 

Hence GA is to dZvas GA is to AE, V. 5. 

and . *. yl Tv == E, V. 8. 

the less the greater, which is impossible. 

ABCD and AKTIG are not about the same diameter, 
and ABCD and AEFG must have their diameters in the 
same st. line, that is, they are about the same diameter. 

Q. E. D. 


20 
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Proposition XXIX. Problem. (Eucl. vi. 25.) 

To (h’Mrihe a reetillncar figure which shall he similar io 07ie, 
and equal to another^ given rectilinear figu re. 


A 



It is o^equired to describe a figure situilar to ABC and equal 
to 1). 


On BC descrihe the O BLBC equal to A BC, and T. 45, ( \)r. 
on describe the O ('EFMoiim] to />, T. i5, ( \)r. 

and having i Fi^E = z (JBL 

Then BC iiml CF are in a straight line, I. 20 and 14. 

and LE and FJM are in a straight line. 

Find (rif a mean proportional between 7/('and CF, VI. 10. 
and on GlI describe the rectilinear liguro KG II, similar and 
similarly situated to ABC. VI. J<s. 

Then BC in to GH as Gll is to CF, 

as BC is to (K so is A Bi- to KG If. VI. 20, Cor. 2. 
But as BC is to CF so is EJ BE to CJ EF, VI. 1. 

and as A BC is to KG IT so is CJ BE to ZZ7 EF. V. 5. 

Now ABC is equal to CJ BE, (/bnstr. 

and .\ KGII ^CJ EF. V. 14. 

But CJ J^^F^=the figure D. 

KGII ^1) ; and 7vT//ris similar to ABC. 

Hence a figure KGH has been described as was requinnl. 


Q. E. F. 
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Dkf. Y. a straiglit lino is said to be cut in extreme and 
mean ratio, when the wliole is to the greater segment as the 
greater segment is to the less. 


PiiorosiTroy XXX. PrionnKM. (Eiicl. vr. .30.) 

To cut a str(ii(jlU limi in t xbrnir anJ 'invan ratio. 

A -4 B 

Let AB be the giv’cn st. lino. 

It is rffpiircd to nit AB in (.dreme and mean ratio. 

Divide AB in th(‘. pt. (\ so that vect. AB, BiJ = sq. on AC. 

• II. 11. 

Then *.* root. A />, BC = sq. on A C 

.*. AB is to A (1 as AC is to BC, VI. 1 7 . 

and .*. AB is cut in extreme and mean ratio in (J. Def. 5. 

Q. K. F. 

Ex. 1. If two diagonals of a regular pentagon be drawn to 
cut one another, they cut one another in extreme and mean 
ratio. 

Ex. 2. If the radius of a circle be out in extreme and mean 
ratio, the greatc]’ segment will be e<pud to the side of a regular 
decagon described in the circle. 
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Proposition XXXT. Theorem. (Eucl. vi. 32.) 

If two triangles^ similarly situated, which have two aides 
of the one pro 2 wrtioual to two sides of the other ^ he joined at 
one angle, so as to have their homologous sides jmraUel, each 
to each, the remaining sides must he in a straight line. 



Let the As ABC, DOE bo sinularly situated, haviu^^ tlie 
sides BA, AO proportional to Cl), 1)E, and let BA be |1 'to 
CD, and AC 11 to DE ; 

Then must BC and CE he in one st, line. 

For AG meets the 11s BA, CD, 

L BAC = alternate i ACD. I. 29. 

And CD meets the 11s A C, DE, 

i A(W = alternate z CDE. I. 29. 

Hence z BA C = z CDE. Ax. 1. 

Then *.* BA is to AC as CD is to DE, and z BAC — z CDE, 
.\ A ABC is equiangular to a DCE. VI. (>. 

.*. z yl CB = z DEC ; VL Def. 1 . 

and .*. z s ACB, ACE together — z s ACE, DEC together, 

= two right angles, I. 29. 
/. BC and CE are in the same st. line. I, 14. 


Q. E. D. 
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MiseellaneouB Exercim on Book VI, 

1. Two common tangents to two circles meet at A. If the 
diameter of the smaller circle^ the distance between the centres, 
and the diameter of the larger circle, be in the ratio of 1, 2, 3, 
prove that the distance from A to the centre of each circle is 
equal to the diameter of that circle, 

2. Straight lines are drawn through the angular points of a 
triangle, parallel to the opposite sides, and through the angular 
points of the triangle thus formed straight lines are drawn, 
parallel to its opposite sides, and so on ; show that all these 
triangles are similar to the original triangle, and that any one 
of them has its sides bisected by the angular points of the pre- 
ceding triangle. 

3. If a point be taken within an equilateral triangle, the per- 
pendiculars drawn from it to the three sides are together equal 
to the perpendicular drawn from one of the angles to the 
opposite side. 

4. Upon AB as base two triangles ABCy ABD are described, 
and a line cutting GA is drawn parallel to GD, From the 
points where this line meets AGj AD, lines are drawn to meet 
GB, DB, and parallel to the base. Shew that these lines are 
equal 

5. If 0 bo the centre, and AB the diameter of a circle, and 
if on -40 as a diameter a circle be described, then the circum- 
ference of this circle will bisect any chord, drawn through U 
from A to meet the exterior circle. 

6. Oil a given base describe a triangle, having a given 
vertical angle, and one of its sides double of the other. 

7. From a point E in the common base of two triangles 
AGB, ADBj straight lines are drawn parallel to AGy AD, 
meeting BG, BD in F and Q. Shew that the lines joining 
F, Q and C, D will be parallel 

8. From the angular points, of a triangle ABO, straight lines 
AD, BE» GFm are drawn perpendicular to the opposite sides 
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and terminated by the circumscribing circle ; if i be the point 
of their intersection, shew that iD, LE^ LF are bisected by 
the sides of the triangle. 

9. If D and E be points in the sides of a triangle ABC^ 
such that AD and AE are respectively the third parts oiAB and 
AGj shew that BE and CD cut one another in a point of 
quadrisection. 

10. In A By A Gy two sides of a triangle, are taken points 
Dy E ; ABy AG are produced to Fy Gy such that BF=ADy and 
CO^AE: and BGy CFy FG are joined, the two former meet- 
ing in H. Show that the triangle FHG is equal to the 
triangles BHGy ADE together. 

11. If the angle, between the internal bisector of the angle 
of a triangle and the base, be equal to the angle between the 
external bisector and the greater side produced, a perpen* 
dicular on this side through the vertex will bisect the segment 
of the base between the internal and external bisectors. 

12. Triangles on equal bases and between the same parallels 
will have equal areas cut off by a line parallel to their bases. 

13. From Ay By the extremities of the diameter of a circle, 
lines AGEy BGDy are drawn through a point (7, on the circum- 
ference, to points E and D, such that EB and DA touch the 
circle. Shew that ED meets the tangent at C in AB produced, 

14. Draw a straight line cutting two concentric circles, so 
that the part of it which is intercepted by the circumference 
of the greater may be four times as great as the part inter- 
cepted by the circumference of the less. 

16. Shew how to inscribe a rectangle DEFG in a triangle 
A BGy so that the angles D, E may be in ABy AG respectively, 
the side FG coincident with the base, and the area of the rect- 
angle be equal to half that of the triangle. 

16. If the bisectors of the opposite angles Ay Gy oi a quadri- 
lateral figure ABGDy intersect on the diagonal BDy then will 
the bisectors of the angles By D meet on A G, 

17 . Two sides of a Quadrilateral described about a circle are 
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parallel ; if the points of contact divide the other two sides 
proportionally, they are equally inclined to the first two. 

18. If two triangles, on the same base, have their vertices 
joined by a straight line, which meets the base, or the base 
produced , shew that the parts of this line, between the vertices 
of the triangles and the base, are in the same ratio to eacli 
other as the areas of the triangles. 

19. If perpendiculars be drawn from any point on the cir- 
cumference of a circle to two tangents and the chord joining 
the points of contact, shew that the square on the perpendicu- 
lar to the chord is equal to the rectangle contained by the 
other perpendiculars. 

20. If the angles C, of the triangle ABC, be respectively 
equal to the angles D, E, of the triangle ABE and the angles 
B, E, of the triangle ABE, to the angles D, G, of the triangle 
ADC, then these pairs 45f triangles shall be respectively equal 
io each other ; and if BE, CD, intersect in F, the triangles 
BED, GFE, shall also be simUar. 

21. If, from the extremities of the diameter of a semicircle, 
perpendiculars be let fall on any line cutting the semicircle, 
the parts intercepted between those perpendiculars and the 
circumference are equal. 

22. In a given circle place a chord, parallel to a given chord, 
and having a given ratio to it. 

23. ABC is an equilateral triangle. Through C a line is 
drawn at right angles to AG, meeting AB produced in D, and 
a line through A parallel to BG in E, Through K, the middle 
point of AB, lines are drawn respectively parallel to AE, AG, 
and meeting BE in F and (?. Prove that the sum of the 
squares on KO and FO is equal to three times the square 
on FE, 

24. Find a point in the base of a right-angled triangle pro- 
duced such that the line drawn from it to the angular point 
opposite to the base, shall be to the base produced as the 
perpendicular to the base itselfi 
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25. AB is a giyen straight line, and D a given point in it ; 
it is required to find a point P, in AB produced, such that 
AP is to PB as AD is to DB. 

26. If two circles touch each other externally, and parallel 
diameters be drawn, the straight line, joining the extremities 
of those diameters, will pass through the point of contact. 

27. If two circles touch each other, and also touch a straight 
line ; the part of the line, between the points of contact, is a 
mean proportional between the diameters of the circles. 

28. Two circles touch each other internally, the radius of 
one being treble that of the other. Shew that a point of tri- 
section of any chord of the larger circle, drawn from the point 
of contact, is its intersection with the circumference of the 
smaller circle. 

29. If ABC be a right-angled triaugle, and D any point in 
its hypotenuse AB, determine by a geometrical constru6- 
don the point P, to which AB must be produced, so that PA 
IS to PB as AD is to DB. 

30. If a line touching two circles cut another line joining 
their centres, the segments of the latter will be to each other 
as the diameters of the circles. 

31. If through the vertex of an equilateral triangle a per- 
pendicular be drawn to the side, meeting a perpendicular to 
the base, drawn from its extremity, the line, intercepted 
between the vertex and the latter perpendicular, is equal to 
the radius of the circumscribing circle. 

32. If on the diagonals of a quadrilateral as bases, parallelo- 
grams be described, equal to the quadrilateral, find the ratio 
of their altitudes. 

33. The opposite sides AB, DO of a quadrilateral ABGD, 
which csm be inscribed in a circle, meet, when produced, at E ; 
F is the point of intersection of the diagonals, and EF moeta 
AD in 0 ; prove that the rectangle EA, AB is to the rectans^le 
ED, DC as ^6? is to CD. 
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34. If from the extremities of the diameter of a circle 
tangents be drawn, any other tangent of the circle, terminated 
by them, is so divided at its point of contact, that the radius 
of the circle is a mean proportional between the segments of 
the tangent. 

35. If the sides of a triangle, inscribed in the segment of a 
circle, be produced to meet lines drawn from the extremities 
of the base, forming with it angles equal to the angle in the 
segment, the rectangle contained by these lines will be equal 
to the square on the base. 

36. Describe a parallelogram, which shall be of a given 
altitude, and equal and equiangular to a given parallelogram. 

37. Two circles touch each other internally at the point 
and from two points in the line joining their centres perpen- 
diculars are drawn, intersecting the outer circle in the points 
fi, 0, and the inner circle*m the points D, E. Shew that AB 
isio AG B& AD is to AE. 

38. Given of any triangle the base, and the point, where the 
line, bisecting the exterior vertical angle, cuts the base pro- 
duced, find the locus of the vertex of the triangle. 

39. Draw a line from one of the angles at the base of a 
triangle, so that the part of it cut off by a line drawn from the 
vertex parallel to the base, may have a given ratio to the pan 
cut off by the opposite side. 

40. If AC be drawn from 4 to a point 0 in the base of the 
triangle ABD, so that ABD, ACD are similar triangles, shew 
that DA touches the circle described about ABG. 

41. If the centres 4, j 5, of two circles be joined, and P be 
the point in the line AB, from which equal tangents can be 
drawn to the circles ; the tangents drawn from any point in a 
line, which passes through P at right angles to AB are all 
equal. 

42. Construct a triangle, similar to a given triangle, and 
having its angular points upon three given straight lines, which 
meet in a point. 
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43. Let ABQD be any parallelogram, BD its diagonal. 
Then the perpendiculars, from A on J5i), and from B and J) 
upon AD and -4JB, shall all pass through a point. 

44. If a quadrilateral be inscribed in a circle, its diagonals 
shall be to one another as the sums of the rectangles cont^iined 
by the sides adjacent to their extremities. 

45. A square is described on the base of an isosceles triangle, 
remote from the vertex. Prove that, if the vertex be joined 
to the corners of the square, the middle segment of the base 
will be to the outer one in twice the ratio of the perpendicular 
on the base to the base, 

46. The base AB of an isosceles triangle ABG is produced 
both ways to D and E, so that the rectangle AD, BE is 
equal to the square on AG. Shew that the triangles DAG, 
EBG, are similar. 

47. If each of the angles at the base of an isosceles triaAgle 
be double of the angle at the vertex, shew that either side is a 
mean proportional between the perimeter of the triangle, and 
the distance of the centre of the insciibed circle from either 
end of the base. 

48. ABG is a triangle, and 0 is the centre of the circle 
inscribed in the triangle. Shew that AO passes through the 
centre of the circle described about the triangle BOG, 

49. Draw a line parallel to one of the sides of a triangle, so 
that it may be a mean proportional between the segments into 
wliich it divides one of the other sides. 

50. If an equilateral triangle be inscribed in a circle, and 
the adjacent arcs cut ofiF by two of its sides be bisected, .shew 
that the line joining the points of bisection will be trisected by 
the sides. 

. 4- 

51. ABG is an equilateral triangle, BG is produced to D, 
and GD is made equal to BG : GE is drawn at right angles 
to DGB, and at A the angle GAE is made equal to the angle 
DGA ; DE, DA are drawn. Shew that the rectangle DA^ 
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QE is equal to the rectangle DEj AG together with the square 
on CB. 

62. Two straight lines AB, CD, intersect in E, If when 
AG, BD are joined, the sides of the triangle AGE, taken in 
order, are proportional to those of the triangle DBE, taken in 
order, shew that A, G, B, D, lie on the circumference of the 
same circle. 

63. If any triangle be inscribed in a circle, and from the 
vertex a line be drawn parallel to a tangent at either extremity 
of the base, this line will be a fourth proportional to the base 
and two sides. 

64. If a triangle be inscribed in a semicircle, and a per- 
pendicular be drawn from any point in the diameter, meeting 
one side, the circumference, and the other side produced ; the 

segments cut off will be in continued proportion. 

• 

•55. If A BCD be any quadrilateral figure inscribed in a 
circle, and BE, DL be perpendiculars on the diagonal AG, 
shew that BE is to DL as the rectangle AB, BG is to the 
rectangle AD, DG^ 

56. If a rectangular parallelogram be inscribed in a right- 
angled triangle, and they have the right-angle common, the 
rectangle, contained by the segments of the hypotenuse, is 
equal to the sum of the rectangles, contained by the segments 
of the sides about the right angle. 

67. If from the vertex of an isosceles triangle a circle be 
described, with a radius less than one of the equal sides, but 
greater than the perpendicular from the vertex to the base, 
the parts of the base cut off by it will be equal 

68. Through a fixed point -d on a circle, a chord AB is 
drawn, and produced to a point M, so that the rectangle con- 
tained hj AB and AM is constant. Find the locus of M. 

59'. If two sides of a triangle be unequal, the sum of the 
greater side and the perpendicular upon it from the opposite 
angle is greater than the sum of the less side and the porpen 
dieular upon it from the opposite ansrlo 



3«> 


EUCLID S ELEMENTS. 


[Book VL 


60. From one angle of a triangle^ perpendiculars are dropped 
on the external bisectors of the other two angles ; prove that 
the distance between the feet of these perpendiculars is equal 
to half the sum of the sides of the triangle. 

61. Ay By Py Qy Ry sro fivo poluts in the circumference of 
a circle ; p, q, r, are the intersections of perpendiculars of the 
triangles ABP, ABQ, ABR respectively ; prove that the 
triangles PQR, pqr are similar, equal, and similarly placed. 

62. ADy BEy GF are perpendiculars from the angular points 
of a triangle on the opposite sides, intersecting in P. Prove 
that the rectangle APy BG is equal to the sum of the rectangles 
PEy AG ernd PFy AB. 

63. ABG is a triangle, and ADy AEy are drawn to points 
D, Ey in the base, so as to make equal angles with AB, AG, 
respectively. Shew that the square on is to the square on 
40 as the rectangle BD, BE is to the rectangle OP, GE. 

« 

64. Find a straight line, such that the perpendiculars, let 
fall upon it from three given points, shall bo in a given ratio 
to each other. 

65. Find a fourth proportional to three given similar 
triangles. 

66. If the sides of a triangle be bisected, and the points 
joined with the opposite angles, the joining lines shall divide 
each other proportionally, and the triangle, formed by the 
joining lines, and the remaining side, shall be equal to a third 
of the original triangle. 

67. Find the locus of a point, such that the distance between 
the feet of the perpendiculars from it upon two straight lines, 
given in position, may be constant. 

68. ABGD is a parallelogram, AG, BD diagonals. If 
parallel lines be drawn through A, G, and also through B, P, 
the diagonals of all parallelograms so formed will pass through 
the same point. 

69. OPQ is any triangle, OR bisects PQ in JR ; P8T 
bisects OR in S, and cuts OQ in T. Shew that OQ^ZOT. 
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70. If the side BGy of a triangle ABG^ be bisected by a line, 
which meets Al>md AG, produced if necessary, in D and B 
respectively, shew that AE is to EG as D is to DB. 

71. Two circles are drawn in the same plane, having a com- 
mon centre 0. If the tangent, at any point P of the inner 
circle, meet the outer in Q, and be produced both ways to 
points A, By such that QAy QB, are each of them equal to QGy 
the area of the triangle GAB will be constant. 

72. From P, a point without a circle, whose centre is C, 
two tangents PAy PB, are drawn, and also a line, meeting the 
circle in D, and AB in E. If GP be perpendicular to PD, 
then FD is a mean proportional between FP and FE, 

73. Three circles touch the sides of a triangle ABG in the 
points where the inscribed circle touches them, and touch 
each other, in the points O, Hy K. Prove that A Oy BH and 
GK meet in a point. 

^4. If ABG be a right-angled triangle, and EFy parallel to 
BGy the hypotenuse, meet ABy in D, P, then EHy FLy 
AK being drawn perpendicular to BC, shew that the difference 
of the rectangles CKy GH and BL, BK is equal to the differ- 
ence of the squares on ABy AC, 

76. From a point A in the circumference of a circle two 
chords AB, AG are drawn, cutting off arcs greater than a quad- 
rant and less than a semicircle ; and from the extremity B of 
the greater chord, a line BD is drawn in a direction perpendi- 
cular to that of the diameter through A, and meets AC pro- 
duced in D. Shew that AD is to AB as AB is to AG. 

76. Two circles intersect, and through a point of intersection 
two lines are drawn, terminated by the circumferences of both 
circles ; one of these lines remains fixed, while the other may 
have any position. Shew that the locus of the intersection of 
the lines joining their extremities is a circle. 

77. If the side BG of an equilateral triangle ABG be pro- 
duced to any point D, and AD be joined, and if a straight line 
CE be drawn parallel to AB, cutting AD in E, prove that the 
square on AE is to the rect. DAy DE as the rect. GEy GB is to 
the square on DO* 
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78. In a triangle, right-angled at J., if the side ^Cbe double 
of AB, the angle B is more than double the angle 0. 

79. From the obtuse angle of a triangle draw a line to the 
base, which shall be a mean proportional between the segments, 
into which it divides the base. 

80. AB^ AG are two straight lines, B and C given points in 
the same ; BD is drawn perpendicular to AO, and DE per- 
pendicular to AB ; in like manner OF is drawn perpendicular 
to AB, and FG to AG. Shew that EG is parallel to BG. 

81. AB m the diameter of a circle, and OD a chord at right 
angles to it, E any point in GD, If AE and BE be drawn 
and produced to cut the circle in F and (?, the quadrilateral 
FOGD has any two of its adjacent sides in the same ratio as 
the remaining two. 

82. ADEB is a semicircle ; AB the diameter ; DF, EG 
perpendiculars on the diameter ; G the centre of a circle, which 
touches the semicircle and these perpendiculars ; and GB is 
drawn perpendicular to the diameter. Shew that GB is a 
mean proportional between J F and BG. 

83. Divide a straight line in a given ratio, and produce it 
so that the whole line thus produced shall be to the part pro- 
duced in the same ratio ; shew that the circle described on the 
line between the two points of section, as diameter, is such, 
that if any point of its circumference be joined with the ex- 
tremities of the given line, the straight lines so drawn shall 
also be in the given ratio. 

84. If any secant be drawn through the intersection of two 
tangents to a circle, and if the points of intersection be joined 
to the points of contact of the tangents, shew that the rect- 
angles under the pairs of opposite sides of the quadrilateral 
formed by the joining lines are equal. 

85. Triangles on the same base, and with equal vertical 
angles, are to one another as the products of their sides. 

86. A line AGBT> is divided, so that AG is to GB as AD ia 
to DB. Shew that a semicircle, described on GD, is the lociw 
of F. such that A P is to PB as AO is to GB. 
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87. If the two diagonals of a quadrilateral, inscribed in a 
circle, be given, shew that the quadrilateral is greatest, when 
they are at right angles. 

88. ABC is a triangle, D, the middle points of AB, AOy 
and BEf CD, meet in F : (i, triangle is drawn, having its sides 
parallel to A F, BF, OF. Shew that the lines, joining its angular 
points. to the middle points of its opposite sides, will be parallel 
to the sides of the triangle ABC. 

89. A circle rolls within another, of twice its radius : if P be 
the point of contact, and A a given point of the rolling circle, 
PA will be constant in direction. 

90. Two circles intersect ; the line AHKB joining their 
centres A, B, meets them in JBf, K. On AB is described an 
equilateral triangle ABC, whose sides BO, AC intersect the 
circles in F, E. FE produced meets BA produced in G. 
Shew that as GA is to GK, so is CF to CE, and so also is Gil 

91. ABC is a triangle inscribed in a circle, and perpendiculars 
a-re drawn from any point in the circumference to the sides ol 
the triangle. Prove that the points in which they meet the 
sides are in one straight line. 

92. An isosceles triangle has one of its equal sides a mean 
proportional between two sides of another triangle. If these 
two sides include the same angle as the vertical angle of the 
isosceles triangle, shew that the triangles are equal. 

93. Two triangles ABC, BCD, have the side BC common, 
the angles at B equal, and the angles ACB, BDC right angles. 
Shew that the triangle ABC is to the triangle BCD sa A B is 
to BD. 

94. Given the straight line which is drawn from the vertex 
of an equilateral triangle to a point of trisection of the base, 
find the side of the triangle. 

95. Straight lines being drawn from the angular points A, 
B, C, of a triangle through any the same point, so as to cut the 
opposite sides respectively in a, h, c, shew that the rectangle 
Ab, Be is to the rectangle Ac, Ba as (75 is to Ccl 



304 


EUCLWS ELEMENTS, 


IBook TL 


96* ABOD is a quadrilateral inscribed in a circle, and its 
diagonals intersect in F, Shew that the rectangle AF^ FD is to 
the rectangle BFj FC as the square on AD is to the square 
on BG. 

97. ABGD is a quadrilateral figure whose opposite angles 
are not supplemental ; the circle described about ABD cuts 
DG in Ef and the circle described about BGE cuts AE in F, 
Shew that the triangle ABF is equiangular to the triangle BGD, 
and the triangle BGF to the triangle ABD, 

98. AGB is a triangle whereof the side JIC is produced to 
D until GD is equal to AG ; and BD is joined: shew that if 
any line drawn parallel to AB cuts the sides AG and GB, and 
from the points of section lines be drawn parallel to DB, these 
will meet AB in points equidistant from its extremities. 

99. A and B are fixed points, and AG, BD are perpendi- 
culars on GD, a given straight line : *;he straight lines AD, BG, 
intersect in E, and EF is dra^n perpendicular to GD. Show 
that EF bisects the angle AFB. 

100. If 0 be the centre of a circle circumscribed about the 
triangle ABG, obtuse-angled at 0, and if on OG as diameter a 
circle be described meeting AB in i> and E, then either GD or 
GE shall be a mean proportional between the segments into 
which they respectively divide AB. 

101. The exterior angle GBD of the triangle ABG is bisected 
by the line BE, which cuts the base produced in E. Shew that 
the square on BE, together with the rectangle AB, BG, is 
equal to the rectangle AE, EG. 

102. ABGD is a quadrilateral figure inscribed in a circle ; 
BA, GD, are produced to meet in P, and AD, BG, are pro- 
duced to meet in Q. Prove that PG ia to PB &ja QA is to QB, 

Also, shew that half the sum of the angles at P and Q is 
equal to the complement of the opposite angle ABG of the 
quadrilateral figure. 

103. Having given the vertical angle, and the ratio of the 
sides containing it, and also the diameter of the circumscribing 
circle, construct the triangle. 
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104. From the centre of a given circle draw a straight line 
to meet a given tangent to the circle, so that the segment of 
the line between the circle and the tangent shall be any required 
part of the tangent 

105. Find a point the distances of which from three given 
points not in the same straight line are proportional to j), q, r 
respectively, the four points being in the same plane. 

100. AB is the diameter of a circle, D any point in the 
circumference, and C the middle point of the arc A D. If AG, 
AD, BG, be joined, and AD cut BG in E, the circle described 
about the triangle AEB will touch AG, and its diameter will 
be a third proportional to BG and AB. 

107. From a given point A a variable straight line is drawn, 
meeting a fixed straight line in F, and a point Q is taken on 
it so that the rectangle AP, AQ is constant. Find the locus 
otQ. 

• 108. On a given base describe a rectangle, which shall be 
equal to the difference of the squares on two given straight 
lines, any two of the three given lines being together greater 
than the third. 

109. If the exterior angles of a triangle be bisected by 
straight lines, forming another triangle, shew that the two 
triangles cannot be similar, unless they be each equilateral. 

110. If ABG, A'BG' be similar triangles, and AB=^A'Cy^ 
shew the areas of the triangles are as .4 0 to A'B'. 

111. The alternate angles of a regular hexagon are joined: 
shew that the area of the hexagon formed by the intersections 
of the joining lines is one-third of the original hexagon. 

112. A triangle is divided by a straight line parallel to the 
base into two parts, the areas of which are as 1 to 8 : how 
does the straight line divide the sides 1 

113. The line AD is divided into three equal parts in the 
points B and G ; a circle is described with B as centre and 
BA as radius, and any circle cutting this is described with D 

as centre. Shew that if a chord to both the circles be drawn 

21 
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from A, through one of the points of intersection, it will be 
bisected by this point;. 

114. ABC is an acute-angled triangle, E and F are the 
middle points of the sides AB and AG, Shew that a line 
drawn from JEp, equal to EA, to meet the base, and another 
from jP, equal to FA, also to meet it, will intersect the base 
at the same point. 

Hence explain how, by folding a piece of paper such as the 
triangle ABC, it may be shewn that the three angles of a 
triangle are equal to two right angles. 

115. If ABO, ADE be two equal triangles having the angles 
BAG, DAE equal, and if they be placed so that BA, AE are 
in a straight line, as also GA and AD ; and if BO, DE be pro- 
duced to meet in F, prove that FA will bisect CE and also 
BD. 

116. Within a circle, whose diameter is AB, another circle 
is inscribed, touching the outer circle in A, and passing 
through its centre 0. From a point N, in AB, a line NQF 'is 
drawn perpendicular to AB, meeting the inner circle in Q, and 
the outer circle in P, AN being equal to one-sixth of AB, 
Prove that the duplicate ratio of NQ to NF is equal to the 
ratio of 2 to 5. 

117. Describe a square, which shall be equal to the sum of 
a given square and a given rectangle, a side of the given square 
being greater than half the difference of the two sides contain- 
ing the rectangle. 


BOOK XI. 


INTRODUCTORY REMARKS. 

In Book I. Def. 7., it is laid down that a Plane Surface is 
one in which, if any two points be taken, the straight line be- 
tween them lies wholly in that surface. 

This definition should be extended by the addition of the 
following words, and if the straight line he jyioduced^ ^ery point 
in the part produced will lie in the plane, 

Euclid professes to prove this in the first Proposition of 
Book XI., which is thus enunciated : “ one part of a straight 
line cannot be in a plane^ and another part out of the plane.” 

But this has been assumed again and again in the proofs of 
earlier propositions ; thus, for example, we have called a circle 
a plane figure, and having drawn any radius to a circle we have 
assumed that the radius, produced within the circumference, 
will meet the circumference. 

From the extended definition of a Plane Surface it follows 
that a straight line, which meets a plane, must either lie 
entirely in that plane, or meet it in one point only ; for if it 
met the plane in two points, it would lie entirely in the plane. 

The Definitions given at the commencement of Book xi, 
relate partly to Plane Surfaces and partly to Solid Figures. 
By a slight change in the order in which they stand in the 
Greek text, we obtain the advantage of arranging them in 
accordance with this twofold division. 

Definitions, 

Relating to Plane Surfaces, 

L A Plane Surface is one in which, if any two points be 
taken, the straight line between them lies wholly in that sur- 
face ; and if the straight line be produced, every point in the 
part produced will lie in the plane. 
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IL When a straight line is at right angles to evert/ straight 
line in a plane which meets it, it is said to be perpendicular to 
the plane. 

Note,— It will be shown in Prop. iv. that when a straight 
line is at right angles to each of two other straight lines in 
a plane, which meet it, it is at right angles to every other 
rtraight line in the plane which meets it. 

III. A plane is perpendicular to a plane, when the straight 
lines, drawn in one of the planes perpendicular to the common 
section of the two planes, are perpendicular to the other plane. 

IV. The inclination of a straight line to a plane is the acute 
angle, contained by that straight line and another, drawn 
from the point at which the first line meets the plane, to the 
point at which a perpendicular to the plane, drawn from any 
point of the first line above the plane, meets the same plane. 

V. The inclination of a plane to a plane is the acute angle, 
contained by two straight lines, drawn from any the same 
point of their common section, at right angles to it, one in one 
plane, and the other in the other plane. 

VI. Two planes are said to have the same inclination to one 
another, which two other planes have, when the said angles ol 
inclination are equal to one another. 

VII. Parallel planes are such as do not meet one another 
though produced. 


jRelating to Solid Figures, 

VIIL A Solid is that which has length, breadth, and thick- 
ness. 

IX. That which bounds a solid is a superficies. 

X. A Solid Angle is that, which is made by the meeting of 
more than two plane angles, which are not in the same plane, 
at one point 
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Definitions I. to X. are all that are required in the part of 
Book XI. included in this work. Those which follow art'' 
necessary to the explanation of some of the terms, which wiO 
be found in the Exercises and Examination Papers. 

XL Similar solid figures are such, as have all their solid 
angles equal, each to each, and are contained by the same 
number of similar planes. 

XII. A Pyramid is a solid figure, contained by planes, which 
are constructed between one plane and one point above it, at 
which they meet. 

XIII. A Prism is a solid figure, contained by plane figures, 
of which two that are opposite are equal, similar, and parallel 

to one another ; and the others are parallelograms. 

• 

• XIV. A Sphere is a solid figure, described by the revolutir® 
of a semicircle about its diameter, which remains fixed. 

XV. The Axis of a Sphere is the fixed straiglit line, about 
which the semicircle revolves. 

XVI. The Centre of a Sphere is the same with that of the 
semicircle. 

XVII. The Diameter of a Sphere is any straight line, which 
passes through the centre, and is terminated both ways by the 
superficies of the sphere. 

XVIII. A Cone is a solid figure, described by the revolution 
6f a right-angled triangle about one of the sides containing the 
right angle, which side remains fixed. If the fixed side be 
equal to the other side containing the right angle, the cone is 
called a right-angled cone ; if it be less than the other side, an 
obtuse-angled cone ; and if greater, an acute-angled cone. 

XIX. The Axis of a Cone is the fixed straight line, about 
which the triangle revolves. 
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XX. The Base of a Cone is the circle, described by that side, 
containing the right angle, which revolves. 

XXI. A Cylinder is a solid figure, described by the revolu- 
tion of a rectangle about one of its sides, which remains fixed. 

XXII. The Axis of a Cylinder is the fixed straight line about 
which the rectangle revolves. 

XXIII. The Bases of a Cylinder are the circles, described by 
the two revolving opposite sides of the rectangle. 

XXIV. Similar cones and cylinders are those which have 
their axes and the diameters of their bases proportionals. 

XXV. A Cube is a solid figure, contained by six equal 
squares. 

XXVI. A Tetrahedron is a solid figure, conbiined by fowT 
equal and equilateral triangles. 

XXVII. An Octahedron is a solid figure, contained by eight 
equal and equilateral triangles. 

XXVIII. A Dodeaihedron is a solid figure, contained by 
twelve equal pentagons, which are equilateral and equiangular. 

XXIX. An Icosahedron is a solid figure, contained by twenty 
equal and equilateral triangles. 

XXX. A Parallelepiped is a solid figure, contained by six 
quadrilateral figures, of which every opposite two are parallel. 

Postulate. 

Let it be granted that a piano may be made to pass through 
any given straight line. 
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Propositton I. Thkorem. (End. xi. 2.) 

If two Uraifjld lines meet one another^ a 'plane can he dravm 
to contain both ; and every plane cmdaining both mnst coincide 
mth the aforesaid plane. 



Let the two st. lines BO meet in G, 

Then a plane can be drawn to contain JiO and BC. 

Let any plane EF be drawn to contain ACj Post, 

and let EF be turned about AC till it pass through B, 

Tlien %• B and G are points in the plane EF, 

BC lies in the plane EF, XL Def. 1. 

Also, any plane containing AG and BO must coincide with EF. 

For let Q be any point in a plane containing AG and BG. 

Draw QMN in this plane to cut BG, A G in M and N, 

Then AI and N are points in the plane EF, 

Q is a point in the plane EF, Xf. Def. 1. 

Similarly, any point in a plane containing A C, BG must lie 
in EF ; 

and any plane containing AG, BG must coincide with EF. 

Q. B. D. 

OoR. L Hence it follows that a plane is cowplcfcly detcr'mined 
by the condition that it passes throngk (wo intersecting straight 
lines. 



312 


FUCL/rrs ELiaiRNTS. 


[Book XI. 


Cor. II. A straight UneandajioiiU without the line (let eruiim 
a plane. 



Let u;! iO be a straiglit lino, and O a point without AB. 

Draw the st. line Cl) to any point f) in A />. 

Tlien one plane can be drawn to contain A /> and Cf). XL 1. 
one AJj and (/. 

Again, any plane containing AB imsi contain 7), 

any plane containing /1Z> and C must contain C/) also/ 

But there is only one plane that can contain A B and (/./>, 

/. there is only one ])lane AB and (J. 

Hence the plane is completely determined. 

Cor. III. lliree jm)its^ 'not in the, same straujht line, determine 
a plane. 

For let A, B, C be three such points (fig. Cor. 2). 

Draw the straight line A B. 

Then a plane, which contains A, B and (\ must contain AB 
and C, 

and a plane, which contains AB and (.-, must contain A^ B, C 

Now AB and C are contained l)y one plane, and one only, 

Cor. 2. 

A, B, C are contained by one plane, and one only. 

Hence the plane is completely determined. 

CoR. IV. Two jKindJel lines deter mine a plane. 

For, by the definition of parallel lines, the two lines are in 
the same plane, and as only one plane can l)o drawn to contain 
one of the lines and any point in the other line, it follows that 
only one plane can be drawn to contain both lines. 
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Proposition II. Theorem. (Eucl. xi. 3.) 


Ij two vlancs cut one another, their conimon section must be 
a straight li')ie. 


A 



Let AB and CD ho two pianos that cut one another. 

Then nnts! their common section be a straight line. 

Let M and N be two points common to botli planes. 

Draw tlie straight line MN. 

Then •.* M ami N are common to both planes, 

the st. line MN lies in both ])]am's. XT. Def. 1. 
And no point, out of this lino, can be common to both planes, 
h'or, if it be possible, iet P be such a point. 

Put lliero can be Imt one plane common to the point P and 
the st. line MN. XI. 1, Cor. 2. 

V is not ccminion to both planes. 

TTence oviny point in tlie common section of the planes lies 
in the straight line MN. 

Q. E. D. 

~Noie .. — 'fho Propositions which follow are numbered as in 
Euclid. 
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Proposition IV. Theorem. 

Jf a straight line stand at right angles to each of tivo straight 
lines, at the point of their intersection, it must also he at right 
angles to the plane that passes through them. 



Let the st. line EF be J. to each of the st. lines AB, CD, 
at Fj, the pt. of tlieir intersection. 

Then must FF he.L to the plane passing through AB, CD. 

Make AF, FB, OF, FD, all equal to one another, 
and through F, draw, in the plane in which AB, CD are, 
any st. line GFH, and join AD, CB. 

Take any pt. F, in FF, and join FA, FO, FD. FC, FH, FB. 
Then in as AFD, BFC, 

•.* AF=BF, and DF=CF, and z AFD=^ l BEC, I. 15. 
AD^BC, and z DAF=^- z CBF, I. 4. 

Then in tss. A FG, BEH, 

- L AEG = z BED, and z GAF = z HBF, and AF^BF, 
GE= HE, and AG^^-BTI. I. n. p. 17 
Then in AFF, BFF, 

AF^BEs and EF is common, and rt. z AFF — vi. z BFF, 
. .AF=:^BF. r. 4. 
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So also, GF^DF 
Then in s ABF^ BOFy 
/ AD^BGy and AF^BF, and DF^GF 

/. L I)AF=^ L OBF. 1. a p. 18. 

Again, in A s AFGy BFUy 

AF^ BFy and AG^BHy and i FAG - z FBB, 

FG^FE. L 4. 

Then in A s FEGy FEEy 

••• GE—llEy and EF is common, and FG — FH, 

.-.iFEG^jlFEE. Lc 

/. EF is X to GH. 

In like manner it may be shown that EF is x to every st 
lino which meets it in the pline passing through AB^ CD. 
EFm X to the plane* in which ABy CD are. XI. Def. 2 

Q. B. D 
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Proposition V. Theorem. 

If three straitjht lives vtcet all at one 'point ^ and a straight 
line stand at right angles to each of them at that point, the three 
straight lines must he in one and the same plane. 



Let the st. line AB bci. to each of the st. lines BV, BI), 
BE, at B, the pt, wliore meet. 

Then mvst llC, BI), BE he in one and the same, plane. 

If not, let BD, BE be in one plane, and B(^ without it, and 
let a plane, passing through AB, B(\ cut the plane, in which 
BD and BE are, in the st. line BF. ' XJ. 2. 

Then AB, BC, BF are all in ojie plane. 

And *.• A B is± to BD and BE, 

AB isx to the plane in which BD and BE are, XT. 4. 
and AB isx to BF, a st. line in that ])lane. XI. Dcf. 2. 

Thus z A BF is a rt. l , 

and L ABC is a rt. z ; Hyp. 

.\L ABC^ lABF, 

the less = the greater, wliich is iinpo.ssiblo. 

BC is not without the plane, in which BD, BE are, 
and BC, BD, BE are in one and the same plane. 


Q. E. D. 
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PiioposinoN VI. Theorem. 

If two draif/ht lines he at right angles to the same jdayie^ they 
must he 2 ^e(raUel to one another. 



Let the st. lines J7i, (1) luiJ to the Siime plane. 

Then mast AJ> he H to CD. 

Let AJf CD nicot tlie plane in tlie [)ts. B, J). 

Join ftJ), and dra-w DiJiAo HD, in the same plane. I. 11 
Make J>H = A B, and join BE, A E, A D. 

Then •.* AB is.Lto the plane, 

.*. liU isxto HD and BE, XL Def. 2. 

and .*. each of the i s ABJ>, A BE is a rt. z . 

So also, each of the z s (-DB, CDE is a rt. z . 

Then, in A s /I BD, EJ)B, 

• AJ) ED, and BD is coninion, and rt. z ABD=^vt. z EDB. 

.’.DA = BE. 1.4. 

A^ain, in as ABE, EDA, 

•.* A B= EJ>, and BE = J}A, and AE is common, 

z ABE=^ L EDA. I. c. 

But z ABE is a rt. z ; 

z EDA is a rt. z , 
and ED is ±to AD. 

Thus ED is_Lto BD, A D, CD, at the pt. where tliey meet, 
and .-. BD, AD, CD are all in one plane. XT. 5. 
But A B is in the plane, in which BD and A D are ; XI. 1. 
ami .'. AB, BD, (-D are all in one plane. 

Then *.* each of the z s ABD, CDB is a rt. z , 

AB is II to CD. I. 28. 


Q. E. 0. 



RUCLIUS ELEMENTS. 


[Book Zl. 


318 


PiiorosiTioN VTI. Tn korem. 

If two straight lines ha 'parallel^ the straight hue drawn from 
any point in the one to any point in the other, is in the same 
plane with the pamllds. 



Let AB and CD be parallel straij^ht lines. 

Take any pts. E, F in AB and CD. 

Then must the st. line pining E and F he in the same plane as 

An, CJ). 

If not, let it be without the plane, as EGF. 

In the plane ABCD, in which the parallels are, 
draw the st. line ETTF from E to b\ 

Then the two st. lines EGF, EIIF ejiclose a space, 
which is impossible. I. Post. 5. 

.*. the st. line joining E and F cannot be out of the plane, 
in which the parallels AB, CD are. 
it is in that plane. 

Q. K. ]). 

Note . — We have proved this Proposition as Oor. iv. to 
Prop. I. 
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Proposition VIII. Theorem. 


If two straight lines he parallel^ and one of them he at right 
angles to a plane, the other mvst be at right angles to the same 
plans. 



let A B, CD be two || st. lines, 
and let one of them, AB, be ± to a plane. 

Then must CD be x to the same plane. 

Let AB, CD meet the plane in the pts. B, D ; and join BD\ 
then AB, BD, CD are all in one plane. XI. 7. 

In the plane, to which AB ia ± , draw DB± to BD, 
make DE=AB, and join BE, AE, AD. 

Then *.• AB is x to the plane, 

each of the z s ABD, ABE is a rt. z ; XI. Def. 
and BD meets the il st. lines AB, CD, 

L s ABD, CDB together —two rt. z s, I. 29. 

and z CDB is a rt. z , and CD is x to BD. 

Then in the A s ABD, EDB, 

AB^ED, and BD is common, and rt. z ABD=Tt. z EDB. 

AD^EB. I. 4. 

Then in as ABE, EDA, 

• • AB==ED, and AE is common, and EB^^AD. 

z ABE « z EDA ; I. a 

and z EDA is a rt. z . 

Hence ED is l to DA, and it is also x to BD, by constr., 
ED is X to the plane in which DA , BD are, XI. 4. 
and ED is x to DC, which is in that plane. XT, Dof. 2 
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Heuco CD is ± to T)E. 

Now CD is I. to DB. 

CD is ± to the plane passing through DB, XL 4. 
CD is ± to the plane to which AB is J_ . 

Q. K. TX 


Pkopositjon [X. TriKoiiEM. 

Two stra 'ujht lincs^ v^lcieli are each of thaw paraUcl to the mine 
straight line^ and not in the name iilaue with ity a>re yarallel to 
one another. 



Let AB, CD be cacli of them || to EF, 
and not in the same plane witJi it. 

Then must AB be \\ to CD. 

In EF take any pt. G. 

From G draw, in the plane ABEF, GIL l to EE, 


and, in the plane CDEF, GK j, to EF. I. 11. 
Then *.• J^^F^is ± to GH md GK, 

EF is ± to the plane IIGK ; XI. 4. 

and EF is || to AB, 

.*. J7?is ± to the plane IJGK. XL 8. 

So also CD is ± to the plane IIGK. XI. 8. 

,\AB m II to CD, XL (>. 


q, B. p. 
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Proposition X. Theorem. 

If two straight lines meeting one another he parallel to ttvo 
others, that meet one another, and are not in the same plane with 
the first two, the first two and the other two must contain equal 
angles. 


n 



Let the two st. lines AB, BC, meeting at B in the plane ABC^ 
he II to the st. lines DE, EF, meeting at E in the plane DEF, 

Then must i ABC = i DEF, 

Make BA = ED, and BO^EF, I. 3. 

and join AD, BE, CF, AO, DF, 

Then AB is = and 1! to J)E, 

. AD is and || to BE, I. 33. 

So also, OF is = and || to BE, 

ADk = and ii to CF, Ax, 1 and XI. 9. 

and AO is ^=^ 5 : and || to DF, L 33. 

Then in As ABC, DEF 

*.• AB^DE, and AC^DF, 

i. ABC ^ i DEF. I. a 


98 


Q. K. m 
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Proposition XI. Problem. 

To drato a straight line ^erj)endiculwr to a given plane, from 
a given point without it 



Let A be the given pt. without the plane BH, 

it is required to draw from A a st line± to the plane BIL 


In the plane, draw any st. line BO, 
and from A draw AD± to BO. I. 12. 

Then if AD hex to the plane, what was required is done. 

If not, from D draw, in the plane BIl, DFi to BO. I. 11. 

and from A diaw AFjl to DF : I. 12. 

AF will hex to the plane BII, 

Through F, draw GH || to BO. I. 31. 

Then *.• isxto both AD and DF, 

BO is X to the plane AFD y XI. 4. 

and Oil is ll to BO, 

GH isx to the plane AFD. XI. 8. 


Hence GH isx to the line AF in that plane ; XI. Def. 2. 

and .% AF isx to GH. 

Also, AF isx to DEy by construction ; 

AF\s X to the plane passing through GH, DF, XI. 4. 
that is, AF isx to the plane BH, 

Thus from A a line drawn x to the plane BII. 


Q. E. F. 
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Proposition XII. Problem. 

To erect a straight line at right angles to a given planCy from 
a given point in the plane. 



Let A be the given pt. in the given plane. 

It is required to erect a st, line from A .L to the plane* 

From any pt. J9, without the plane, draw BOi. to it, XI. 11. 

and from A draw AD || to 1. 31. 

Then •.* ADy BC are two || st, lines, 
of which BC is±to the given plane, 

AD isxto the plane, XI. 8, 

and a line has been erected from -d 1 to the plane. 

Q, B. F. 
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PnoposmoN XIII. Theorem. 

J 

From the same point in a given plmie, there emnot be two 
straight lines at right angles to the plane^ u] on the same side of 
it ; and there can be but one peftpendtcular to a plane from a 
point without the plane. 



If it be possible, let two str lines AB, AG, be at rt. z c to 
a given plane, from the same pt. A in the plane, and upon the 
same side of it. 

Let a plane pass through AB, AO: the common section 
of this with the given plane, is a st. line, passing through 
A. XL 2. 

Let DAE be the common section ot the planes. 

Then the st. lines AB, AG, DAE are m one plane. 

And *.* GA is at rt. z s to the given plane, 

GA is at rt. z s to every st. line that meets it in 
that plane, XI. Def. 2. 

mdDAE, which is in that pLuie, meets it ; 
z GAE is a rt. z . 

So also, z BAE is a rt. z . 

z GAE « z BAE, in the sam6 plane ; which is im- 
possible. 

Also, from a pt., without a plane, there can be but one 
perpendicular to that plane ; for if thesn^conld be two, they 
would be parallel to one another ; which is impossible, XL 6. 


Q. B. n. 
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PftoPOsmoN XIV. Theorem, 

PlaMf io tuhtiJu the smie ekatgkt line t$ perpendicular, are 
pmallel {a om another. 



Let the st. line AB hex to each of the planes CD, EP, 

Th^n must CD he parallel to EF 

If not, let them meet, and let the st line GJl be their com-* 
mon section. 

In QH take any pt K, and join AE, BK 
Then .• AB isx to the plane EF, 

* AB isx to BK, a st line in that plane, XI. Def. 2 . 
and i ABK, is a rt / . 

So also, z BAK is a rt z . 

Hence two z s of the a ABK are together » two rt z S ; 
which impossible. ^ L 17 

|he planes CD, EF do i\ot meek when produced, 

Ani .% <?jD is 8 to EF, XI Def. 7* 
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Proposition XV. Theorem. 

// two straight lines, meeting one another*, he parallel to two 
other straight lines, which meet one another, but are not in the 
same plane mth the first two ; the plane, which passes through 
these, must he parallel to the plane passing through the others. 



Let AB, BG, two st. lines meeting one another, be H to DE, 
EF, which meet one another, but are not in the same plane 
with AB, BG. 

Then must the plane AG he |1 to the 2 >lcine DF. 

From B draw BG ± to the plane DF, meeting it in G. XL 1 1. 
Through G draw 6H U to ED, and GK I1 to EF. 1. 31. 
Then •/ BG is ± to the plane DF, 

BG is X to GII and GK, lines in that plane, 

XL Def. 2. 


and /. each of the i s BGII, BGK is a rt. ii . 

Again */ BA and GH are both H to ED, 

BA is II to GH, XL 9. 

and L s GBA, BGII together = two rt. z s. L 29. 
But z BGH is a rt. z . 
z GBA is a rt. z . 

Hence GB is ± to BA ; 
and GB is x to BG, for the same reason ; 

/. GB is X to the plane AG. XL 4. 

Also, GB is X to the plane DF ; Constr. 

the plane J(7 is || to the plane DF» XL 14. 
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Proposition XVIi Theorem. 


If two parallel planes he cut by another plane^ their common 
sections with it are parallel, 

j< 

A 
/ I 



Let the parallel pianos AB, <^D be cut by the plane EFHG, 
and let their common sections with it be EF, GH. 

Then must EF he [| to GH, 

If they be not ll, let them meet in K, 

Then EF is in the plane AB, 

if is a point in the plane AB, XI, Def. 1. 

So also, K is a point in the plane GD, XL Def. 1. 

the planes AB, CD meet, if produced. 

But they do not meet, for they are parallel. 

EF and GH do not meet, when produced. 

And EF, GH arc in the same plane EFGH, . 
jBJ^'is 11 to ^GH, 


1. Def, 26. 

Q, E* D. 
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Phoposition^VII. Theorem. 

If two straight lints be cut by paraMel planes, they must be 
citf in Ae same ratio. 



Let the st, lines AB, CD be cut by the I1 planes 
G n, KL, MN in the pts. A,E,B, C, F, D. 

Then must AE be to EB as CF is to FD. 

Join AC, BD, AD. 

Let AD meet the plane KL in the pt. X ; and join EX, XF. 
Then the 0 planes KL, MN, are cut by the phuio EBDX, 


.-.EX is \\ to BD. XI. 16. 

And the [1 planes GH, KL, are cut by the plane AXFC, 
.'.XJ' is II to AG XI. 16. 

Now *.• EX is B to BD, a side of A ABD, 

AB is to EB as AX is to XD ; VL 2. 

and XF is i| to AG, a side of A ADC, 

.\AXisboXDmsCFisioFD. VI. 2. 

Hence AE is to EB as GF $ to FD. V. 6, 


Q. E.i>. 
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PEOPOSmON XVifl. Thboeeh 

If a stra/i^ht line be ai right angles to a plane, every plane, 
which passes through it, must be at right angles to that plane. 


H 



Let the st. line AB bexto the plane QK, 

Thin must every plane passing through AB he Jl to 
the plane CK, 

Let any plane BE pass through AB, and let GE be the 
common section of the planes BE, VK, 

Take any pt, F m CE. 

In the plane BE draw FGx to CE, L 11. 

Then * • AB isx to the plane CK 

xsx to OE, a st, line in that plane ; XL Def. 2. 
and *. i ABFxb a rt. ^ . 

Now / GFB is art i , by construction ; 

*, FG is II to AB. 1 Ifc.28- 

And AB is X to the plane CK, 

. . FG isx to the plane CK. XL 8. 

then FG, a st. line in the plane BE, drawi} i to OE, 
the common section of BE and CK, is x to CK, 

the plane liM isx to the plane CK XI. Def. 3. 
$0 it may be proved that all planes, which pass tibrough MS, 
ar e^x to the |Iane OK* 

Cl* ^ 
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Proposition XIX. Theorem. 

If iKO planes, which cut one another , he each of them perpen^ 
dicidar to a third plane, their common section must be perpeiiv- 
dicidar to the same plane. 


H 



Let the two planes AB^ BC be each x to a third plane, apd 
let BD be the common section of AB and BC. 

Then must BJJ he x to the third plane. 

If it be not, draw, in the plane AB, the »t. line 
DE X to AD, the common section of AB with the third 
plane ; I. 11. 

and draw, in the plane BC, the st. line DF x to DC, the 
common section of BC with the third plane. I. 11. 

Then the plane AB isxto the third plane, 
and DE is drawn in the plane ABi, to the common section, 
DE isx to the third plane. XI, Def. I). 

So also, DF isx to the third plane. 

Hence, from the pt. jD, two st. lines are drawn x to the third 
plane, and on the same side of it; which is impossible. XL 13. 
no other line but BD can bex to the third plane at D ; 

/. BD Isx to the third plane. 


Q. K. D. 
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Proposition XX* Theorem. 

If a solid angle be contained by three jdane angles, any two oj 
thenumust be together greater than the third. 

jD 



liet the solid z at ^ be contained by the three plane l s 
BAG, CAD, DAB. 

Any two of these must be together greater than the third. 

If the i s BAG, GA D, DA B, be all equal, any two of them 
are together greater than the third. 

If they are not equal, lc*t BAG be that z , which is not less 
than either of the other two, and is greater than one of them, 
DAB. 

At /I, in the plane passing through AB, AG, make 
/.BAE^lDAB, 1.23. 

and make AE== AD, and through E draw the st. line BEG, 
cutting AB, AC, in the pts. B, G ; and join DB, DC. 
Then in As A BD, ABE, 

*.• AD = AE, and is common, and z BAD = z BAE, 
..DB^BE. 1.4. 

Then*.* DB, DG together are greater than BC, I. 20. 

and DB^BE, a part of BG, 

DG is greater than EG. 

Then in as ADC, AEG, 

. ••• AD—AE, and ^40 is common, and DC greater than EC, 

z DAG is greater than z EAG. I. 25. 

Also, by construction, z DAB^ z BAE, 

z s DAG, DAB together are greater than z s BAE^ 
together ; j ^ 

that is, z s DAG, DAB together are greater than z BAG. 
Again, z BAG is not less than either of the z s DAG, DAB, 
and z BAG with either of them is greater than the other* 

Q, B. \). 
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Proposition XXL Theorem. 

Every solid angle is contained hy 'plane angles^ whicK are 
together less than four riyht angles. 



t irst, let the solid i at A bo contained by three plane z s 
BAG, GAD, DAB, 

These shall be together less than four right angles. 

Take, in each of the st. lines AB, AG, AD, Rny points 
B, C, D, and join BG, GD, DB, 

Then *.* the solid z at B is contained by the three plane 

l»^gba,abd, dbg, 

z s GBA, ABD are together greater than z DBG, XL 20. 
So also, z sBGA, AGD are together greater than z BCD, 
and z s GDA, ADB are together greater than z GDB, 

,\ the six z s CBA, ABD, BCA, AGD, GDA, ADB are 
together greater than tJie three z .s DBG, BCD, GDB, and 
are together greater than two rt. z s. 

Again, *.* the three z s of each of the as ABC, AGD, ADB 
are together equal to two rt. z s, I. 32. 

the nine z a CBA, BAG, ACB, AGD, GDA, DAG, ADB, 
DBA, BAD are together equal to six rt. z a ; iuid of these 
the six z 8 CBA, ACB, AGD, GDA, ADB, DBA, have 
been proved to be together greater than two rt. z s, 
and the three z a BAG, GAD, DAS, which contain the 
solid z at A, are together less than four rt. z s. 



Book XI. I 


PROPOSITION XXL 


333 


Nuxt, let the S(^lid l at ^ be contained by any number of 
plane iqBAO, CAD, DAM, EAF, FAB, 

The^ie rntid he together less than four rt. l s. 


A 



Lot the planes, in which the i s are, be cut by a plane, and 
let the common sections of it with those planes be BG, CD, 
DE, EF, FB, 

yhen •.* the solid i at B is contained by the three plane 
i s (7 jSA, ABF, FBG, of which any two are together greater 
than the third, XL 20. 

IB CBA, ABF iiVQ together greater than l FBO. 

So also, the two j)laiie z s at each of the pts. G, D, E, F, 
which are at the bases of the as having the common vertex A, 
are together greater than the third z at the same pt., which 
is one of the z s of the polygon BCDEF. 

all the z s at the bases of the A s are together greater than 
all the z s of the polygon. 

Now all thezs of the as together —twice as many rt. z s 
as there arc As, that is, as there are sides in the polygon 
BCDEF: 1.32. 

and all the z s of the polygon, together with four rt. z s, 
together —twice as many rt. zs as there are sides in the 
polygon. . L 32. Cor. 1 

/. all the z s of the as together«all the z s of the polygon 
together with four rt. z s. 

But all the z s at the bases of the as have been proved to be 
together greater than all the z s of the polygon ; 

/. all the z s at the vertex A arc together loss than four rt. z s. 


K. D. 
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Miscellaneous Exercises on Book XL 

1. If two straight lines in one plane, be equally inclined to 
another plane, they will be equally inclined to the common 
section of the two planes. 

2. Two planes intersect at right angles in the line AB ; from 
a point G in this line are drawn GE and GF in one of the 
planes, so that the angle AGE is equal to BGF. Shew* that 
GE and GF will make equal angles with any line through G in 
the other plane. 

3. ABG is a triangle ; the perpendiculars from E, on the 
opposite sides, meet in I), and through D is drawn a straight 
line, perpendicular to the plane of the triangle ; if be any 
point in this line, shew that EAy BG ; EBy GA ; and EGy AB ; 
are respectively perpendicular to each other. 

k • 

4. A number of plane>s have a common line of intersection : 

what is the locus of the feet of perpendiculars on them from a 
given point ? 

5. Two perpendiculars are let fall from any point on two 
given planes : shew that the angle between the perpendiculars 
will be equal to the angle of inclination of the planes to one 
another. 

6. If perpendiculars A Fy A'Fy be drawn to a plane from 
two points Ay A\ above it, and a plane be drawn through A 
perpendicular to A A', its line of intersection with the given 
plane is perpendicular to F'F. 

7. Prove that equal straight lines drawn from a given point 
to a plane are equally inclined to the plane. 

8. Prove that the inclination of a plane to a plane is equal 
to the angle between the perpendiculars to the two planes. 

9. From a point above a plane two straight lines are drawn, 
the one at right angles to the plane, the other at right angles 
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to a given line In that plane : shew that the straight line join- 
ing the feet of the perpendiculars Is at right angles to the given 
line. 

10. In how many ways may a solid angle be formed with 
equilateral triangles and squares ? 

11. Two planes are inclined to each other at a given angle. 
Cut them by a third plane, so that its intersections with th^ 
given planes shall be perpendicular to each other, 

12. ABy AGj ADy are three given straight lines, at right 
angles to one another. AE is drawn perpendicular to CD, and 
BE is joined. Shew that BE is perpendicular to CD. 

13. Two walls meet at any angle. Shew how to draw’ on 
their surfaces the shortest line joining a point on one to a point 
on the other. 

14. Straight lines are drawn from tw o points to meet each 
other in a given plane. Find when their sum is the least 
possible. 

16. If two parallel planes be cut by a third plane in the 
straight lines AB, ab, and by a fourth plane in the straight 
lines AO, ac respectively, the angle BAG will be equal to the 
angle bac. 

16, If four points bo so situated, that the distance between 
each pair is equal to the distance between the other pair, prove 
that the angles subtended at any one point by each pair of the 
others are together equal to two right angles. 

• 17. Give a geometrical construction for drawing a straight 
line, which shall be equally inclined to three straight lines, 
meeting at a point. 

18. A triangular pyramid stands on an equilateral base. The 
angles at its vertex are right angles. The square on the per- 
pendicular from the vertex on the base is one-third of the 
square on either of the edges. 
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19. If one of the plane angles, forming a solid angle, be a 
right angle, and the sum of Ihe other two be equal to two right 
angles, and a plane be drawn, cutting off equal lengths from 
the two edges, containing the right angle, tho sum of the 
squares on the three straight lines, subtending the plane 
angles, will be double of the squares on the three edges, con- 
taining them. 


20. If P be a point in a plane, which meets the containing 
edges of a solid angle in A, B, G, and 0 be the angular 9 oiut, 
shew that the angles POAy POB, POG are together greater 
than half the angles AOBj BOC^ GOA, together. 
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LEMMA. 

If from the greater of two unequal magnitudes of the same 
kind there he taken more than its half^ and from the remainder 
more than its half, and so on, there must at length remadn a 
mag7iitude less than the smaller of the proposed magnitudes. 

Let A and B be two unequal magnitudes of the same kind, 
of which A is the greater# 

•Then if from A there be taken more than its half, and frorr^ 
the remainder more than its half, and so on ; there must at 
length remain a magnitude less than B. 

Take a multiple of B, as mB, greater than A ; and divide A, 
by the process indicated, taking from it a magnitude greater 
than its half, and from the remainder a magnitude greater than 
its half, and carry this process on till there are m divisions, 
and call the parts successively taken away 

C, D, E, F Z 

Now 7nB=B, B, B repeated m times, 

and A is greater than the sum of C, D, E,.,,Z m in number. 

Then Z, the last remainder, must be less than B, 

For if not, since each of the preceding remainders is greater 
than Z, each of them would be greater than B, and the sum of 

C, D Z would therefore be greater than mB ; that is, A 

would be greater than mB, which is contrary to the hypothesis, 
Z is less than B. 
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Propositk^x I. Theorem. 

Similar polygons inscribed in n rcJes are to one another as the 
squares on the diameters of (he circles. 



Lot AJiCDK^ FGTJKL be similar polygons inscribed in two 
08, and let DM and GN be diameters of the 0s. 

Then must pohjgoih AIKDE he to polygon FGIIKL 
(IS s(j. on 1\M Is to sq. on GN, 


Join 

A 

M, BE ; 

EX GL, 


Then 

A 

BA E i.s 

eijuiangulav to GEL. 

VI. 21. 


Z 

AEB - 

z FL(L 


But 

z 

A MB^ 

L AEB, in tlio same segment, 

III. 21. 

and 

z 

ENG - 

L EUt, ill the same segment, 



/ 


z ENG. 


also, 

z 

BAM- 

L GEN, each being a. it. z , 

III. :u. 

, *, 


ABM 1 .^ 

; equiangular in a EGN, 



A 

B is to / 

iM as EG is t,o GN, 

VI. 4. 

and 

A 

/.’ is to Fa n-s n.M is to 

V. ir>. 


tlie duplicate ratio of AB to duplicate ratio 

oi UM to ON V. 21. 

But polygon ABIDE has to polygon EG 1 1 KL tlie dupli- 
cate ratio of AB to EG. VI. 21. 

And sq. on BM has to sq. on GN the duplicate ratio of 
BM to GK VI. 21. 

polygon ABODE is to polygon FGHKL assq.on BM 
is to sq. on (riV. V. 5. 


Q. E. n. 
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Proposition IL I Theorem. 

Circles are to one another as the squares on their diameters. 



Let A BCD, EFGH be two ©s, and BD, FH their 
diameters : 

Then onust 0 AB('I> he to © EFGII as sq. on BD 
is to sq, on FIT. 

For, if not, s(|. on BT) must be to sq. on Fli as 0 ABOD 
is to some .space either less than © EFGHy or greater than it. 

First, if possible, let it be as © A BCD is to a space B less 
than © EFGH. 

In © EFGH (hscnhe the square EFGH, IV. 6. 

This square is greater than half of the 0 EFGH. 

For the sq. EFGH is half of the square, which can be 
formed by drawing straight lines to touch the circle at the 
points E, F, G, H ; and the square thus formed is greater than 
the © ; 

. *, sq. EFGH is greater than half of the © . 
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Bisect the arcs FO^ QH, HE at the pts. K, L, Af, 
and join EK, KF, FL, LG, ^M, ME, HN, NE. 

Then each of the A s EKF^ FLG^ GMH, HNE, is greater 
than half of the segment of the circle in which it stands. 

For A EKF = half of the O, formed by drawing a st. lino 
to touch the ® at K, and parallel st. lines through E and F ; 
and the O thus formed is greater than the segment F'EK ; 

A EKF is greater than half of the segment FEK^ and 
similarly for the other A s« 

/. sum of all these triangles is greater than halt’ of the sura 
of the segments of the 0 , in which they stand. 

Next, bisect EK^ KF, etc., and form as as before. 

Then the sum of these A s is greater than half of the sum of 
the segments of the 0 , in which they stand. 

If this process be continued, and the A s be supposed to be 
taken away, there will at length remain segments of 0s, whiph 
are together less than the excess of the 0 EFGB above the 
space S, by the Lemma. 

Let segments EK, KF, FL, LG, GM, ME, TIN, NE be 
those which remain, and which are together less than the 
excess of the 0 of the above 8. 

Then the rest of the 0, i.e. the polygon EKFLGMHN, is 
greater than 8. 

In 0 A BCD inscribe the polygon AXBOCPDR similar to 
the polygon EKFLGMHN. 

The polygon AXBOCPDR is to polygon EKFLGMHN as 
sq. on BD is to sq. on FH, XIL 1. 

that is, as 0 A BCD is to the space 8. Hyp. and 5. 

But the polygon AXBOCPDR is less than 0 A BCD, 
the polygon EKFLGMHN is less than the space 8 ; V. 14. 
but it is also greater, which is impossible ; 

sq. on BD is not to sq. on FH a80 ABCD is to any space 
less than 0 EFGH. 

In the same way it may be shown that 
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sq. on FH is not to Si[. on i> 7 J|ns 0 KFGll is to any space 
less than •) ABiU>, 

Nor is sq. on IW to sq. on Fll as 0 ABCI> is to any space 
jjrveati'i* than >•> EFGll. 



For, if possible, let it be as •) JF>(1) is to a space !7\^0’catcr 
than (0 FF(tII, 

TIumi, inversely, sq. on FIT is to sq. on JIJ) as space T is 
to fo A PAD. 

Tim as space T is to A PAD so is FFGIT to some 
space, which must bo less tlian APAT^, because space 7Ms 
^reat(u* than FFGIL V. 14, 

s([. on FI! is to scp on PJ> as FFiHl is to some space 
less tlian •' A PP/) ; wliich has been sliewn to bo impo.ssi])Ie. 

s(i. on PA> is not to S([. on FU as ^ AIKD is to any 
s]>aee jrreater than FFGIl. 

And it lias been shown that 

si[. on />/> is not to s<j. on FU as (•') A]AT> is to any 
spae(‘ le.ss than v) EFUU, 

s(|. on Pth is to s(i. on FU as APiU) is to 0 EFGIL 


Q. K. 1) 
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Papers an Euclid (Books VI., XL, and XIL) set in the 
G(mhridge MaJthematieal Tripos. 

1849. VI. 4. Apply this proposition to prove that the rect- 
angle, contained by the segments of any 
chord, passing through a given point w^ithin 
a circle, is constant. 

XI. 11. Prove that equal right lines, drawn from a 
given point to a given plane, are equally 
inclined to the plane. 

1860. VI. 10. AB is a diameter, and P any point in the cir- 

cumference of a circle ; AP and BP are 
joined and produced, if necessary ; if from 
any point 0 of AB a perpendicular be dravu) 
to AB, meeting AP and BP in points D 
and E respectively, and the circumference of 
the circle in a point P, shew that GD is a 
third proportional to GE and GF. 

1861. VI. 3. If A, B, G be three points in a straight line, 

and D a point, at which A B and BG subtend 
equal angles, show that the locus of the 
point B is a circle, 

XI. 8. From a point E draw EG, ED perpendicular 
to two planes GAB, DAB, which intersect 
in A B, and from D draw DF perpendicular 
to the plane GAB, meeting it in F : shew 
that the line, joining the points G and F, 
produced if necessary, is perpendicular to 
AB. 

1862. VI. 2. If two triangles be on equal bases, and between 

the same parallels, any line, parallel to their 
bases, will cut olBf equal area.s from the two 
tiiangies. 
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1852. XI. 11. ABGD is a regular tetrahedron, and, from 
the vertex Ai\ perpendicular is drawn to 
the base BCD, meeting it in 0 : shew that 
three times the square on -dO is equal to twice 
the square on AB. 

1853* VI. 6. If the vertical angle (7, of a triangle ABGj be 
bisected by a line, which meets the base in, 
D, and is produced to a point E, such that 
the rectangle, contained by GD and GE, is 
equal to the rectangle, contained AG and 
GB ; shew that if the base and vertical angle 
be given, the position of E is invariable. 

XI. 21. If BCD be the common base of two pyramids, 
whose vertices A and A^ lie in a plane pass- 
ing through BGy and if the two lines AB, AG, 
be respectively perpendicular to the faces 
BA'D, GA'D, prove that one of the angles at 
A, together with the angles at A\ make up 
four right angles. 

1854. VL 16. EA, EA* are diameters of two circles, touching 

each other externally at E ; a chord AB of 
the former circle, when produced, touches the 
latter at (7, while a chord A^J> of the latter 
touches the former at G : prove that the rect- 
angle, contained by AB and A'B', is four 
times as great as tl)at contained by BG^ and 
B'G. 

XI. 20. Within the area of a given triangle is described 
a triangle, the sides of which are parallel to 
those of the given one : prove that the sum 
of the angles, subtended by the sides of the 
interior triangle, at any point, not in the plane 
of the triangles, is less than the sum of the 
angles, subtended at the same point by the 
sides of the exterior triangle. 

1855. VI. 2. A tangent to a circle, at the point A, intersects 

two parallel tangents in B, C, the points of 
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contact of /which with the circle are 
respectively : shew that if CDj intersect 
in F, AF is parallel to the tangents BD, CM, 

1856. XI. 16. From the extremities of the two parallel straight 
lines A By GDy parallel lines Aay Bhy Ccy Ddy 
are drawn, meeting a plane in a, 6, c, d : prove 
that AB is to GD as oh is to cd, taking the 
case, in which Ay By Gy D are on the same 
side of the plane. ' 

1856. VI. Def. 1. Enunciate the propositions, which prove 

that in the case of triangles the conditions oi 
similarity are not independent 

XI, 11. Shew that the perpendicular, dropped from the 
vertex of a regular tetrahedron upon the 
opposite base, is treble of that dropped from 
its own foot upon any of the other bases. 

1857. VI. 19. Any two straight lines, BB'y GG'y drawn parallel 

to the base DD^y of a triangle ADD'y cut 
AD in B, Gy and AU in B\ G \ BG, B% 
are joined . prove that the area ABG or 
AB'G varies m the rectangle, contained by 
BB'yGG, 

XI. 16. A triangular pyramid stands on an equilateral 
base, and the angles at the vertex are right- 
angles ; shew that the sum of the perpendi- 
culars on the faces, from any point of the 
base, is constant. 

1868. VI. 16. Find a point in the side of a triangle, from 
which two lines, drawn one to the opposite 
angle, and the other parallel to the base, shall 
cut oflf, towards the vertex and towards the 
base, equal triangles. 

m. 11. Two planes intersect : shew that the loci of the 
points, from which perpendiculars on the 
planes are equal to a given straight line, are 
straight lines ; and that four planes may be 
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dra\m, each posing through two of these 
lines, such thatlbhe perpendiculars, from any 
point in the line of intersection of the given 
planes, upon any one of the four planes, shall 
be equal to the given line. 

1869. fi. 31. Shew that, on a given straight line, there may 
be described as many polygons of different 
magnitudes, similar to a given polygon, as 
there are sides of different lengths in the 
polygon. 

XL 20. Three straight lines, not in the same plane, 
intersect in a point, and through their point 
of intersection another straight line is drawn 
within the solid angle formed by them ; prove 
that the angles, which this straight line makes 
with tlfe first three, are together less than the 
sum, but greater than half the sum of the 
angles which the first three make with each 
other. 

1860. VL A. If the two sides, containing the angle, through 

which the bisecting line is drawn, be equal, 
interpret the result of the proposition. 

Prove from this proposition and the preceding, 
that the straight lines, bisecting one angle of 
a triangle internally, and the other two ex- 
ternally, pass through the same point. 

XI. 17. If three straight lines, which do not all lie in 
one plane, be cut in the same ratio by three 
planes, two of which are parallel, shew that 
the third will be parallel to the other two, if 
its intersections with the three straight lines 
are not all in one straight line. 

1861. VI. 6. From the angular points of a parallelogram 

ABCDf perpendiculars are drawn on the 
diagonals, meeting them in P, <7, H re- 
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spectively » prove that EFGJS is a parallelo- 
gram similar to ABGD. 

1861. XI. 12. Shew that the shortest distance between two 

opposite edges of a regular tetrahedron is 
equal to half the diagonal of the square, de- 
scribed on an edge. 

1862. VI. 1. Lines are drawn from two of the angular points 

of a triangle, to divide the opposite side*' in 
a given ratio ; prove that the line, joining 
the third angular point with the point of in- 
tersection of these two lines, either bisects 
the opposite side, or divides it in a ratio 
which is the duplicate of the given ratio. 

XI. 21. If four points be so situated that the distance 
between each pair is equal to the distance 
between the other {fair, prove that the angles 
subtended at any one of these points by ealh 
pair of the others, are together equal to two 
right angles, 

1863. VI. 4. Tlie internal angles at the base of a triangle, and 

the external angle at the vertex, are bisected 
by straight lines ; prove that the three points, 
in which these straight lines meet the oppo- 
site sides respectively, lie on one straight 
line. 

JCI. 1 7. If each edge of a tetrahedron be equal to the 
opposite edge, the straight line, joining the 
middle points of any two opposite edges, 
shall be at right angles to each of those, 
edges. 

1864. VI. 23. If one parallelogram have to another parallelo- 

gram the ratio, which is compounded of the 
ratios of their sides, the parallelograms .shall 
be equiangular. 

XI. 12. On a given equilateral triangle describe a 
regular tetrahedron. 
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1865. vi; 19. The opposite side| BAy CD of a quadrilateral 

ABGDy which Ian be inscribed in a circle, 
meet, when produced, in is the point 

of intersection of the diagonals, and BF 
meets AD in D : prove that the rectangle 
EAy AB is to the rectangle ED^ DC as AO 
is to GD. 

XI. 16. In the triangular pyramid ABCD, AB is at 
right angles to CDy and ^0 to BD : prove 
that -4 D is at right angles to BC. 

1866. VI. 4. A BC is an isosceles triangle ; AE the perpen- 

• dicular from A on the base BG ; D is any 

point iiL AE \ and GD produced meets the 
side AB at F : shew that the ratio of AD to 
DE is double of the ratio of AF to FB. 

xii. 1. Give an outline of Euclid’s demonstration that 
circles «are to one another as the squares on 
their diameters. 

1867. VI. A. Each acute angle of a right-angled triangle and 

its corresponding exterior angle are bisected 
by straight lines meeting the opposite sides ; 
prove that the rectangle, contained by the 
portions of those sides intercepted between 
the bisecting lines is four times the square on 
the hypotenuse. 

XL 21. Two pyramids are described, the one standing 
on a square as a base, the other on a regular 
octagon, the vertex of each being equally 
distant from the angular points of its base ; 
if this distance be the same for each pyramid, 
and the perimeters of the bases be equal, 
prove that the plane angles, containing the 
solid angle at the vertex of the former, are 
together greater than the plane angles, con- 
taining the solid angle at the vertex of the 
latter. 

1868. VL % Without assuming any subsequent proposition, 

prove that the equiangular triangles in either 
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of the figuT|3 of this proposition, are to each 
other in thi duplicate ratio of the sides oppo- 
site to the equal angles. 

1868. XI, 11. Of the least angles, which a given line in one 

plane makes with any line in another plane, 
the greatest for different positions of the 
given line is that which measures the inclina- 
tion of the two planes. 

1869. XI. aO. If 0 be a point, within a tetrahedron 

prove that the three angles of the solid angle, 
subtended by BOD at 0, are together greater 
than the three angles of the solid angle at 4. 

1870. VI. 16. Two straight lines are given in position, and a 

third straight line is drawn so as to cut off 
a triangle equal to a given triangle ; through 
the middle point of, this third side is drawn 
a straight line in a given direction, termin- 
ated by the two given straight lines : prove 
that the rectangle under the segments of the 
intercepted part is constant. 

Ki, 7. In a tetrahedron each edge is perpendicular to 
the direction of the opposite edge ; prove 
that the straight line joining the centre of 
the sphere, circumscribing the tetrahedron, 
to the middle point of any edge, is equal and 
parallel to the straight line joining the centre 
of perpendiculars to the middle point of the 
opposite edge. 

1871. VI. 2. ABO is a triangle, and lines AO, BO, 00 cut 

the opposite sides in D, E, F ; if EF cut BO 
in Q, prove that BD is to DO as BG is to 
GO. 

XL 11. The perpendiculars from the angular points ol 
a tetrahedron on the opposite faces meet in a 
point : prove that the necessary and sufficient 
condition for this is that the sums of the 
s({uares on pairs on opposite edges be equal. 
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1872. VI. 2. Draw through a point a straight line, so that the 
part of it intercepted between a given straight 
line and a given circle may be divided at the 
given point in a given ratio. Between what 
limits must the ratio lie in order that a 
solution may be possible ? 

XT- 20. If the opposite edges of a tetrahedron be equal 
two and two, prove that the faces are acute- 
angled triangles. Prove also that a tetra- 
hedron can be formed of any four equal and 
similar acute-angled triangles. 
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